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Chuong I
HAM SO NHIEU BIEN SO

1.1. KHAI NIEM MO AU

1.1.1. Dinh nghia ham s§ nhié¢u bién so
Xét khong gian Euclide n chiéu R" (n > 1). M4t phan tu

x € R" ]a mét b6 n s8 thuc (x;, x,, .., x) . D 1a mét tap
hop trong R". Ngudai ta goi 4nh xa
f:D—-R

xac dinh bai
X = (X, Xy, -, X)) €E D>u=f(x) = f(x, %), ., x) €R
12 mét ham sd cia n bién sé6 xidc dinh trén D ; D duge goi la

mién xac dinh cua ham sé f ; Xy, X, - X duge goi 12 cac
bién s6 doc lap. N&u xem X;, Xy, .., X, 12 céc toa dd clia mét

diém M € R" trong moét hé toa do niao d6 thi cing co thé viét
u = f(M).

Trong trudng hgp thudng gap n = 2 hay n = 3, ngudi ta
dung ki hieu 2z = f(x, y) hay u = f{(z, y, 2).

Trong gido trinh nay ta s& chi xét nhitng hé toa do 3écac
vudng goc.

1.1.2. Tap hop trong R”

® Gidsit M(x , x,, .., x), N(y,, ¥,, . y,) 12 hai di€m trong R".

Khoang cich giita hai diém 4y, ki hiéu la d(M, N), duoc cho
bdi cong thidc



'n
1/2
dM, N) = () (% - ¥)?)
1=1
Co thé ching minh duge ring véi ba di€m A, B, C bat ki
trong R", ta cd

d(A,C) < d(A,B) + d(B,0) (b&t ding thuc tam gidc)

e M la mét di€m thudc R™. Nguai ta goi £ - lan can cia M
la tap hop t4t ca nhing di€ém M cdaa R" sao cho dM M) < &
Nguai ta goi lan c4n cia M_ 1a moi tip hop chda mét £ - lan
cédn nao dd cia M . .

e E la mot tip hgp trong R". Diém M € E duge goi la
diém trong cia E néu tén tai mot £ - lan can nac d6 caa M
nam hoan toan trong E. T4p hop E duge goi 1A md n&u moi
diém cta nd déu la diém trong.

¢ Di€ém N € R" dugc goi la diém bién cua tdp hgp E néu
moi £ - lan cén cia N déu via chita nhing di€m thude E, vita

chda nhiung diém khéng thudc E. Di€m bién ciha t4p hop E c6

thé thuée E, cing c6 th€ khang thudc E. Tap hgp t4t cd nhing
diém bién cia E duoe goi la bién cua né.

e Tap hgp E dugc goi 1a déng n&u nd chia mol di€ém bién
cha no (tdc la bién cia E 12 mot bd phan cua E).

Vi du : Tap hop tdt cd nhitng diém M sao cho d(M_, M) <r,
trong d6 M 14 m6t di€m c6 dinh, r 12 mét s6 dudng, la mot
tap hop md. That vay, goi E 1a tap hop Ay. Gia st M la mét
diém bdt ki cia E, ta ¢6 d(M_,M) < r. - Dat £ = r - d(M_, M).
£ - lan can cua M nim hoan toadn trong E vi n€u P 1a mot
diém cda lan c4n Ay thi ta c6 d(M, P) < g, do dd theo bat
ding thdc tam gidc

d(M_,P) < d(M_M) +dM,P) < dM_M) +¢ = r. &

o
Tap hop E 4y duge goi la qud cau md tam M, bin kinh r.
Bién cua tap hgp 4y gém nhilng di€ém M sao cho d(M M) =
r, dude goi la mdt c3u tam M ban kinh r. Tap hop nhing
diém M sao cho d(M_M) < r 1a mét tip hop dong dude goi la
qud cidu dong tam M_ ban kinh r.
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e Tap hop E duoc goi la bi chgn néu tén. tai mét qua ciu
nao dé chyvia nd.

e Tap hop E dudge goi 1a lién théng néu cé th€ nbi hai diém
bat ki M, N,[Z cia
E b&i mét duong
lien tuc nadm hoan
toan trong E ; tap
hap lién théng dugc
goi la don lién néu
nd bi giéi han bai
mét mat kin (hinh
1.1a), la da lién
néu nd bi gigi han
bdi nhidu mat kin
roi nhau tung dai
mot (hinh 1.1b). Hinh 1.1a , Hink 1.1b

1.1.3. Mién xac djnh cita ham sd nhiéu bién sd

Ta quy uée ring néu ham s6 u dude cho bdi bifu thic u = f(M)
mia khéng noi gi thém vé mién xdc dinh cda nd thi mién xic
dinh cia u duge hi€u 1a tap hop t4t ci nhiing di€m M sao cho
bi€u thyc f(M) cd nghia, thudmg d6 1a mét tap hop lién théng.

Vi du 1 : Ham sé
z= ¥1 - x2 — y? dugc xic-dinh 1

trong mién x* + y? < 1, tic la

trong qua ciu dong tdim O b&an ‘/7
X

kinh 1 (hinh 1.2).
TNy £

Vi di 2 : Mién xac dinh caa
dinh khi x2 + yz + 22 <« 1, Hinh 1.2

y

ham s z = In(x +y - 1) la
mién x + v > 1 (hinh 1.3).

Vi du 3 : Ham sé6

AN

u duoc xac




ﬂy

%

=L

7
0 1 X

Hinh 1.3

N

mién xac dinh cia no la qua
cdu md tam O bédn kinh 1.

Sau nay cac khai niém
sé€ duge trinh bdy chi ti&t
cho trudng hap n = 2 hay
n = 3 ; cac khai niém Ay
cing dugc md réng cho
trudng hop n nguyén duong
bat ki.

1.1.4. Gidi han cida
ham s6 nhiéu bién s6

e Ta ndi rang diy diém

e e 2 e
{M_(x, y,)} din téi di€ém M (x, y,) trong R v vist M, — M
khi n — o« néu lim d(M,, M) = 0 hay:né&u

n—
limx, = x,, limy, =y, .
n— o n— o

o Gii si ham 38 z = f{(M) = f(x,y) xdc dinh trong mét lan~

can V nio d6 cua di€m M (x, y,), co th& tru tai M, Ta noi
rang ham s§ (M) cd gidi hen I khi M(x,y) ddn dén M_ néu
vai moi day di€m M, (x_.y) (khdc M) thudc lan cin V dén dén

M, ta déu cd

lim f(x, ,y,) =1[.

n— %
Khi d6 ta viét

lim f(x,y) = !
(x.9)—=>(x,.v)

hay  lim f(M) = L.

M-M,

Cing nhu khi xét gidi han cua ham s8 mdt bién sd, cd thé&
ching minh ring dinh nghia trén tuong duong v8i dinh nghia
sau : Ham s6 f(M) cd gidi han ! khi M dan dén M, néu Ve >0,

335 > 0 sao cho

dM_M) < 6 = |fM) - 1| < &

5
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e Khdi niém gigi han vé han cing dude dinh nghia tuoné

ty nhu déi vai ham s6 mét bi&€n s6. Chang han
——— —> e khi (x,y) — (0,0).

x2 + y2

e C4c dinh li vé gigi han cua t8ng, tich, thuong d6i vai
ham s6 mot bién s8 cing ding cho ham 86 nhiéu bién s6 va
duoe ching minh tuong tu.

Vll dlt 1: Tim lim f(X>y) » véi f(x’y) = 2Xy )
(x.y)—(0.0) =ty
Ham s6 {(x,y) xdc dinh trén R? \ {(0,0)}. Néu cho (x,y) —(0,0)
= kx, ta co

theo phuang cua dudng thing y
khi x = 0.

K
fe, k%) = 702

Do d6
k

lim f(x,kx) = —— -
K0 1+k?

Vay khi (x,y) — (0,0) theo nhitng phuong khic nhau,
f(x,y) d&n téi nhiing gidi han khac nhau. Do dé khong tén

tai lim  f(x,y).

(x.y)—(0.0) :
Vidu2: Tim lim gy , véi gx,y) Xy
s 2 - zy) , Y) = s
(X.y)—={0.0) VEZ +y2
X

Ham s8 g(x,y) xdc dinh trén R? \ {(0,0)}. Vi ﬁ <

V(x,y) # (0,0) nén
LI

lgx, v = N

Vay
lim g(x,y) = 0.
(x.9—>(0.0)



) ‘ xy>
Vi du 3 : Tim lim h(x, y), véi h(zx,y) = ———— .
(¥.1)—(0.0) 2x* + 3y®
Ham s6 h(x, y) xdc dinh trén R\ {(0, 0)}. Né&u cho (x, y) — (0, 0)
theo phuong cia dudng thing y = kx, ta o

k3x?
h(x, kx) = W,VX # 0.

Do d6 h(x, y) — 0 khi (x, y) — (0, 0) theo moi phuong
y = kx. Nhung diéu dd khong cd nghia 1a giéi han phai tim
tén tai va bing 0. That vay, néu cho (%, y) — (0, 0) trén dudng
X = y3, ta cd

6 1
h(y3,y)=5y_y6=g

Do dd h(x, y) —v% khi (x, y) — (0, 0) doc theo dudng parabén

bac ba x = y>.

1.1.5. Tinh lién tuc cia ham s6 nhiéu bién s6

o Gia si ham s6 f(M) xdc dinh trong mién D, M la mét

di€m thuéc D. Ta ndi rdng ham s6 f(M) lién tye tai M néu
t6n tai gidi han

lim fM) = f(M,).
M—M_ A
Néu mién D déng, M, 13 mét di€m bién ~ia D thi
lim f(M) dugc hi€u la giéi han cta f(M) khi M dan dén M 8
M—M_ '
bén trong cia D.

Gia su M0 co toa 46 1a (xo, Yo M cé toa d6 la (x, + Ax,
y, T Ay). Dat Af = f(x, + Ax, y, + Ay) - f(x,, y,). Dinh nghia
trén o th€ phiat bi€u nhu sau : Ham s6 f(x, y) duge goi 1a
lién tuc tai (x, y) néu né xdc dinh tai dé va néu Af — O khi
Ax — 0, Ay — 0.
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Ham s8 f(M) dugc goi 1a lién tuc trong mifn D né&u nd lién
tuc tai moi di€ém thuéc D.

e Ham sd f(M) dudc goi 1a lien tuc déu trén mién D né&u
Ve > 0, 3 4 > 0 sao cho vdi moi ciap di€ém M', M” thuéc D
ma d(M’, M) < § ta déu cd

[EM”) ~ fM™)] < &

e Ham sf nhidu bién s6 lién tuc cing cd nhitng tinh chA4t
nhu hAm s8 mét bién s8 lidn tuc. Ching han, néu ham s6 nhiéu
bién s6 lién tuc trong moét mién ddong, bi chian thi nd bi chan
trong mién 4y, nd dat gid tri ldn ‘nh4t va gid tri bé nhdt caa
né trong mién iy, né lién tuc déu trong mién dy.

Vi du 4 : Khio sit tinh lién tuc cta ham s8

| xy|=
f(x,y) = ;“YZ.

néu (x,y) = (0,0)
néu (z,y) = (0,0)

trong dé a« ]a mét bang sé duong.

f(x,y) lién tuec V(z,y) = (0,0) vi 1A thuong tda hai ham s6
lién tuc ma miu s6 khdc khong. Vay chi cén xét tai di€m (0,0).
Theo bfit ding thuc Cauchy, ta cd

1 1
lxyl < 5 2 +y) = .yl < 55 &+ "

Do d6 n&€u a > 1 thi lim f(x,y) = 0, vay f(x,y) lién tuc

(x.y)—~(0.0)
tai (0,0)-
GiAsta <1 Taco
x2a
f(x,x) = khéng ddn t6i 0 khi x — 0,

-2§ B 2x2(1 - a)

vay f(x,y) khéng lién" tuc tai (0,0).



1.2. PAO HAM VA VI PHAN

1.2.1. Pao ham riéng

Cho ham s6 u = f(x,y) xac dinh trong mét mién D ; M_(x, ¥,
12 mot di€m cta D. Néu cho y = y_, ham s6 mot bién s6
x = f(x,y ) co dao ham tai x = x, thi dao ham do dugc goi
la dgo ham riéng cua f déi voi x tai M va duge ki higu la

x(xn’yo) hay (xn’yu) hay a_ <xo’yo '

Dat A f = f(x  + Ax, y) - f(x,, y,). Bi€u thic dd duge goi
la s6 gia riéng cia f(x,y) theo x tai (x,y)). Ta e

af ( 3 = bim A, f
o (XL Y A o
ox +° Ax_’oAx
Tuong tu nhu vay, ngudi ta dinh nghia daoc ham riéng cua
f d6i vai y tai M, ki hieu la

o f
f'y (%0, hay 5o (%5, ¥o) hay - 3y = (%> Y0 -

Cac dao ham riéng clta ham 86 n bién s8 (n = 3) duogc djnh\

nghia tuong tu. Khi tinh dao ham riéng cia mét ham s6 theo
bi&€n s6 nao, chi viéc xem nhu ham s& chi phu thuéc bién sé

dy, cac bi&n s8 khiac dugc coi nhu khong d3i, réi 4p dung cac °

quy tdc tinh dao ham cia ham sé mbdt bign s6.
Vidul: 2z=zx¥(x>0).

Vidu2: u=x% arctg% (z # 0).

ou
S 0x

N | b=
|

= 3x2z arctgz ,— = x3z .
2’ dy y?
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&
e

e,

Ju y
— =x3arctg= +x3z
02 Z

lyf ( __ZYE) =x3 (arctg%—
1+‘z—2-

yz__
y2 + 22 ) ’

. of ,
Chii thich ;—x la mot ki hiéu, chi khong phai 13 mét

thudgng ; of vd 0 x ddng riéng ré khéng cé § nghia gi.

1.2.2. Vi phan toan phin

o Cho ham s8 z = f(x,y) x4c dinh trong mién D. Liy cac
di€ém M (x,,y) € D, M (x, + Ax, y, + Ay) € D. Biéu thic

Af =-f(x, + Ax, y, + Ay) - f(x,y,) dugc goi la s gia toan
phin cda f tai M_. Néu cd thé bi€u dién nd dudi dang

(1.1) Af = A.Ax + B.Ay + aAx + Ay,
trong dé A, B la nhimg s8 chi phu thuéc x, y,, con a, g din
t6i O khi M — M, tuc 13 khi Ax — 0, Ay - 0, thi ta ndi
ring ham s6 z la khd vi tgi M, cdn bi€u thdc AAx + BAy dugc
goi la vi phén toan phan cia z = f(x, y) tai M va duec ki
hiéu la dz hay df.

Ham s6 z = f(x,y) duge goi la khd vi ftrong mién D néu nd
kha vi tai moi di€ém cua mién Ay. :

Chii thich. Néu ham s6 fix,y) kha vi tai M_(x, y_) thi tu
dang thic (1.1) suy ra rang Af — 0 khi Ax — 0, Ay — 0, vay
f(x,y) lién tuc tai M,

e D6i vai ham s6 mot bién s6 y = f(x), n&u tai x = X, tén
tai dao ham (hitu han) f’(xo) thi ta cd
Ay = f(x, + Ax) - f(x)) = f(x )Ax + aAx,

trong d6 a — 0 khi Ax — 0, tdc la f(x) kha vi tai x = x_. Déi
vai ham s3 nhiéu bién s8 z = f(x, y), su tén tai cia cac dao
ham riéng tai M _(x_y ) chua du dé€ ham sé6 kha vi tai dd. That
vay, xét vi du sau :

11



Che ham s8
Xy
& , # (0,0
fx,y) = |22+ néu (x,y) = (0,0)
0 néu (x,y) = (0,0)
. Ta co
0) -£(0,0 f(h,0
' (0,0) = lim fh, )h( )=Iim—(h )=0.
h—0 h—0

vi f(h,0) = O néu h # 0. Tuong tu, ta ¢ £ (0,0) = 0. Cac dao
ham riéng f’, ', tai (0,0) déu tén tai, nKUng ham s6 f(x,y)
khong lién tuc tai (0,0) (xem vi du 3, muc 1.1.5) nén khéng
kha vi tai (0,0).

Dinh H sau day cho ta diéu kién du d&€ ham s6 z = f(x,y)
kha vi tai M _(x yo).

oo’
Dinh Ii 1.1. Néu ham 36 z = f(xy) c6 cbc dao ham riéng 6
lan c4n diém M (x,, y,) va néu céc dgo ham riéng &y lién tuc

tai M thi flxy) khd vi tai M_ va ta co
(1.2) dz = £ Ax + £ Ay.
. That vay, ta co -
Af = f(x, + Ax, y, + Ay) ~ flx_, y,) =
= [f(x, + Ax, Y, + Ay) - fx,, y, + Ay)] + [f(x, ¥, + Ay) - f(xo, ¥l

Ap dung cong thitc 88 gia gisi ndi cho ham s6 mét bién s6, ta
duge

fix, + Ax, y + Ay) - flx_, y, + Ay) = Ax_g’((xo +6,Ax, y_ + Ay)
f(x,, y, + Ay) -~ f(x, y) = AyAf'y(xo, y, + 8,Ay),

trong 46 0 < 8, < 1,0 < §, < 1. Nhung vi {’_ va f"Y lién tuc
tai M nén

£'(x, + 8,Ax, y, + Ay) = ' (x, ¥) +a,

f-y(xo, Yo + 8,Ay) = f’y(xm yJ) +8

12
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"5

trong 46 « — 0, f — 0 khi Ax — 0, Ay — 0. Do dd
Af = £ (2, y)-Ax + f';’.(xo,yn).Ay + aAx + BAy,
vay f(x,y) kha vi tai M| va ta c¢é ding thic (1.2).

Chi thich. Cing nhu d4i vdi ham s8 mét bi&n s6, néu x, y
1a bi&n s§ dbéc lap thi dx = Ax, dy = Ay, do dd

dz = f dx + f dy,

e Tiu dinh nghia ta thdy ring vi phan toan phén df chi
khéc s6 gia toan phan Af mét vo cung bé bac cao hon p =
=\}sz + Ag—rz . Do d6 khi Ax va Ay ¢6 tri s8 tuyét déi kha
bé, ta cd th€ xem Af = df, tic la ’ |

(1.3) fix, + Ax, y, + Ay) = fix, y ) + f(x,, y)Ax + Fy(xo, y Ay

'3 - 1)
Vi du : Tinh gdn dung arctg 0—3—2

Xét him =6 z = arctg% . Ta cén tinh z(x + Ax, ¥, + Ay),

vai x, = 1, y, = 1, Ax = -0,05, Ay = 0,02. Ta cd

z', = ——2_y—5 R z’y = —z—x—z . Theo cong thie (3), ta cd
x“+y x“+y

1.0,02+1.0,05
5 =

z(1 - 0,056 ; 1 + 0,02) = z(1,1) +

JU

4

+ 0,035 =0,785 + 0,035 =0,82 radian.

1.2.3. Pao ham cia ham sé hgp
D la mét tap hop trong R™ Xét hai anh xa ¢ : D — R™,
f : o(D) — R. Anh xa tich fop xac dinh bai

P .
fop : (xy, ..., X)) € D—> (0 (x, ..y X)), oy U (Xg,.0, X)) € (D)
f

- flu,(x),.,x). ., u (x,., x)) € R
duge goi la ham sf hgp cua cac bién s6 x,, .., X, qua cdc
bién s6 trung gian u,,., u_. D€ cho don gidn, ta xét trudng

hopn = m = 2. Dat F = fop, ta cé
¢ r
F:(xy) € D— (u(xy), v(x,y)) € (D) — flux,y), vix,y)) =F(x)y)

- R




U 1]
! ,L—f lién tuc trong

Dinh It 1.2. Néu f c¢6 cac dao ham riéng R
{ (

. o . , Ju Ju 9v gv
¢(D) va néu u, v ¢6 cdc dgo ham riéng ‘,—, (7—-, -_—, ——
0xX 0y 9x 9dy

X oF oF
D thi trong D {0n tai cic dgo ham riéng (U_x’ -—y va ta co
F _9fou  0f v
1 4 Ju dx OV 90X
oF _of 2w 0fdv
Jy Ju 0y v 0y
Chiing minh. Gid su (x, ¥,) € D, (x, + h, y,) € D. Dat
$ = F(xo + h‘ yo) - F(xo’yo)
flu(x, + hy), vix, + h, yo)) - flulx, y,), v(xo, y“)-)

va ki hiéu u, = uw(x, y), u; = uwix +h, y), v, = vix,y,),
v, = vix, + h y) Taco

(1.4)

8 = f(u,vy) —f(u,v,) = [f(u,v,) —f(u,v)] + [fguo,vl)— fu,v,)l

5 f(u;, v) —f(u,,v)) u —u, f(uO_, vi) —f(u,,v) v, —v,
h ~ v, —u, ) h v —vy ' h
L of of ok e e s
Vi 2%’ 29 lién tuc trong A nén céng thic s6 gia gidi noi
ap dung vao f(u, v) - f(u, v|) va f(u, v,) - f(u, v ) cho ta
s of Uy "YU o af V1 7V
h=au (2™ T e ) Ty

trong d6 u, = u, +6,(u, - u), v, ='v0 +0,(vy —v),0<8 <1
0 <6, <1 Choh — 0, ta duge

8 _OF o of e af oy
hl—.n;h T oox (xn’yo) ~ou (un‘vo) Ux (x(\’yu) v (uu’vu) ox (x(-’yo). ’

Do 1a dang thdic dau cua (1.4). Dang thdc thd hai cia (1.4)
dugc ching minh tuong tu. W
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Cac céng thic (1.4) co thé viét dudi dang ma tran

Ju ou
9F oF of of |ax oy
(2x 3y) = G 79 [ov ovl

ax 0y

trong d6 ma tran

ou du
ax By
ov v

duge goi la ma trén Jacobi cua anh xa ¢ hay ma tran Jacobi
cia u, v d8i vdi x, y, con dinh thdic cia ma tran dy duge goi
12 dinh thie Jacobi cia u, v déi vdi x, y va dugc ki hieu la
D(u, v)
D(x,y)

Trong tinh todn, nguoi ta khong phan biét f va F, ching l&y
cung gia tri tai nhitng diém tudng dng (u, v) va (x,y). CS thé viét

of of 2u of ov
+

0x  du 9x  ov 0x
af _ af du _ af av
dy  Qdu dy oav oy’

Vidy :Choz = e¥lnv, u = xy, v = x2 + y2 Ta cd

0z 1

— = " vyt = 2x = &Y [yln@xZ+y) + ]
oz e'lnv.y+e > 2% = e [y n(x° +y9) 2 4y2
0z 1 2y
— = e'lnv.x +e'. = 2y = & 2 +yY) + ]
Iy Inv. x +e. = 2y Ae [xln(x ) 2yl )

Chi thich 1. N&u z = f(x,y), y = y(x) thi 2 la ham sé hop
cua x, z = f(x, y(x)). Khi dd ta cd
dz of of
+

=~ ox Fay Y&
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Néu 2z = f(x,y) , x = x(t), y = y(t} thi 2 1a ham s8 hgp cia t
théong qua hai bién trung gian x, y. Khi dd ta c6

dz of

b Df ]
‘az‘ = O—Xx(t) + 5-yy“;)'

Ju 9w Qv v .

Chu thich 2, N&u gia thiét them rang T’ W’ 75" Wllén
o af of .
tuc thi tu (1.4) suy ra ring Z)_J—{‘U—yhen tuc, do d6 z xem nhu
hAm s8 cda x, y 12 kh& vi va ta ¢6
of of
= — + — .
dz 3% dx aydy
Thé& cac cdng thdc (1.4) vao, ta cd
af 2u of dv, | 9f Ju f ov
= (— o o — — et — =
dz (Du ox v ax) dx + (?)u ay ov y)dy
of ,0u du af ,ov v
= — (— + — + — (— — =
du (ax dx aydy) v (Dxdx+aydy)
of of
= ﬁd“"'a—vdV.

Vay vi phan toan phdn cua ham s6 z = f(u,v) cd cing mét
dang du cho u, v 1a cdc bién s6 doc lap hay la cdc hadm &8 cua
nhitng bién s8 déc 1ap khéc. Do dd vi phan toan phlin cie ham
$6 nhidu bién s6 cing cé6 dang bat bién nhu vi phan ctia ham
s mbt bién s8.

Cac cong thic

. du —
d(u * v) = du % dv, d(uv) = udv + vdu, d (%) _ uvzudv

ding khi u, v la cdc bién s6 doc lAp nén ciing ding khi u, v
12 nhitng ham s8 cda cédc bién sé khac.

1.2.4. Dao ham va vi phén ciip cao

e Cho ham s6 hai bi€n s8 z = f(x,y). Cde dao ham riéng
fy £y 1a nhitng dao ham riéng cdp mét. Cic dao ham riéng
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cia cdc dao ham riéng

cdp mot néu tén tai duge goi la nhitng

dao ham riéng cip hai.
ki hiéu nhu sau :

Ta c6 bén dao ham riéng cdp hai dugc

e () = o = Cee
() == ey
% (g_:) = a?:afy = @,y
B () = - e

Cac dao ham riéng cia cdc dao ham riéng cSp hai, néu tén
tai, duge goi la cdc dao ham riéng cdp ba,...

Vidu: z=x%3+x4

2’, = 2xy3 + 4x> z’y = 3x%y?
27 = 2y3 + 12x2 2" = 6xy?
z”xy = 6xy? z;,'z = 6x% .
Trong vi du trén ta nhén thdy ring z“x)', = 2" . Liéu diéu

dd ¢6 ludn luén ding théng ? Ta ¢é dinh If quan trong sau day :

Dinh L 1.3 (Schwarz). Néu trong mét lan cgn U nado dé cua diém
M,(x,,y,) ham s8 z = flx,y) c6 cdac dao ham riéng f‘;y, f”yx va
néu cac dgo ham dy lien tyc tai M, thi [y =y tai M,

Chitng minh. Gid si h, k 1A nhitng s6 di nhé, khdc 0 sao
cho cit diém (x, + h, ¥ X, ¥y, + K, (x, +h, y, + k) thude
mién U. Tinh bi€u thic

A = [flx, +h, y, + k& - flx, y, + 0] - (fx, +hy) -
- f(x,, y,)] theo hai cich khdc nhau. Truéc hét, dat

p(y) = f(x,+h, y) - f(x, y),

2-THCC-T
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“ta ed
A = ¢(YO + k) - ‘owo)'
Theo céng thdc s8 gia gidi ndi, ta dugc
A = kp'(y, + 0,k),
trong dé 0 < 6, < 1. Nhung
PE) = L&, +hy) — ) x, Y
Vi vy A = k[t"y(x0 +h,y + 6k - f’y(xd y, 1+ 6,1l
Lai 4p dung cOng thitc s6 gia gidi ndi d8i vai bién x & vé&
phai, ta duge A = khf (x, + 6,h, y, + 6,k),

trong 46 0 < 6, < 1. Bay giy viét lai
A s [flx,+hy +k - fx +h y)] - [fx,y, +k) - fx,y)] =
= w(z, + b) ~ ¥(x,),
trong 46

y(x) = f(x, y, t k) - f(x, y.)

Cing nhu trén, t6n tai hai 86 6,, 6, 0 < 6, < 1,0 < 6§, < 1,
gao cho A = th’(x0 + 9311) = .

= h[fx’(xo + 6311’ yo + k) - g(’(xo + Blh’ yo)] =
= hkfi(x, + 65h, y, + 6,k).
So sianh hai k&t qui tinh trén, ta thiy
frlx, + 65h, y, + Ok) = f(x, + O5h, v, + 6,k)
cho h = 0, k — 0, do gid thi&t lién tuc cia gx va er tai M,
ta duge
Ol 1) = GofEy Yo
Dinh li gy cing didg cho cac dao ham riéng cdp cac hon
ctia hAm 86 n bién s v6i n > 3. Chidng han, néu v = f(x, y, 2)

499 ”s basl 49 s a
thi Uz = Yo = Upy = U = oo néu cdc dao ham &y lién tuc..

18



o Xét ham 88 z = f(x,y). Vi phan toin phin cia nd
dz = f_dx + f'ydy,

néu tén tai, cing 1A mdt hdm s6 cda x| y. Vi phan toan phan
cia dz néu tén tai, duoc goi Ia vi phan toan phAn cAp hai cia

z va duoc ki hidu 1a 3%z . Vay :
d?z = d(dz) = d(f, dx + fy dy) .

Cu ti&p tuc nhu viy ngudi ta djnh nghia cic vi phan cdp
cao hon

d3z = d (d%)

d"z = d(@d""12) .

Gia s x, y 12 nhing bi&n s8 doc lap, khi gy dx = Ax,
dy = Ay do la' nhing hling s6 khong phu thudc %, y. GiA sd
d?z t6n tai. Ta cd '

d?z = d(dz) = (f,dx + f’y dyy,dx + (f dx + f'ydy)'y dy =
= fodx? + (f"xy + f”yx)d.xdy + t"”yzdy2 :

Gia thiét ring f"xy va f”yx lidn tue, khi d6 ching bAng nhau,
vi vay

dz = fdx? + 2{’,, dxdy + f"yz dy2. '
Ngudi ta thudng dung ki hiéu tugng trung

(1.5) d% = (aixdx + aiydy)’f

trong dé cdc binh phuong cua %, aiy chi phép idy dao ham

rieng hai 18n d6i vai x, hai 14n d&i véi y, chi phép 14y

3x3y
dao ham riéng mot 14n d6i vai y, mot lan d6i véi x.
Tiép tuc tinh todn nhu vy, ta duge odng thic Wy thia tugng trumg
n, = (0 9 gv\"
(1.8) d"z = (axdx + aydy) f,
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Bay gid gia si x, y khéng phai 1a bi€n s6 doc lap, ma la cac
ham a8 cda cdac bi&n s8 d4c lap s, t. Khi fly dx, dy khong phai
12 nhitng hing s6 nita, ma phu thudc vao s, t. Do dd

d%2 = d(ds) = d(f, dx + F dy) =
= d(f)dx + f d@dx) + d(f,)dy + £ d(dy)
= ftadxd + 20 dedy + P'pdy? + f,d% + £, d.

RS rang trong trudng hop nay, cong thde (1.5) khong con ding
nita. Vi phan toan phdn cdp 16n hon hosic bing 2 cia ham sé
nhiéu bién &6 khong cd dang bét bi¢n.

1.2.5. Ham s0 thulin nh4t

D 1a mit tdp hop trong R™ c6 tinh chdt sau : néu
diém M(x x,,...x ) € D, thl Vt > 0 diém (tx,, tx,,.., tx ) cing
thu¢c D, tde 1A nfu D chda difm M thl D cing chita tia néi O
vai M.

Ham a6 {(3,, x,, ..., x )" xdc dinh trén D dugc goi la thusdn
nhd¢ bgc & néu .

an  fix, tx,, ., x) = tkf(x, %, ., x) Vt >0

. x? x x3y +y222 +x23 _
Vi duy : Jx’ + ? . ln? arctg; ’ x2+y2+22 lé nhurng
. ham o8 thuén nhA&t theo thu ty cd bac 1 xac dinh trén R? bac
0 xéc dinh tren R2Z \{(0,0)}, bac 2 x4c djnh trén R3 \ {(0,0,0)}.

e Néu f la mot ham s6 thudn nhét bdc k thi c4c dao ham
riéng cdp mot-cua né la nhing ham sé thudn nhdt bgc k - 1.

That vay, deo ham hai v& cia (1.7) d6i vdi x, ta dugc
t'f"_. (2, tx, .., tx) = tkf‘,_' (x, %5, oy X))

do dd f’,_l (tx,, txy, .., tx) = t“'lf'x‘ Xy Xy s %) W
e Hum 6 f(x;, x,, ..., x,) la thudn nhét bac k khi vk chi khi
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2 of
(1.8) 2 x, Y =

Céng thic (1.8) duge goi 1a cdng #hic Euler.

That vay, gia =it f 1A hAm s6 thudn nhé&t bac k, nd théa man
(1.7). Ldy dao ham hai v& caa (1.7) d6i v6i t, ta dugc

Zx £, (txl,.. tx ) = ktt"¥f(x,, .., x).
i=1

Cho t = 1 trong ding thdc dd, ta duge (1.8).

Dao lai, gia st ham s6 f théa mén dAng thde (1.8). Trong
(1.8) thay x, béi tx, v6i moi i ta duge °

n

> tx f (txy, -, tx) = ki, L, b))
i=1

'Nban hai vé& v6i t¥°1, ta c6

D Ty (xy, o, )t — KT, L, txy) = 0.

f(tx,, ..., tx)

Vé trai 1a tit s6 cha dao ham theo t cla =
t

f(tx,, ..., tx )

Dao ham d6 bing khong, nén K

bing hang 86 C.
Muén tim C chi viéc cho t = 1, ta dugec C = f(x,,.., x,). Do dd

fitx,,.., tx,) = t*f(x, .., x ).
D6 chinh 1A ding thic (1.7). W

1.2.6. Pao ham theo hudng. Gradién

e u(x, y, z) 1a mot ham s8 xdc djnh trong mot mién D C R3.
Qua difm M (x,,y,, 2,) € D vé mét ‘dudng thing dinh huéng

ma vectd don vi 12 1; M 1a mot diém trén dudng thAng dy, ta
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&6 M-:M = f)l_’, trong d6 P 1a 46 dai dai s8 cua vecto M::M (hi;lh
1.4). Néu khi p — O (tde 1a M dén t6i M, theo huéng 1), ti 6
Au uM) —u(M,)
P _- P
ddn tdi mot gidi han hidu han thl |_giéi han 4y duge goi la dao
ham cta ham 36 u theo huéng ! tai M va duge ki hiéu la
-a—'%‘(Mo).
Néu rt.rl‘mg vai vects dan vi i cla trye Ox thi

u ] ux, +P,y,.2) ~wx ,y ,z) Bu(xoj
M) = lim 7 =

p—0

3
Vay deo ham riéng a‘f

chinh 12 dao hAm cia u theo 4
,budng eva trye Ox. Cing vay
Ju 3w
3; 3 2
theo hudng cta Oy, Oz.
Dgo ham cia ham s8 u theo o)

huéng I bidu thi téc do_bién
thién cda u theo hudng I

Dinh l; 1.4. Néu ham 368 x
u = ufx, y, z2) kha vi tai _ Hink 1.4
diém M (x,, y,, 2,) thi tai

diém 4y né cé dao ham theo moi hudng Tva ta ¢é

12 dao ham cua u

ou M) au(Mo) du M) ou M)
(1.9) ST - ox cosa+—ay—cosﬁ+ 5y o

trong dé cosa, cosf, cosy la cac thanh phan cua I
Chuing mink. Vi u(x,y,2) kha vi tai M, nén

= u(M) - uM) = aa'fl(Mo)Ax +%(Ma) Ay + g—:(Mo) Az +a(p),”*

22
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0,
.99‘

4

trong d6 a(P) la vé cling bé bac cao déi v6i p. Vi
Ax = pPcosa, Ay = Pcosf, Az = peosy

nen

Au  Ju du ou a (P)
7= ax(Mo)cosa + ay(Mo)cosﬁ + az(Mo)cosy +—f’ :
Chuyén qua giéi han khi p — 0, ta duge (1.9). B

e u(x, y, z)'1a ham sé cd cde dao ham riéng tai
M, (x,, ¥, 2z,)- Ngudi ta goi gradién cda u tai M la vecto ¢
cac thanh phan la

Ju Jou ou
ax Mo 3y My 55 MY
va ki hiéu nd 1a gradu (M) . Néu 1—,.]_,. k12 céé vectd don vi
cua cac truc Ox, Oy, Oz, ta cdé
—_— du — du —+ 0Ju —
- (1.10) gradu(MO) = H(Mo)l + W(MD)J + 32 (Mo)k.
Dinh Ii 1.5. Néu ham 86 u(x, y, z) khd vi tai M, thi tgi do

ta c6

du —_—
(1.11) Tl—-= Ch]—-gl'ad!.l‘

That vay, i = coxx
(1.9) cd thé viét 1a

i
1

- —»
+ cosfj + cosyk , nén cong thuc

23 M) =graduMy).T= |11 . chgrad u(M,) = ch-gradu(M.) M
al—-( J=gradu(M).l= - ch.gra u( Io)—.cllgrau( )

au (M)

Chu thich. Ti (1.11) suy ra ring —2_r dat gia trj lén
. ]

nh&t bing |gradu M )|. Khi ?dﬁng phuong véi gradu. Vay

gredu (M) cho ta biét phuong theo né téc dé bién thién cia u
tgi M cb gia iri tuyét d6i cuc dagi.

I3 ) I3 e 1 a
Vi du : Cho u = x> + y* + 2* + 3xyz. Tinh gradu va a_‘li’

tai M_(1, 2, -1) biét I 1a vectd don vi cda M_M, véi M,(2, 0, 1).
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Ta co u, = 3x? + 3yz, uy = 3y2 + 3zx, u, = 322 + 3xy

3(x% + yz) i+ 3(y? + zx) j_'+ 3(z2 + xy)f

gradu

gradu (M) = 8(—i + 3] + 3k) .
VI M_M, ¢6 céc thanh phin la {1, ~2, 2} nén

cosa=—;—,co:§8=—§-,>cps,'=§,do dé
1 1 -2 2
%—‘;_.(MO) =(3) +9(F) *+9(5) =1

1.2.7. Céng thic Taylor

Cong thiic s6 gia gidi noéi, cong thic Taylor ddi v8i ham s8
mdt bién s6 cing duge md rong cho ham sd nhiéu bi&n s6.

Dinh Ui 1.6. Gid st ham s6 f(x,y) ¢6 cic dgo ham riéng dén
edp (n + 1) lién tuc trong moét lan cén nao dé cia diém
M (x,, y,). Néu diém M(x, + Ax, y, + Ay) cing ndm trong lan

can dé thi ta cé

1
(1.12)f(x0+Ax,y0+Ay) f(xo,yo) df(xo,yo)+ df(xo,y0)+ +

1 .. 1
+ 5 d =y, ¥ + (nﬂ),d“ fx,+8Ax,y, +OAY),

. _ 0<b <l
Cong thdc (1.12) goi 1a cong thie Taylor d6i v4i ham sé f(x,y).
Chung minh. Dat F(t) = f(x, + tAx, y, + tAy), 0 < t < 1.

V& trai cua (1.12) bing F(1) - F(0). Vi f(x,y) cd cic dao ham
rieng dén cdp (n + 1) lién tue, nén-ham s8 F(t) cd cac dao
ham lién tuc dén cdp (n + 1) trong doan [0,1]. Céng thic Taylor
ap dung cho ham s6 F(t) cho ta

(113)  F(1) - F(0) = F'(0) +— S PO+t F<“) (0) +

ey 1) TESTTRARICE

0 < 6 < 1. Nhung
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(N

F’(0)
Fu(o)

f’x(xo,y(_))Ax + f‘y(xo, y,) Ay = df(x,, Y,
A (x,y A% + 207, (x,y ) AXAY +
+0(x,, y) Ay = & (x,, ¥,)

FW(0) = d"f(x, y,)
F(™*D@) = d™'f(x_ + 6Ax, y_ + 6Ay).
Thé& cac ding thdc niy vao (1.13) ta dugc (1.12). W

Dung coéng thic liy thita tugng trung d& bi€u dién vi phan
cdp cao ta cd th€ vigt cong thdc Taylor (1.12) nhu sau :

n

1
(L12) ) - (M) = S 4 (7% Ax+aiyAy>kf(Mo) +
k=1""

1 ) ] n+1
1 .+(n+l)! (axAx+ayAy) £(M,)
v6i M, nim trén doan thing néi M, véi M.

Chu thich. Néu trong céng thic (1.12) hay (1.12°) cho n = 1,
ta duge :

(1.14) f(x_ + Ax, y_ + Ay) - f(x, y ) = df(x  + 6Ax, y_+ OAy)
hay

» - = (2 KB
(1.14’) fM) - f(M) = (axAx + ayAy) fM,).
D4 1A cong thuc s6 gia gidi néi dbi véi ham s f(xy).

1.3. CYC TRI

1.3.1. Cuc tri cia ham sé nhiéu bién sé

Cho ham s6 z = f(x,y) xéc dinh trong mét mién D nio dg,
M (x, y) 12 mot diém trong cia D. Ta ndi ring f(x,y) dat cue
tri tai M néu véi moi diém M trong mot lan cAn nao dd cua
M, nhung khic M, hiéu s6 f(M) - f(M) c6 ddu khéng d8i.
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Néu (M) - f(M,) > 0, ta ¢6 cuc tiéu ; néu {(M) - (M) <0
ta c6 cyc dai.

Trong phn nay, ta sé ding cé4c ki hiu sau :

p= M), g = f;M)r = M), s = L ,(M),t = {p (M)

Dinhli 1.7. Néu ham s6 z = f(x,y) dat cuc tri tai M, ma
ra: d6 cdc dao ham riéng p = f' (M), q = f (M) ton tai thi
cdc dao ham riéng 4y bdng khéng :

(1.15) p=0q=0 tai Mj

That vay. vi f dat cuc tri tai M, nén nén gity =y, th
ham s6 moét bién s6 x - f(x, y,) dat cuc tri tai x = x,, vi
dao ham riéng f’x (X,, Vo) t6n tai, né phai bing khéng theo
dinh i Fermat. Ciing vay f‘y(xm Y.) = 0. |

Diéu kién (I.15) la diéu kién 4t c6 cha cuc tri, né6 cho phép
ta thu hep viec tim cuc tri tai nhitng diém & d6 ca p va q déu
triét tiéu hodc nhimg diém & d6 p hodc q khéng ton tai. Nhiing
diém 4y dwoc goi 12 diém t6i han.

Pinh i 18 Gid su ham s6 z = f(xy) c6 cdc dao ham
riéng dén cdp hai lién tuc trong mét lan cdn nao dé cua
My(xo,y,). Gid sittai M, ta c6p = 0, q = 0. Khi-d6 tai M,

1) Néu s2 — rt < O tht fix, y) daf cuc i tai M, D6 la cuc
tidu nén r > 0,12 cic dai néu r < 0.
2) Néu s2 — rt > O thi fix, y) khong dar cuc tri tai M,

3) Néu s2 — rt = 0 thi fix,y) cé thé dat cuc i tai M,, ciing
c6 thé khong dat cuc i tai M, (truomg hop nghi ngo ).

Chimg minh. Gia sit diém M(x, + h, y, + k) & lan can M,
bat &4 = f(M) - f(M,). Theo cong thitc Taylor, ta cé

(1.16) = —(® + 2shk + tK) + R(h.k)

1
2
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b 3

trong do R(h, k) 12 moét vd cung bé bac ba déi véi p = vhZ + k2.

Do d6 khi h va k khd nho thi A cing d&u vai g(h,k) = rh? +
+ 2shk + tkZ.

: h
Neu k = 0, g(h, k) = k3(ru? + 2su + t), trong dé u = P

Gia st 8? — rt < 0, tam thdc bac hai ru? + 2su + t luén ciung
dfu véi 1, A cing vay. Con néu k = 0 thi g(h, k) = rh?% né luén
cG dfu cha t (r # 0, vi 82 - 1t < 0).

Gia s s2 - rt > 0, tam thic ru? + 2su + t d6i ddu khi u
bién thién, do d6 A cing d8i ddu, f khéng dat cuc tri tai M,.

Gia st 82 - rt = 0, tam thdc ru? + 2su + t ¢ mot nghigm

h o4
kép u_. Néu PR dfu ciua A 14 d4u cda v cihg bé bac ba
R(h, k) trong cong thic (1.16). Diéu nay ta khéng lam ¢ day.

Vi du : Tim cuc tri cia ham s z = x3 + 2y3 - 3x ~ 6y.

Th e p=3x*-3,q=6y?-6,r=286x,s=0t= 12y
p=0vaq=05khix=+1vay= tl Vay ta cé bén didm
téi han la M, (1,1), Mz(_ 1,1), M,(-1,-1), M4(1, -1).

Toi M taedr =865 =0t =12 ¢ - rt = =72, M, 1a
diém cuc ti€u.

Tai My tacér=-6s=0t=-12 s -1t = -72, M,
j1a di€m cuc dai.
Toi M, tacsr=-6,8=0,t=12 s - rt = 72, M,

khéng 1a di€m cuc tri.

Tai Mytacir=6,8=0,t=-12, s> - rt = 72, M, khéng
12 diém cuc tri.

Chi thich. Néu tai difm M tacép=q=r=s =1t = 0,
thl ta phai khai trién ham sé f theo céng thuc Taylor dén cac
s6 hang cdp ba. Ta khong xét trudng hop d6 trong gido trinh nay.

Trong trudng hop ham s8 n bign s6, ta phai xét dfu ciia cic
s8 hang c4p hai trong khai tri€n Taylor, tic 12 ph&n xét diu
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mot dang toan phuong n bién s8. Gido trinh nay cing khéng
xét trudng hop dd.

1.3.2. Gia tri 16n nhit va nhd nhit cia ham so nhiéu bién
s6 trong mét mién déng bj chin. Ta bi6t ring moi ham s8
nhiéu bién s6 lién tuc trong mét mién dong bi chan D déu dat
gia tri 16n nh4dt va gid tri nhd nhdt clia nd trong mién dy. N&u
ham s8 dat gid tri ldn nhdt hay gia tri nhé nhat tai moét diém
trong cia mién<D thi di€m 4y phai 12 di€ém cuc tri cia ham
s6, do'dd phAi 1A di€m tdi han. Ham &6 cing c6 thé dat gia
tri 16n nhdt hay nhd nhdt trén bién cta mién D. Do d6 muén
tim gid tri 16n nh&t va gia tri nhd nbh4it cua ham s8 trong mién
déng D ta c6 th€ tim nhitng di€m téi han cia nd & trong D,
tinh gid tri cia ham 88 tai cdc di€m fy vA so sdnh ching véi
nhitng gia trj cia ham s6 trén bién cia D.*

Vi du : Tim gid tri 16n nhdt va nhé nhd&t cua ham s6

z=8x2+8y2+1- (2x2+y2+1)?
trony mién tron déng D x4c dinh bai x2 + y? < 1.

R6 rang z lién tuc véi moi x, y, nén né dat gid tri 16n nh4t
M va gid tri nhé nhdt m trén mién D. Ta c6

p = 16x - 2(2x% + y2 + 1) 4x = 8x(1 - 2x% - y?)
q = 6y - 2( 2x? + y2 + 1)2y = 2y(1 - 4x2 - 2y?).

Cho p =0, q = 0, ta dugc
Dx=0,y=20
2)x=0,1—2y2.—_0hayx=0,y=ivlf

1
3)y=0,1—2x2=0hayx=iﬁ,y=0

1 ~2x2 —~y2 =0

4
) 1 —4x2 -2y =0

, hé nay vo nghiém.
Vaytaodmdiémtdihqnlﬁgdco,Al(O,%),AZ(O,—%),
' 1

_— 0).Ca di:
A3(ﬁ ) A~ J_ ). C& nam diSm téi han nay déu nam trong
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>midn D. Tinh gi4d tri cta z tal cic di€m gy, ta dugc

2(0) = 0, z(A,) = z(A)) = i , z(Ay) = z(A) = L.
Bay gio ta xét gia tri cha z trén bién cia mién D. Trén bién
Ay x> +y* =1, vayy* =1 — x*, do dé
z=822+31 -x)+1~-22+1-x2+1)2=
= —-x% + x? = x2(1 - x2).
Ta phai tim gia tri cha ham 86 dy véi -1 < x < 1.
R6 rang ham sd Ay bing O khi x = +1 va dat gid trj l6n

1
nhat khi x? = 1 - x? = 2x? = l=>x=d:ﬁ;giétrildn'
1 _
nhdt Ky bing 1

So sdnh t&t cd cdac gid tri da tinh, ta thdy riing ham s6 z
da cho dat gid tri nhé nh&t m = 0 tai gc O va dat gia tri
1on nhdt M = 1 tai cdc di€m A4, A, . : .

1.4. HAM S6 AN. CUC TRI CO DIEU KIEN

1.4.1. Khai niém ham s6 4n
Cho phuong trinh

1.17) Fix, y) =0,

trong dd F : U — R 12 mét ham 86 xdc dinh trén tap hgp
U ¢ R2 Néu v6i mbi gis tri x = x_ trong mét khodng I nao
do, cd mdt hay nhibu gis trj y_ sao cho F(x,, y) = 0, ta ndi
rang phuong trinh (1.17) xdc dinh mét hay nhiéu ham s8 &n y
theo x trong khodng I. Vay ham s8 f : I — R 1A ham s6 &n
xac dinh bai (1.17) néu

vx € I, (x, fx)) € U va F(x, f(x)) = 0.
Ching han td phuong trinh

2
X_+£= 1’
al b2
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ta dugce
b
y == a vaZ — x7.

Phuong trinh &y xdc dinh hai ham &6 &n trong khoang [-a, a].
Trong truang hgp nay, ta di tim duge biéu th¥c tudng minh
cia y theo x. Diéu nay khong phai lic ndo cting lam duoc,
chdng han, tit hé thic x¥ = y* (x > 0, y > 0) khéng thé tinh
dugc tydng minh y theo x.

Tuong ty nhu vdy, phuong trinh
F(x,y,2) = 0

trong dd F : U —= R la mét ham s6 x4c dinh trén tAp hop md
U c R3 c6 th€ xac dinh -m6t hay nhi€uw ham s6 4n z cla céc
bién s6 x, y. H¢ hai phuong trinh

F(x, y, z, u, v) = 0

Gx, y, 2 4 Vv) =0
trong 6 F : U = R, G : U = R la cic ham s6 xic dinh trén
tap hop U C R?, c¢6 th€ xic dinh mot hay nhiéu cap ham sé
dn u, v cha cdc bién 88 x, y, z.

Ta cé cdc dinh I sau v& sy t6n tai, tinh lién tyc va tinh
khA vi cta cdc ham g8 &n.

Dinh li 1,9. Cho phuong trinh
(.17 F(x, y) = 0,
trong dé F : U = R la mét ham 86 c6 cc dao ham rieng lien tyc

trén mot thp hgp mé U C R2. Gid sz (x, y) € U, Fix, y) = 0.
Néu l"’y(xo, Y,) # O thi phuong trink. (1.17) x4c dinh trong miot

lan c@n nao dé cua x mot ham s6 dn y = {(x) duy nhét, ham
86 4y cé gia tri bang Yo khi x = x_, lién tuc va ¢6 dao ham
lién tuc trong lan c4n néi trén.

Chung minh. Khong gidm tinh t8ng quit, cé thd gia thist
F’y(xo, yy > 0. vi F’y litn tuc trén U nén tn tai s a > 0
sao cho

Fuxy) >0 Vxy €[x,-a,x,+tal X [y, - e, y, +al
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"Ham s6 y — f(x_, y) c6 dao ham F’y(xn, y) > 0 trén doan
[ys ~ @ ¥, t al, nén tdng ngat trén doan d6. Vi F(x_, y,) = 0, nén

flx,, y,—a) <0, f(x,"y, +a) >0.

Cac ham s6 x — F(x, y, - a) vd x — F(x, y, + a) lién tyc
trén doan [x, — a, X, + ], nén tén tai s6 & > 0 sao cho

Fix, y,-a) < 0, Fix, y, +a) > 0, Vx € (ko—é, x, + 9)
Ldy x bat ki trén (x, - 4, x, + &). Ham 86 y — F(x, y) lién
tuc trén doan ly, - a, y, + al, 14y nhing gia tri khic déu tai
Yo - avay +a Dodd tén taiy € (y, - a, y, + a) d&€ cho
F(x, y) = 0. Gii tri y 4y duy nh#t, vi ham s6 y ~» F(x, y) tang
_ngat trén by, - @, y, + «l. Vay hé thde (1.17) xdc dink y la

ham s68 4n cia ¥ duy nh&t trén (x, - 6, x, + ).

bat y = f(x), duong nhién f(x)) = y,. Ta s& ching minh
rang ham s8 4n f lién tuc trén (x, - &, x + 8). That vay, gia
st x; € (x;, - 5, x, + ), £ la mét s6 duong cho trusc. Dat
yy = f(x)). Theo trén, y, € (y, - @, y, + @), f(x;, y;) = 0. Khi
dd, Va; > 0 di nhd, tbn tai §, > 0 sao cho h¢ thie (1.17) xdc
dinh m¢t ham s§ 4n duy nhdt f| :

(xy = 8;, x; +38)) = (y; = a3, y; + o). Chon a; < £ sac cho

(x; ~ 8, x; + 61)_>'< (yy ~a,. y; +a) C (x, - 8, x, +8) x
(y, - 6, y, +9).

R8 rang ta co

f,(x) = f(x) Vx € (x;, - 4, x, +5)).
Vay

Ix ~ x,| < &, kéo theo |f,(x) - y,| = |[fx) -f(x))| < & Do
do f(x) lién tuc tai x,.

Cuéi cung, ta ching minh ring f kha vi trén (x, - 4, x_ + ).
Gid st x € (x, -4, x, +Jd), x +h € (x, -4, x, +J). Khi dd
F(x, f(x)) = 0, Fx + h, fx + h)) = 0.

Theo cdng thic s8 gia gidi noi, ta b
0 = Fix+h; f(x + h)) - F(x, f(x)) =
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= hF’(x +6h, f(x) + B(f(x + h) — f(x))) +

+ (f(x + h) - FOOIF',(x + 6, f(x) + B(E(x + h) — (X)), '

Do ds

fx +k) — f(x) F (x +6h, f(x) +6(f(x +h) — {(x)))
h . B & +6h, f(x) +6(f(x +h) — f(x)))

Cho h - 0, vi» F, va F'y lign tuc tai (x, f(x)), f lién tuc tai
x nén v& phdi cta dAng thuc trén cd gidi han la

F (x )
P )

Do 46 ham f{ c6 dao ham tai x, cho béi

) F' (%, f(x))
- F’y(x, f(x))

-

dao ham 4y lién tuc vi F°, F‘y va f lién tuc.

Chil thich. Néu F'(x,, y,) = 0, nhung F',(x,, y;) # O thi dinh
1 1.9 khing dinh ring phuong trinh (1.17) xdc dinh trong mét
lan c4n nao d6 cia y, mot ham 88 &n duy nhit x = g(y), ham
88 fy co gia tri bdng x  khi y = y_, lién tuc vA c6 dao ham lién
tuc trong lan can ndi trén. Néu F’ (xo, vo) = Fix, y,) = 0 thi
khong ké&t luin duge gl vé sy tén tai cta ham s 4n xac dinh
bdi (1.17). Diém (x, y.) tai do F' (x, y) = F’ (xo, y,) = 0 duge
goi 1a diém ki dj cia phuang trinh (1.17).

Dinh Ii 1.10. Cho phuong trinh

(1.18) F(x,y,2z) =0,

trong dé6 F : U - R la mot ham s6 ¢6 cac dao ham riéng
lien tuc trén mot tgp hop mé U C R>. Gid st (x, y, z) € U,
F(x,, ¥, z,) = 0. Néu F'(x, y,, z) # O thi phuong trinh (1.18)
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xac dinh trong mét lan can nao dé cia diém (x,, yo) moét ham
56 Gn duy nhat z = f(x, y), ham s6 Gy c6 gid iri bang z  khi
X =X,Y =Y, lién tuc va c6 cdc dao ham riéng lién tuc trong
lan c@n néi trén.

Ching minh tuong tu nhu ching minh dinh 1i 1.9.

Dinh li 1.11. Cho hé hai phuong trinh

Fx, y, 2,u v) =0
(1.19) {G((x, }}Ir, z, u, v)) 0,

trong d6 F : U - R, G : U - R la hai ham 86 c¢6 cdc dao
ham riéng lién tuc trén mét tgp hop md U C R’. Gié su
Xy, ¥y 2o Uy V) E U, Fx, y,, 2, u, v)) =0,

G(x,, ¥, Z, U, v,) = 0. Néu tqi diém dy, dinh thic Jacobi

F) F)

u v

G)u Gi

D(F, G) _

D(u, v) =0

v

thi hé (1.19) xdc dinh trong mét lan cgn nao dé cua diém (x, Yo 25)

moét cdp ham 56 én duy nhét u = f(x, y, 2), v = gx, y, z), cac

ham s6 Gy c6 gid tri theo thu tu bng u, v khi x = %,y =y,
z =z, ching lién tuc va cé6 cdéc dao ham riéng lién tuc trong
lan cdn ndr trén.

Ta thua nhan dinh 1 nay.

$.4.2. Pao ham ciia ham s6 dn
e GiA su cac gia thi&t cia dinh li 1.9 dugc théa man. Khi
dy phuong trinh (1.17) xdc dinh mot ham s§ &n y = f(x), lién
tuc vd ¢ dao ham lién tuc trong moét khoing nao dé. Trong
khodng dy ta cé
' Fix, £(x)) = 0.
L4y dao ham hai v& ddi vai x, ta dugc
d
T

X .de=

0.
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R
- X

&y _ Ty
dx F‘y

( X ¥

Vi du. F(x,y)=;+§—1=0
S

Véiy # 0, ta cd F‘y # 0. Khi dd phuong trinh trén xic dinh

mét ham s 4n y = y(x), va

e Gii si cic giad thist cia dinh 1 1.10 dugc théa man.
Phuong trinh (1.18) xdc dinh mét ham sd &n z = f(x, y), lién
tuc va c¢6 cidc dao ham riéng lién tuc trong mét mién nao dd.
Trong mién 4y ta cd

F(x, y, f(z, y)) = 0.
Liy dao ham hai v& ldn luat déi véi x va y, ta duge
F+F, .2, =0

P, +F,.7, =0.

Vi F’,_ # 0, ta duqé

z) = - E z' o ﬂ .
. X F, 0y F’,
Vi du : . Fx,y,2) =’ +xy+ 2+ 20 -1 .0

Y sy s 4 2
Fx_y+2x,Fy—x,Fz—e7+32.

Vi F’, # 0 V2, nén phuong trinh trén xdc dinh mét ham s§

dn z = f(x, y) lién tuc va cd cidc dao ham riéng lién tuc :

, 2x +y , X
z, = — 2, = - —
X e’ +8322° Y e? + 322
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o GiA st cdc gia thi€t cia dinh li 1.11 duge thda man. Heé
phuong trinh (1.19) xac dinh hai ham &6 4n u = f(x, y, 2),
v = gix, y, z), lién tuc va cdé cac dao bham riéng lién tuc trong
moét mién nao do. Trong mién 4y, ta cd
|FGx v 2, f(%, 3, 2), B8R, Y, 2)) = O
G(xa y, 2, f(x1 y, Z)s g(x) Y, Z)) 0.

L&y dao ham d6i véi % titng phuong trinh cia hé trén, ta dugc
F,+F .0 +F,.v, =0
G+ G, v, +G,.V, =0

x

Ml

DG 12 mét hé hai phudng trinh tuyén tinh d6i véi o', v’ Vi
dinh thdc cfia hé dy la

F, F, D(F, G)
, | =x—= =0
G, G, D(u, v)
hé 4y co mot nghiém duy nhdt
D(F, G) D(F, G)
v D(x, v) , __D(u, x)
Y“xTTDF &’ 'x~T T DEF G
Dy, v) D(u, v)
Tudng tu nhu vay, ¢ thé tinh dugc u’y, v’y, w’, v’

1.4.3. Pinh li vé anh xa ngugc

Dinh Ui 1.12. Gid sz U la mot tap hagp mo trong R?. Cho
Gnh xa T : U - R% (x, y) — (u(x, y), v(x, y) cdc ham sé u(x, y),
v(x, y) ¢6 cac dgo ham riéng lién tuc trén U. Gid su (x, y) € U,

u, = ulx, y), v, = vix, y). Néu fai (x, y)), dinh thic Jacobi
D(u, v u’ u’
D(u, v) _ L s
Dx, y) — |V VY .

thi :

1) C6 mét lan cgn V cia (x,, y.) sao cho W = T(V) la mot
lan can cia (u,, v,), dnh xa T hgn ché tren V (ki hiéu la T|)

la mét song anh tiz V lén W,
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2) Anh xa nguac T ' tiz W ien V duoc xic dinh boi
(u, v} — (x(u, v), y(u, v)),
x(u, v), y(u, v) ¢6 céc dao ham riéng lién tuc trén W.
Dy, v) D(x,y) _
D(x, y) 'D(u, v) ~
Chung minh. Dat u = u(x, y), v = v(x, y). Xét hé phuong
trinh

3) (1.20) 1.

F(x’ y) u) v)_

(1.21] { “(x, Y) - u = 0

Gx, y,u, v) = v(x,y) —v =20

F va G 1a hai ham s8 ¢6 dao ham riéng lién tue trén U x Q,
trong d6 Q@ = F(U). Ré rang (x,, y,, v, v,) la mot nghiém cia
he (1.21). Vi

D(F, G) _
D(X, y) (xo) yo, UD, VO) -

b

u’ D(u, v)
y = ")
vsx V’y (xox y(.) - D(X, y) (XO, yo) # 0)

theo dinh 1i 1.11, he (1.21) xdc dinh mét cip ham s§ 4n duy
nhit x = x(u, v), y = y(u, v), ¢6 cidc dao ham riéng lién tuc
trong mét lan can W cia (u, v ). V = T (W) 1a mot lan can
cia (x,, y). Tl|, 1a mot song dnh tit V len W.

L4y dao ham cdc phuong trinh coa hé (1.21) theo u va v,
ta duogc

u)e(’u+u’yy’u—l=0
V’);(’u + viyy’u — 0 u’;{’v + u’yy’v = 0 V'xx'v + V))yv, - l = 0
Tu do, ta co

Dy, v) D, ) _ |Yx Yy
D(x, y) D(u, v) ~ |v, ¥
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Chi thich. V6i ham s3 f : R — R kha vi lién tuc, néu £(x) # 0
Vx thi f ¢c6 ham sé ngudc toan cuc f ! kha vi lién tuc va

1 ,
Y] = Fog - Dinh i 1.12 1a md rong ket qua 4y sang

danh xa T : R" > R", n > 2 Nhung diéu kign dinh thuc Jacobi
ctia T khac khéng chi ddm béo ring 4nh xa nguge T ' chi tén
tai dia phuong d lan cin méi di€m.

1.4.4. Cuc trj c6 diéu kién

Nguoi ta goi cuc tri cia ham sé

(1.22) z = f(x,y)
trong dé cac bién s6 x va y bi rang buéc bdi hé thde

(1.23) gixy) =0
la cuc tri co diéu kién.

® Didu kién &t co6 cia cyc tri c¢o6 didu kién

Dinh I, Gid su M, (x, ,y,)) la diém cuc tri c6 didu kién cia
ham s8 (1.22) véi didu kién (1.23). Gid su

1) O lan cén MO cac ham 36 f(x,y), g(x,y) ¢6 cdac dao ham
riéng ca4p mét lién tuc, .

2) Céc dgo ham riéng g'., g’ khong dsng thoi bdng khéng
tai M. Khi dé ta cé tgi M '
I

X y

(1.24) ) )
gx gy

Chitng minh. Duong nhién ta c6 g(x,,y,) = 0. Tu gia thit 2,
c6 thé xem nhu g’ (x , y) # 0. Theo dinh li v& ham 88 4n, hé
thic (1.23) xdc dinh mét ham s6 4n y = y(x) kha vi ¢ lan
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can x . Thé y = y(x) vao (1.22), ham s6 mét bién s6 x — f(x, y(x))
dat cuc tri tai x = x, do dd
(2, y,) + O x, y)y'(x) =0

hay .

(1.25) £ (x,, ydx + f’y(x“, y)dy = 0.

Mit khdc, 18y vi phan hai v& cia (1.23), ta dugce

(1.26) g (x,, y)dx + g‘y(xo, y,dy = 0.

Xem hé (1.25), (1.26) 1a hé hai phuong trinh tuy&n tinh

thudn nh#t d6i vai dx, dy, hé &y ¢6 nghiém khong tim thuong,
vay dinh thiic cia né bang khéng

f,x(xo M o) f y(xo ’ yo)

3 b} = 0
Bx(Xo: Yo gy(%, 1 ¥o)

D6 chinh 13 hé thdc (1.24) ma ta cdn ching minh.
Hé thde (1.24) cung véi diéu kién (1.23) cho phép ta xdc dinh
(xo, yo)

Chu thich 1. Hé thitc (1.24) lai la didu kién cin va da dé&
cho hé phuong trinh

Fx(x(wyn) +1g(x,,¥) = 0
f"y(xo,yo) + }.g’y(xo,yn) =0,
xem 14 hé phuong trinh tuy&n tinh thudn nhdt d6i véi 1, 1 cd
nghiém khong tdm thudng. Do d6 néu cde didu kién cia dinh li
duge théa mdn thi ton tai mét s6 A sao cho tei diém M, ta co
Fx,y) + g (x.y) = 0
f,y(x »y) + A g,y(x9Y)A =0.
Hé phuong trinh (1.27) cung v6i phuong trinh (1.23) cho phép
ta tim A, x, va y . S6 A dugc goi la nhan t Lagrange. Phuong

(1.27)
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©%
hye

phap tim (%, y,) nhu via trinh biy dugc goi la phuong phap
nhén tue Lagrange.

Chu thich 2. Dinh H trén cing nhu phuong phdp nhan ti
Lagrange giup ta thu hep viéc tim cuc tri cé diéu kién ciia ham
s6 (1.22) vdi didu kién (1.23) tai nhitng diém cd toa do thoa
min hé thde (1.24) hay hé (1.27) hoac tai nhitng di€ém 3 dd
cac diéu kién 1/ hoac 2/ cia dinh li khéng dudc théa man.
Nhing diém 4y duge goi la diém tdi hgn. Ta con phai xét xem
nhitng di€m 4y cd thuc su la di€m cuc tri khéng.

Vi du 1 : Tim cuc tri cda ham s6 z = x* + y? véi diéu kién
ax + by + ¢ =0 (c # 0)

Diéu kién (1.24) cho ta Ay

x_Y

a b
Giai hé phuong trinh

xX_7Y

a b

ax + by + ¢ = 0,

ta dugc mot di€m t4i han duy nhat X
__ac __be

e ( a2 +h? a? +b? ) . Hinh 1.5

V& mit hinh hoc, ta phai tim cuc tri eda binh phuong khoang
cach tit g6c O dén mot di€m trén dudng thing ax + by + ¢ = 0
(hinh 1.5). Bai todn nay cd mét cde ti6u, khéng ¢6 cue dai, do
d6 cuc ti€u chi cd thé dat duge tai didm tdi han, cyc ti€u Ay

02
bing ——— , day 1a mé6t k&t quid quen thude.
a’ +b?

e Phuong phdp khéo sat trén cing dugc md réng cho ham
86 n bi&n s6 ( n = 3).
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]f’x(x,y,z) +1g (x,y,2) =0
f,x,y,2) +1g, (x,y,2) =0
f’z(x,y,z)-&'lg’z(x,y,z) 0.

(1.31)

|1

{

Vi du 2 : Tim cuc tri cia ham s6 u = x
kién x2+y2+22- 1 =0.

2y + 2z vai diéu

Céac hé thic (1.30) cho ta§ - -_5"5 = % . Gidi he phuong trinh

r_y _Z

1 -2 7 2

x2 +y2 +22 =1

t ti d hai dié téi h M 122 3
a im ugc ai 1€m o an 1<3, 3,3> va
1 2 2 & wé . s dig .
M2<-§, 3 ~§) D€ xét xem di€m M, c6 la diém cuc tri

khéng, ta cho x, y, z nhitng s6 gia h, k, 1 & lan can M, va xét
d4u cua s8 gia
1

Au= (§+h) -2

Mat khée, ta phai ¢d

1 2 2 2 2 2 _

(30) * (5w (3o
hay

2h 4k 4l

a2 L2 2 2 412 =

3 3+3+h+k+l—0.
Do dd

3
Au=h—2k+21=—§(h2+k2+l-’)<0

néu h, k, ! khong déng thoi bing khong. Vay M, l1a difm cuc
dai, uw(M,) = 3, tuong tu, c6 thé thiy M, la diém cuc ti€u,
u(M,) = -3.



Cing co thé nhian xét nhu sau : Ham s6 u = x - 2y + 32
lién tuc trong R?, nén n&u chi xét u trén mat ciu
x? + y? + 22 =1 thi u cing liéen tuc. Duong nhién mat ciu la
moét tidp hgp dong bi chan, nén thu hep cua u trén mat cau
dat gia tri 16n nhit va bé nhit cua nd trén mat cau, vay chi
c6 thé€ cé cdc gia tri Ay tai hai dim t6i han M, M,.

e Trudng hgp ham sd ba bién 56 bi rang buée vai nhau bdi
hai hé thde :

Gia st M_(x_ ,y,,z,) 12 di€m cue tri cia ham s6

(1.32) u = f(z,y,z),

trong do cac bién s x,y,z théa man hai hé thuc
(1.33) glx,y,2z2) =0
(1.34) h(x, y, 2) = 0.

Gid st : 1) cic ham s6 £, g, h ¢d cdc dao ham riéng c8p mét
lién tuc & lan can MO,

2) dinh thudec Jacobhi
D(g,h)
D(y,z2)

Khi dd ta co tai M

# 0 tai M.

£ £y F,
(1.35) gy 8y 8, = 0.
h,x h,y h’l
That vay, lap ludn nhu trong cic trudng hgp trén ta o6 tai M
fy + fyy, + £,2, =0
g, + g’y y,+8g,z2,=0
by + by, + 1,2, =0
Xem dd 1a mét hé ba phuong trinh tuyén tinh thuin nh&t déi

véi 1, y’, z', ; hé &y cd nghiém khéng tdm thudng nén dinh thde
clla nd bang khéng, vay ta duge hé thuc (1.35). H
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Heé thue (1.35) cling vai cac diéu kién (1.33), (1.34) giip ta
tim (xn’ Yo Z(.‘) )

Trong truong hop nay phuong phip nhan ti Lagrange duge
phit bi€u nhu sau : Tim nam s6 A, 4, x_, y,, 2z, théa man hé
phudng trinh ]
f,+ag, +ubh’, =0

+ ’ -

f, +4 gy + uh y 0

, 1f, +4g, tuh’, =0
g(x,y,z) =0
h(x,y,z) = 0.

TOM TAT CHUONG I

e Gidi han cia ham s6 f(x, y) tai mdét di€m

Ta ndi rang f(x, y) ddn d&n ! khi (%, y) dén téi (x, y,) néu
Ve > 0, 35 > O sao cho

Vx —x )2 + @y —y)Y <d=1fx,y) -] <&

Ki hiéu limf(x, y) = 1.
(X V)= (X, ¥,)

e Tinh lidn tuc cia ham s6 f(x, y) tai mét di€m
Ta ndéi rang f(x, y) lién tuc tai diém (x, y ) néu f(x, y) xac
dinh tai (x, y,) va lim f(x, y) = f(x,, y,) .
x¥) = (X, V)

e Dao ham riéng

' of B f(xo + h’ yo) - f(xo’ yo)A
o o) = gy (o Yo) = B h

Khi tinh dao ham riéng ciua f theo x thi y dugec xem nhu
i ) of
khong déi. Dinh nghia tuong tu véi f,(x, ¥ = -a;(xo, o) -

e Vi phan toan phéin
df(x, y) = f,(x, y)dx + f;,(x, y)dy.
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5
K

.Dang caa no khéng ddi du x, y Ja bi€n s6 déc lap hay x, ¥’
la ham sb6 cba cic bién s6 khac.
df(x, y) 12 phan chinh cha s8 gia f(x + Ax, y + Ay) - f(x, y).
Coéng thyc tinh gin dung

f(x + Ax, y + Ay) = f(x, y) + f;(x, y)Ax + f;(x, y)Ay.

e Dao ham cua ham s6 hgp
‘p f
F = f”¢ : (X) y) — (U.(x, y), V(x) y)) = f(u(x, Y)s V(X, y))

[0 _ st o ov
ox ou 9x Jdv ox
oF _ pfau  afdv
Jdy ou oy ov oy
e Dao ham cila ham s6 4n
Vai mot s6 diéu kién, hé thdc F(x, y) = 0 xdc dinh mét ham
86 4n y = y(x). Ta c6
Fi(x,y)
Fyx,y)
Véi mot sé didu kién, hé thac -F(x, y, z}) = 0 xdc dinh moét
ham 6 8n z = z(x, y). Ta ¢d

y(x) = —

,( F;((xi ¥ Z) ,( ) F;(X, Yy, 2)
X\ Y) =~ L &&Y)= - -
0= Ty YV T TRay 0

e Dao ham riéng cip cao

o, of 92f w o ,of 02 .
%(&') - ox? = f’g’%(a) = dyox fx.V’

o ,of 0%f " ’
ax (iy) = amay = oy (ay) = pr = B0

44



kS S 03
xdy * dyox
mién D va néu cdc dao ham riéng &y lién tyc tai diém M, €D
thi tai di€m A&y :
¥ oA
oxdy  OyIx
o Vi phan cdp cao
a(df) = d%f, d(d*) = a3, ...
Néu z = f(x, y) thi

Néu ham 36 f(x, y) ¢0 cdc dao ham riéng trong

azf = (—aa;dx + %dy)zf

dnf = (alxdx + %dy)“f
véi quy udc xem (%)k (%)’f la aak:;;.
X

Vi phan cdp n > 1 khong c¢d dang bit bién,
e Dao ham theo hudng xic dinh bdi vectag don vi T
uM) ~u(M)

—> —> -~
2 , trong d6 OM = OM_ + plL

a—u—.(Mo) = lim
ol A
o Gradién cta ham s6 u
—_— Ju - du g du g
g‘radu(Mo) = -EE(MO)l + E(MO)_] + EZ_(M“)R
Ta ¢o6
au —

e Ham &6 thuin nhit
Ham s6 f(x,, x,, .., x) duge goi 12 thudn nh&t bic k néu
4%, txy, .y tx) = (X, Xy, oy %), VE > 0.
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- Ham s6 f(x,, %,, .., x,) la thuin nh4dt bac k khi va chi khi

of
E x;—— = kf (cong thuc Euler).
OX.

i=1 I
o Céng thdc 36 gia gidt noi
fx, + Ax, y, + Ay) = f(x, y,) = AX. f(x,+6Ax, y, +6Ay) +
+ Ay . f,(x, + 6AX, y, + 6Ay), 0 < 8 < 1.
e Céng thic Taylor

1
f(x, + Ax, y, + Ay) - f(x, y,) = dfix, y,) + Edzf(xo, y) *+-. +

1
— An
T Yo T iy

e Cuc tri cia ham s6

dntlf(x + BAx, y, + 6Ay), 0 < 6 < 1.

Diéu kién can cua cuc tri : N&a hém 88 f(x, y) dat cuc tri tai
M (x,y,) thitai dé p = q =0 (p = f;(x, y), q = f;(x, ¥))-

Diéu kién du cua cuc tri : Gid su tai M (x, y) ta c6 p =
=q = 0. N&u tai M, s2 - rt < O thi l\ffo la di€m cue tri, do
la di€ém cuc dai néu r < 0, 13 di€m cuc ti€u néu r > 0. Né&u
tai M, s2 - rt > 0 thi M khéng la di€m cuc tri (r =

= f;i(x, y), s = f_;;(x, yht = f;ﬁ(x, ).
o Cuc tri co diéu kién
Diéu kién cén cia cuc tri cd diéu kién : N&u ham s u =

= f(x, y, z) trong 46 cdc bién s6 x, y, z thoa man didu kién
g(x, y, 2 = 0 dat cuc tri tai di€ém M _(x, y, 2z, thi tai do

o’
$ 1
S S
- = =
& & &

Co thé tim (x,, y,, z)) bing phuang phip nhan ti Lagrange
nht sau : Tim bdn s8 4, x, y,, z, thda man hé bén phuong trinh
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[ +4ig) =0
fy +/lgy =0
f, +1g, =0
gx, y, z) = 0.
Bai tap
1. Tim mién x4c dinh ctta cdc ham s6 sau :
a) z = Inxy ; b)z=V4 — %% —y* +¥xZ +y> -1
1 1 -1
c)z = + . d)z=arcsiny
Vx+y  Vx-y’
1
e) z = Vxlny . f) z = .
/ y—xz

2. Tim gidi han khi (x, y) — (0, 0) cia cdc ham s8 f(x, y)
sau :

x2 —y? v
a) {(x, y) = Ayt b) f(x, y) = xaretg

x +y? 1+x2+
c) f(x, y) = TLZ ; d) f(x, y) = —x—i(l cosy) -
. x“+y y

3. Tinh dao hAm riéng cia cdc ham sé sau :

P i b) z = In(x + V&Z ¥ 39
a) z = . z = In(x X
1n{2+y2 !
L X 3
¢z = yzsm; ; d) z =x¥ (x > 0)
y .
e) z = arctg; ; f) 2 = aresin(x - 2y)
) 5 h) t X =y
z = ; z = arc
g \)x2+y2 +x ! & x% +y?
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&0

1

2 2 2
Du=x"ix>0y>0); PHu= etV

k)u=estin§-

4. Khao sat sy lién tuc va sd ton tai, lién tuc cia cac dao
ham riéng cua cac ham sé f(x, y) sau :

2

y .

2 fxy) = xarctg(;) khi x # O

0 khi x = 0

xsiny — ysinx khi (x, y) # (0, 0)
b) fxy) = { X +¥
0 khi (x, y) = (0, 0) -
5. Chyng minh ring hiam s6 z = yIn(x*! - y?) théa man
R 1, 1, z
'phuong trinh < X + ;zy = ; .

6. Tinh dao ham cbta cdc ham s§ hop sau day :
2 2
a) z = e ¥,y = cosx, v = Yx2 +y2

b) z

in(u? + v, u = xy, v =

<X

c)zzleny,x=%,y=3u—2v.

7. Bang phép déi bién s u = x + y, v = x + 2y, tim ham
s6 z(x, y) thoa man phudng trinh

22, —z, = 0.

8. Tim vi phan toan phdn cia cidc ham sé :

a) z = sin(x? + y%); b) z = eX(cosy + xsiny)
= y - x+

c) z = lntgx ; \ d)z = arctgx_y

e u=x%(x > 0) -
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9. Tinh gdn dung

3 3 4
a) V(1,022 + (0,05)? b) In ( V1,03 + V0,98 — 1).
10. Tinh dao ham cda cde ham s8 &n xdc dinh bdi cac phuang
trinh sau :

a) x3y - y3x = a4 tinhy’ ; b) xe¥ + ye* - &9 = 0, tinh y’

+
c) arctgx ay = %, tinh y’ ; ) InVx?Z +y? = arctg%, tinh y’, y”

e)x+y+z=¢ tinhz;, Z;,
DX3+Y3+23_3xyz = 0, t{nhg:, Z;,

11. z = f(x, y) 12 ham s8 &n xdc dinh t¥ phuong trinh
7

z -~ x.¢ = 0. Tinh gidn ding (0,02 ; 0,99).

X + z » b . a PN 4
vtz Tinh u, u, bigt rdng z la ham s8 4n

12. Cho v =
cia x, y xic dinh bdi phuong trinh
ze” = xe* +ye'.

18. Tinh dao ham cla cdc ham s6 8n y(zx), z(x) xdc dinh
bsi hé

x+ty+z=20
x2 +y2 + 22 = 1.

14. Phuong trinh 22 + % = d? — 22 x4c dinh ham s6 &n
z = 2(x, y). Ching minh ring

2,0 4 l - l
Xz + 3 z, = .
16. Tinh cdc dao ham riéng c4dp hai cia cdc hdm s6 sau :
a)z = %\I(x2 +yH)3 b) z = xn(x + y)
¢) z = In(x + ¥xZ + y?); d)z = arctg%,
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16. a) Tim ham s6 f(x, y) théa man phuong trinh f;; = 0.
b) Tim ham s f(x, y) théa man phuang trinh f;; = 0.
¢) Tim ham sé6 u(x, y, 2z) théa man phudng trinh u;;’z = 0

d) Tim ham s6 f(x, y) bi&t ring € = 12x%y + 2,
fy’ = x* - 30xy’, (0, 0) = 1, (1, 1) = ~2.

e) Tim ham s6 u(x, y) biét ring u; = x2 - 2xy? + 3,
w = y? - 2x% + 3.

17. Chding minh ring ham 58 z = xf (%), trong d¢ f 1A mét
ham sd cd dao ham cdp hai lién tuc, thda min phuong trinh

g:i.zy”z = '(25:;)2.
18. Ching minh réng ham s§ :
1
a) ‘u = In——— théa mé&n phuong trinh
e

2u  pu
—+==0
ox2  oy?

1

= ————=——- thdéa min phuong trinh
\sz + ? + 22

32u  9%u 3%
Sttt 5 = 0.
ox ay az

19. Tim ham 86 f(x, y, z) ¢cé dang g(r), trong dd

r = yx2 -f-y2 + 22 sao cho

92t 9 o
— +— +— = 0.
mxe  oy?  9z2

20. Tinh dao ham cua ham s6 d4n y = y(x) xdc dinh bdi
hé thic
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I xd+y?-3 |
arcsin Viﬁ = a, a la hing sé.
X +y - 3xy?
21. Ching minh rdng néu f(%, y) 14 mét hAm &8 thuidn nh4t
bac 1 thi ta cd

(b = £}
22. Tinh dao ham cta ham s6 u = xy’z’ tai diém M1, 2, -1)
theo hudng xac dinh badi vecto M} oM; véi M, (0, 4, 3) ’

2 22
23. Tinh dao ham cia ham 86 u = — + = + — theo huéng
a2 b? c?

ctia ban kinh vects r. Khi nao dao ham dy bing |gradu| ?

1 1

—'= theo
¥ sz + ? + zi

huéng cha vecto l_,’vdi l_(.cosa, cosf, cosy). Khi nao thl dao ham
iy triét tidu ?

24. Tinh dao ham cda ham s6 u =

ou
25. Cho u = x%?z2. Tinh gradu va al—»tal M (1, -1, 3) biét
ring l-.duc}c xdc dinh bdi vecta MOM1 véi M,(0, 1, 1).
26. Ching minh ring :
a) grad (¢ju, + c,u,) = ¢gradu; + cygradu,
. (¢}, ¢, 12 hai hang s6)

b) grad (u, . u,) = ul.graa u, +u,. graa u,

¢) grad (f(u)) = F(u) . gradu,

27. Tim cuc tri cia cdc ham s§ sau :

a) z = 4(x - y) - x* - y* . b)z=x*+xy+y*+x-y+1
c)z=x+y - xe& d)z = 2x4 +y4 - x2 - 2y2

e) z = (x2 +y2)e_("2+yl) ;

28. Tinh gia tri lén nh4t va nhé nh4t cia cdc ham s6 sau :
a) z = x* - y? trong mién tron x2 + y? < 4
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b) z = xy(4 - x ~ y) trong hinh tam giic gml han bdi cac
dudng thdng x = 0,y = 0, x +y = 6

c) z = x* + 2xy - 4x + 8y trong hinh chit nhat gidi han bai
cac dudng thdng x = 0, x = 1,y =0,y = 2

d) z = e_(’gﬂ'z)(bz2 + 3y%) trong mién tron x% + y? < 1

e) 2 = sinx + siny + sin(x + y) trong hinh chii nhat giGi

. b4 -
hanbénx—O,x—z,y—O,y—zA
29. Tim cuc tri ¢d diéu kién :
1 1 1 1 1
a) 2 = — + — v6i didu kién — + — = —
x y X2 y2 2:‘.’2
b) z = xy véi diéu kiédn x +y = 1
1 1 1
¢)u=x+y+z vai diéu kién — +— + - =1
X y 2
d) u = x2 +y2+z VOldléUlﬂén—z ﬁz %=l(a>b>c).

30. Hinh hop chit nhAt nao noi ti€p trong hinh cdu ban kinh
R co thé tich 16n nhAt.

Dap s6 va ggi y

l.a) {x,y) : x>0,y >0} U {(x, y):x<0y<0}
b) Vanh trbn déng gisi han bdi cic dudng trdn x? + y? = 1,

1z+y2

¢) Mién md ndm giita hai dudng y = x, y = -x, ndm 4 bén
phai truc Oy.

T {((x,y) x>0 1-x=gsy<l+x}U{(x,y):x <V,
l+x<y <1 -x}.

e) {(x, y) :x20y21})) U{x,y :x<0 0<y=< 1}

f) {(x, y) :y = x3).
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2. a) Gidgi han khéng tén tai : lim f(x,0) = 1, lim f(0,y)= -1 -

x—0 y—0
1

b) O 5 0, d) 5
3 , o xA 43 ~2xy® , yi 43yl -y
- a) Z = (xz +y2)2 ’ - (X2 +y2)2
b) z L ’ 7

zZ, = =, 2, = )

X {xP+yT Y 2?2+ x2 4P

, x . X X
¢) z, = ycos;’ zy = 2ySm; — Xcos— -

d) z, = vy L 2, = o lnx 3¢ .

e) s _ y s X
RNCIC L TR P
R S S
AT NT-@-22’ YT VI-G-7
) 2 = 2 , 2x
& % \in+?’ % yﬂx§+;2
W5 = I
xyx? —# Vxi -y
i) w = R A u;, = x¥ Inxzy? ), u = ¥ Inxylny -
) u' 2x ll, 2}’ u |.l’ 2z u
=" \4, = ~—F—"]""-1, = —-———11.
P Tyt YT T (e T gt
k) u’: = yze"yzsinz, u = xze"yzsiuZ + e"yz.lcosz
4 y 4 pA z
. S AN APV A
u, = xye?¥’sin iy eyl 2 cos

2x2y? ,. l2x3y

£ =
X 4+yt Y gyl

4. a) f lién tuc tréen R? ; f = arctg (!xf_)l_
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Ching lién tuc véi x # 0. Can khao sat thém khi x = 0.
f;(x, y) lién tuc khap noi, £ (x, y) lién tuc khép noi trit tai (0,0)

b) f lien tuc trén R?, £(0, 0) = £,(0, 0) = O, nhung f,, £
khang lién tuc tai (0, 0).

6. a) z, = —e““}x_z(xz'*yl).@cosxsinx + 4x)
Z.;, - = cos)‘x—2()3+y2)_4y
, 2 2(y* -1
bz, =2, 2) = ¥
x yy" +1)
u 3u?
¢) z =2—InBu — 2v) + —
fu e v v2(3u — 2v)
u? 2u?
= =28 In(Bu - 2v) - —=— .
~ R 7 Ny

7. z(x, y) = F(x + 2y), F 1a mét ham s§ kha vi tay y.

. Véi phép d8i bién s, phuong trinh trd thanh z\: = 0, vy z
khéng phu thuée u, né chi phu thude v.
8. a) 2(xdx + ydy)cos(x? + y?)
b) e*[(xcosy - siny)dy + (siny + cosy + xsiny)dx]
2(xdy — ydx)
c) oy
x%sin =Y
x
d) xdy — ydx
x? + y2
e) y2zxy'? ~ldx + X Zlnx 2yzdy + %V ZInx.y2dz.
9. a) 1,013 b) 0,005.
_y@e2-yY ,_ & tye -
b))y =

10. a
)y x(3y2 - xl) -x&¥ —eX +x6v
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_2(x* +yh

c) » o . d) v - : v =
VT ey Pyt T oy
) Al - 1 - 1
== x+y+z-1
0 2 = ¥’-yz , y-xz
B 22—1|:}"zy 22 —xy
11. 0,02
, - 1+
12. o) = 1 O At .e?‘( X)
y+tz  (y+2)? &l +2)

L _x*z  y-x &(+y)
YT Tyt y+z? (Lt

13A y’ = z—x’ z’ = y—X .
y—-z z-y
2x? +y2 " w x2+2y2 .

"—q-v-— —L —_——
l5.a)zxz—m,z_\{?_y‘r,zyz_w
2 4
2x x4 + 2%y

b) z) = 2] +y) +
Yad = Anx y) +omm

” 2x x? ” x?
T x+y 5 T T 2
X7y (xty) (x +y)
c) Y X T} y
Zp = ———————, = —-—
x o2 +y)’ (x2 +y2)2
wo X+ (x2—yhVx? +y?
e T T
Q) 2% = 2% w_ y-x . 2y
TRy YT Ay Y T T gty

16. a) f(x, y) = F(x) + G(y), F va G la hai ham s§ tuy y
b) f(x, y) = xF(y) + G(y), F va G 13 hai ham s§ tuy y.
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c) ulx, y, z) = G(y, z) + H(x, z) + F(x, y), F, G, H [a cidc ham
sO0 tuy y
d) f(x, y) = x%y - bxy® +x2 + 1

3
+
e)u(x,y):x 3y3—x2y2+3(x+y)+C.
19. g(r) = - % + b, (a, b la nhitng hang s& tuy y).
T 4
20. y' = .

Y I B S '
Dat F(x, y) = arcsin Viz_y—xzy ~a F(x, y) 1a mét
x3 +y3 — 3xy?

ham s8 thuidn nh4t bac 0, nén theo céong thic Euler

xF;+yF;=0.
. ) 1, » y
Matk_hach-l-F}y:O:y:;.

21. Dung céng thic Euler.

Ham s6 4 bai tap 17 1A mot ham s6 thuidn nhit bac mét
nén cing théa man hé thic nay.

28
22- _?A
2 2
23.-—u‘=a=—g;a=b=c.
or r
8 .Y
O -  —»
gg. 20 _ 0L D) et view khi TL T
ol ?

25. gradu(M_) = —6(-3i + 3 - k)

Jau

—_.(M = - 22 .

ol ) _
27. a) Zox = 8 tai (2, -2)
b) Zoin = 0 tai (-1, 1).
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¢) Khdng ¢d cuc tri.

9 1 1 1
D 2=~ (~371) (371) (1) (301)
e) z .. = 0 tai (0, 0);Izmax=%tréndudngtri)nx2+y2= 1.

28. a) Gi4 tri 16n nhdt la 4 tai (2, 0), (-2, 0)
Gia tri nhd nhit 1a -4 tai (0, 2), (0, -2).
b) Gi4 tri 16n nhat 1a 4 tai (2, 1)
Gia tri nho nh&t 1a -64 tai (4, 2).
c) Gia tri 16n nhat 1a 17 tai (1, 2)
Gia tri nho nhdt 1a -3 tai (1, 0).
d) Gi tri ln nhat 1a > tai (0, ), (0, -1

Gi4 tri nhé nhédt 1a 0 tai (0, 0).
3V3

¢) Gid tri lon nhat 1a 5 tai (% -’é)
Gia tri nhé nhat 1a 0 tai (0, 0).
: V2 . ,—a -a P) a a
9. e —_— T— = — =
2.8z = -5 8 (5 75 ) = a2 (G 7T)
1 . ,1 1
b) Zm=ztal (5,‘2—)
e u, = 9 tai (3, 3, 3)
d) u . = c?tai (0,0, £ ¢), u,, = a® tai (£ a, 0, 0).
. 2R
30. Hinh lap phuong cé canh bing _‘f? .
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Chuong 11

UNG DUNG CcUA PHEP TINH
VI PHAN TRONG HINH HOC

2.1. UNG DUNG TRONG HINH HOQC PHANG

2.1.1. Tiép tuyén cia dudng tai mft di€ém cida né

Trong hé toa d6 d& cdc vubng gdc, phuong trinh f(x, y) = 0
ndi chung biéu dién mét dudng L. Diém M (x, y ) € L duoc
goi 1a diém chinh quy néu fx oY) vaf (xo, y) khoéng dﬁng
thai bing khéng, 1a diém ki di trong trubng th trai lai.

Gia st M, 12 mét di€m chinh quy cta
L. Cs thé xem nhu f’y(xo, y,) = 0. Theo
dinh li vé ham s8 4n, phuong trinh
f(x, y) =0 xdc dinh mét ham s8 &n
y =y(x), co gia tri y, khi x = x_, kha vi
trong mét lan can ndo dd cua x, Trong
lan can 8y ta co f(x, y(x)) = 0. Liy dao
ham hai v& d8i v6i x tai'x = x_, ta duge

f'x, y)+ f'y(xo, yy'(x) = 0
hay f(x,, y)dx + £ (x, y)dy = Hink 2.1
trong dé dy = y’(x, )dx Goi n'la vectd co
thanh phan (f (xo, Yoh (X yo)) dM la_vectd c6 thanh ph4n
(dx, dy). Hé thdc trén clnmg td rang n.dM = 0, véy n 1L dM,

mi dM ndm trén ti€p tuyén cua L tai M, do d6 n n la vecto
phap tuyén cia L tai M :

o

Diém P(x, y) ndm trén ti€p tuyén cia L tai M khi va chi
khi M.P n = 0, tic la
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(2.1) (x = x )0 (x, yo) + (¥ -y, )l (x, ¥,) = 0.
Dd la phuong trinh cGa ti€p tuyén ctia duosng L tai M.

Né&u M 1a di€m ki di cia dugng L thi vecto phap tuyén cta
L tai M 12 vecto khdng, tiép tuyén cia L tai M, khong duge
xdc djnh.

2.1.2. D§ cong

o Cho mét duong L khéng tu giao nhau va co ti€p tuyén
tai moi di€m. Trén L chon mét chiéu chay lam chiéu duong.
Trén ti€p tuy&én cua L tai M, ta chon mét huéng dng véi chiéu
duong cua L, goi ns 12 "tiép tuyén duong".

Dinh nghie 1. M, M’ 12 hai diém trén L.
MT va M'T’ la hai tiép tuyén duong.
Ngudi ta goi d6 cong trung binh cla cung
- MM’ la tl 88 cia géc giita hai ti€p tuy&n
duong MT va M'T’ véi dé dm clia cung
MM’ (hinh 2.2). Ki hié¢u C,( MM). Vay

a
MM
trong 46 a = |(MT, M'T")|.
Dinh nghia 2. Ngudi ta goi d6 cong
cia dudng L tai M la gidi han, néu cd, cia do cong trung binh

C, (MM) khi M’ ddn t6i M trén L. .
K.{ hiéu C(M). Vay

CM) = lim C( MM,
M —-M

r

C.( MM ) =

Hinh 2.2

Vi du 1 : Trén dudng thing,
C,(MM") trén moi doan MM’ déu
bing khéng, do d6 C(M) = 0, VM.

Vi du 2 : Trén dudng tron
ban kinh R, ta e (hinh 2.3)

Hinh 2.8
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TN 1 "
C, MMy = —ﬁim_?: i =R vdi moi cung MM’ Do do
1
CiM) = R VM.

s Coéng thuc tinh. Gia st dudng L cé phuong trinh trong
hé toa db dé cic vudbng gdc la y = f(x).
K& cdc ti€p tuyén cia L tai M
vai M’ ¢6 hoanh d6 x va x + Ax.
Goi ¢ va ¢ + Ap 13 cdc goe nghiéng
cia chdng. Khi ti€p diém di chuyén
tir M dén M’, tié€p tuyén duong quay
mbt gdc bing | Ap|, con do dai cung

- MM’ bing | As|, s 12 hoanh dé cong
(hinh 2.4). Do d¢6
~ 1A dp
C(M) = lim |E§l = |d_S
As—0
Hinh 2.4
Vi tgy = y’, nén ¢ = arctgy’, do
d 3
do Eg =7 >- Mat khic bi€u thdc cda vi phin cung cho ta
1 +y
ds = 1 + y2dx, do dd
dp _dp dx __ y"
ds dx ds (1 + y’2)3/2
Vay
(2.2) C(M) = ly”!

1 +y7y»2

Néu L dudc cho bdi phuang trinh tham s6 x = x(t), y = y(t),
. d y t d » t b2 ) —_ 3 t 3 t
Y YO Y Xy~ yexe

ax = x(y o x"‘(t) . Th& vao (2.2),
ta duoc
2.3) cany = XY Zyxl
(x" +y )"
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Néu L dugc cho bdi phuong trinh trong toa dé cue r = f(p),
ta viet x = f(p)cosp, y = f(plsing. Xem d6 1a nhing phudng
trinh cia L theo tham s6 ¢, ta co
%' = r’cosp - vsing, y' = r'sing + rcosp,

x = r’cosp ~ 2t'sing - rcosp, ¥ = r’sing + 2r’cosp - rsing,
th& vao (2.3) va nit gon, ta duge
12 + 252 — "

(r2 + 132

(2.4) C(M) =

Vi du 1 : Tinh dé cong cia dudng day xich y = ach § (a > 0)
tai mot di€ém bat ki

. T P N S SRR B S 4
Tacoy—sha I +y _Cha—ay—aCha_aI
Céng thdc (2.2) cho ta
c=X 2_2
al y3 g2

Vi du 2 : Tinh d6 cong cia dudng xy-clo-it
x = a(t - sint), y = a(l - cost) (a > 0)
Ta c¢6 x’ = 'a(l - cost), y’ = asint

x" = asint, y”' = acost,
th€ vao (2.3), ta dugc

|cost — 1] _ 1

C = = .
2y2a(1 - cost)’? | 4asin % |

D8 cong chi xic dinh tai cdc di€m dng véi t = 2kx.
Vi du 3 : Xdc dinh d6 cong cta duomg r = 2¢™ (@ > 0, b > 0)
Ta ¢co r = abe®, r” = ab%®. The& vao (2.4), ta duge
1
VI +02. 1
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2.1.3. Puong tron chinh khic. Khic tam
Tai mbi diém M cha dusng L, veé
dudng phap tuyén huéng vé& phia lém
ecda L, trén d6 14y mot di€m I sao cho

1
MI = C(M) (hinh 2.5). Dudng tron tim
o L 1
I ban kinh R = C(M) duoc goi la duong

tron chinh khic cia L tai M. No ti€p
xdc v6i L tai M, vi ¢6 chung véi L
dudng ti&p tuyén, va cd tai M ciung dé Hinh 2.5

1
cong C(M) = R véi dudng L. TAm cta
duding trdn chinh khic ﬂy duge goi 1a khic t&m dng véi M,

ban kinh cba né R = dugc goi 1a khiic bén kinh. Duong

C(M)
nhién & 1an can M, x4p xi L bdi dudng tron chinh khdc t6t
hon bdi dudng ti€p tuyén.

Bay gid, hay xac dinh toa dd X, Y cua khic tam I dng v6i
diém M(x, y) € L. Giad sit phudng trinh cia L la y = f(x).

Phép tuyén cia L tai M cd phuong trinh 1a
1
- = - - X),
-y v ¢ )

£, n la toa d6 nhirng di€m chay trén phdp tuyén fy. Khic tAm
I ndm trén phip tuy&n 4y, nén

1
(2.5) Y—y=-—?(x—x)‘
Vi MI = R nén
(2.6) X -x2+ (Y -y)? = R2
Tu (2.5) va (2.6) suy ra
2
X = x & yﬂ#))y:yiuﬂyh
{y"l y’l
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1+y"
Néu y”’ > 0, dudng L l16m, nén Y > y, vay Y=y+T,¥—.

1+y72 . +y2
lyn| =y yn

Néuy’' <0, thi Y <y tacs Y=y—-

1+y”?
Trong c4 hai trudng hop Y=y +y—,¥, do dd ti (2.5) suy ra

s + 'y 1 + 2
2.7 X=x YY) y_ 1Ty

Né&u L duge cho bédi phuong trinh tham 86 x = =x(t),
y = ylt), thi

) g™ 4 o
2.8) X =x -YE YD)y, XE *tY)
Xy’ — y'x Xy’ — yx

2.1.4. Dudng tdc bé. Dudng than khai
Dink nghia 1. Ngudi ta goi dudng tic bé cia dudng L la
quy tich, néu cé, cia cac khuc tidm cia dudng 4y.

Nhu vdy (2.7) hay (2.8) cho ta phuong trinh tham s8 cia
dugng tic b€ cha L.

Vi du 1 : Tim dudng tic b8 cia parabsn y> = 2px (p > 0)

Lidy dao ham hai v& d6i vdi x, ta duge 2yy’' = 2p =
, 2
v=Po g2 o B B Theovao 27), ta c6
y FRE
@ s
X=3x+p Y=- Vo Cé thé xem d6 la phuong trinh

cua dudng tic b€ phai tim theo tham s8 x. Khi x tt hai phuong
trinh £y, ta dugc

8
2 - — 3
Y= g7 X P
dé 13 phuong trinh ctia parabén ban lap phuong (hinh 2.6).
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Hinh 2.4 Hinh 2.7

Vi du 2 : Tim bén kinh chinh khic va dudng tic b€ cia
acost, y = bsint (a > b > 0).

elip x =
Ta co x' = —asint, y’ = bCOSt, X’ = _ﬂ.COSt, yn - _bSint,

1 a2sin?t + blcogtt)??

th& vao (2.3), ta duge R = G = (a’sin — cos’t) -

Céng thic (2.8) cho ta
2 e
X = = cosdt, Y = — sindt
a b

trong d6 ¢ = a? - b2 D¢ 1a phuong trinh cia duong ax-tro-it

léch (hinh 2.7).

Dinh nghia 2. Néu dudng L nhén T lam dudng tic b& thl
L dugc goi 1A dudng thoan khai ciua T, ,

TY hai vi du trén, ta th&y rAng parabén y? = 2px la dudng

: 8
than khai ctia parabén ban lap phuong V= 2_7p x - p)3, elip

acost, y = bsint 12 duong than khai cda dudong ax-tré-it

. C2 c2 3
lech x = ’ cos’t, y = B8 t.

X =

Ta thita nhan hai tinh ch&t quan trong sau diy cua dudng

tic b& va than khai.
Tinh chét 1. Phép tuyén tai mbi diém M(x, y/ ctia duomg L la
tiép tuyén cia dudng ftic b€ I cia L tai khic tam I ung véi M.
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Tinh chdt 2. D6 dar cia mét cung trén duong T bang tri sé
tuyét déi cha hiéu eac khic ban kinh cia duong thén khai L
ctia né tai hai mit cia cung dy, néu doc theo cung &y khic
ban kinh bién thién don diéu.

Ti tinh ch4t nay suy ra ring dudng
than khai ctia dudng L la quy tich cda
mét diém A trén nia duong thing MA
ti€ép xuc vdi L tai M khi n¥a dudng
thdng nay lan ma khéng trugt trén L
(hinh 2.8)

2.1.5. Hinh bao cia mot ho
duong phy thugc mét tham so6 Hinh 2.8

e Cho mét ho duomg £ phu thudc
‘m6t hay nhiéu tham sd. Néu moi dubng
ctta ho £ déu ti€p xic vdi mét duong E
va ngugdc lai tai mi di€m cua dudng E
cé mot dudng cia ho £ ti€p xic vai B
tai diém &£y thl E duge goi 13 hink bao
cia ho ¥ (hinh 2.9).

Vi du 1 : Phuong trinh
(x - ©)* + y* = R, trong dé R 12 mot
88 c8 dinh, ¢ 12 mé6t tham s6, bigu dién
mét ho dudng tron ban kinh R c6 tam
Hinh 2.9 trén truc Ox. Hinb bao cia ho 4y la
hai dudng thing x = =+ R (hinh 2.10)

Vi du 2 : Phudng trinh
xcosa + ysina - 1 = 0, trong
d6 a la tham s6, bi€u dién 7 W _
mét ho dudng thing ma \O[W[W W VWV \/ Jx
khoang cich ti g8c O dén
duong thidng dy bing 1. Hinh
bao cua ho Ay la duong tron
taim O ban kinh bAng 1. Hinh 210
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Vi dy 3 : Phuong trinh y - cx = 0, trong dd c la tham 38,
bigu dién mét chum dudng thing di qua gbc O. Hinh bao cia
ho dy la g6c O (dudng tron td&m O ban kinh bing 0).

Vi du 4 : Dudng tuc b& cia mét dudng L ]a hinh bao cta
ho cdc dudng phdp tuyén cta L (xem tinh chit 1 cia dudng
tic b&). Vi vay dudng tic b& cua L con dudc goi 14 dudng phép
bao cua L.

® Quy tdc tim hinh bao cia mét ho dudng phu thuse mét
tham sé. ’

Dinh li. Cho ho dusng F(x, y, ¢) = 0 phu thudc tham sé c.
Néu cac dudng cia ho 8y khong ¢6 diém ki di (tuc la diém tai
do F’ (:r, y,e)=F'(x,y,¢) =0 thi phuong trinh cia hinh bao E
cia ho 8y duoc xac dinh bang céeh khi ¢ tit hai phuong trinh
F(x y,¢) =0

(2.9) F(x.y.c) = 0.

Chiung minh. Vai mél gid tri cia tham s6 ¢, ¢c6 mét dudng
L, cia ho, do d6 c6 mot ti€p di€m M_ cia L_ v6i E. Hinh bao
E la quy tich ctia nhing di€ém M_ 4y, toa d¢ cia ching la
nhing ham s6 x(c), y(c) ma ta phai tim. Vi di€m M_(x(e), y(e))
€ L, nén F(x(e), y(e), ¢} = 0. Ldy dao ham hai v& d8i véi c,
ta dugce

(2.10) F’ (x(c), y(C); o)x’(e) + F' (x(c), y(©), e)y’(c) +

+ F'(x(c), y(e), c) = 0.

Mat khdc tai M_ cdc duong E va L ti€p xdc nhau. Hé sé

goc cua tiép tuy&n cia E tai M_ 12 k, =7 Ec; Vi L_ khéng cd
difr ki di nén hé s6 gdc cia L_ tai M, la k, il
i€m ki di nén hé s gdc c ai a = - 5——

¢ ¢ Fy(x’ Y) c)

Vi k, = k, nén ta duge
(2.11) F’,(x(c), y(0), e)x’(c) + F' (x(c), y(e), ely’(c) =

Tit (2.10), (2.11) suy ra F’ (%, y, ¢) = 0. Vay toa dé cda céc
di€m M_ cta hinh bao phai théa man hé (2.9). B
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Chi thich. Néu cic dudng F(x, y, ¢) = 0 co diém ki di thi
hé (2.9) bao gém ca phuong trinh hinh bao E va quy tich cda
cac diém ki di.

Vi du 1 : Tim hinh bao cia he dudng théng

xcosa + ysina - 1 = 0.

Cac duong thing khong cd di€m ki di, vay toa 4o cac di€m
ctia hinh bac théa man hé

F(z, y, @) = xcosa +ysind -1=0
F'(x, y, a) = —xsina + ycosa = 0.

He dé6 cho ta x = cosa, y = sina. Vay hinh bac phai tim la
duong trdon tdm O ban kinh 1.

Vi du 2 : Tim hinh bao cia ho parab6n b4an lap phuong
(y - % = (x - )3

Dao ham hai v€ theo c, ta dugc 7
2(y — ¢) = 3(x - ¢)*

Thé& vao phuong trinh cta ho, ta duoc
9
x —¢)} [1 -7 ® —c)] =

Néu x -c=0thiy - ¢ = 0, vay
y = x.

Nhung y = x la quy tich cda nhiing
diém ki di cia ho parabén ban lap

phuong (d6 1a nhitng di€m lai). Hinh 2.11
9 4 8
Néu 1 -7 (x=-¢ =0hay x—c=g thiy-c=smp
. 4
do d6 x —y = 55

- 4
Vay hinh bao phai tim 1a duong thing x — y = 77 (hinh 2.11).

Chu thich GiA si ta xét ho parabém ban lap phUdng
(y - ¢)2 = x* Dao ham hai v€ d6i vdi c, ta duge 2(y - ¢) =
Khit ¢ ti hai phudng trinh trén, ta duge x = 0, dd la phuong
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12) trinh cia quy tich cac di€m lui (hinh 2.12).°
Vay ho dudng cong nay khéng cd hinh bao.

BAy gid xét ho parabdén ban lap phuong
y2 = (x ~ c)’. Dao ham hai v& d6i vai ¢, ta
. X duge 3(x - ¢)? = 0. Khi ¢ tit hai phuong trinh
trén, ta duge y = 0, dé 12 quy tich cda céac
di€m i, déng thdi cing Ia hinh bao cia ho
dudng cong (hinh 2.13).

Vi du 3 : Xét ho quy dao clia vién dan bin
tit mot khdu phio véi van téc v, phu thuje
Hinh 2.12 gdc ban a. Phuong trinh chuyén dong cua vién
dan néu chon truc toa 46 nhu & hinh 2.14. la

votcoaa

X
1 Ya
y = —Egtz+v0tsina

trong dé g la gia téc cua tromg {0 X
trudng. Khd t ti hai phuong trinh \

Ay, ta duge

g 2
= xt - —F X“.
y g 2vicos’a

- Dat tga = ¢, ta dugce ho parabbn
phu thufc tham s6 c :

Hink 213

g
= cx —- —=— (1 + c)x2
y 22 ( )
L&y dao ham 7}
hai v€&€ dé6i véi c,
ta duge

Hinh 2.14
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Thé€ vao phuong trinh trén, ta duge
2
Vn g 2

V" % 2w

D6 1a phuong trinh cda hinh bao cia ho quy dao, vi cac
dudng parabstn khéng cd di€m ki di nén hinh bao &y 1a mét

v

parabén cat tryc Ox tai x = % Eo, dd 1a tAm bAn xa nhdt cia
vién dan. Hinh bao &y dudc goi 1A parabén an toan.

2.2. UNG DUNG TRONG HiNH HOC KHONG GIAN

2.2.1. HAim vectd
e Gia su I 1a mét khodng trong

R. Anh xa t € I — r{t) € R duge 2
goi 12 ham vecto cia bi&n s6 t xdc 3
dinh trén 1. Trong phdn nay ta sé =

xét véi n = 3. N&u x(t), y(t), z(t)
1a ba thanh phén caa vecto r{t) € R3,

i:’j:'l? la c4c vecto don vi trén ba ol : —
truc toa d8, ta cd x(/r/ \“‘i,/' ,
) = x(OT+ y(ty ™+ 2()E x o

Dat OM = r(t). Di€m M c6 cac
toa 46 1a x(t), y(t), z(t) (hinh 2.15), EHinh 215
Quy tich cia M khi t bién thién
trong I 12 mét dudng L trong R3, goi 1a t6c db ctia ham vecto
r{t). Ngudi ta cing ndi rAng dudng L cd céc phuong trinh tham
86 la x = x(t), y = y(t), z = z2(t).

e Nguii ta ndi rang him vecto _(t) c6 gidi han 13 2 khi t
din tdi t néu {*(t) — af — 0 khi t — t, tdc 1a néu Ve > 0,
3 >Osaocho|t-t| <6=|_(t)-a<£

Ki hiéu : llm "(t)

~¢
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Ham vecto T(t) xac dinh trén I dugc goi la lién tuc tai
t, € I néu

lim T(t) = (t,).

1=,
Tinh lién tuc cta r(t) tai t, tuong duong vdi tinh lién tuc
cia cac thanh phdn x(t), y(t), z(t) cia nd tai t_.

e Gia st ham vecto rt) dugc xic dinh trén I va t, € L
Gidi han, néu cd, cua ti s6

T, + h) - Tt

ar_

h — h
khi h — 0 dugc goi 1a dgo ham cia T(t) tai t, ki hieu la

d?tt
r (to) hay . D4 1a mdt vecto. Néu dao ham r’ (to) ton tai,
ta ndi ring ham vectd khd vi tai t.
)
Trén téc dé cla r(t) (hmh 2. 16) ta thﬂ M+ h)
r(to) OM , r(t +h) = OM Ar = MM
Khi h - 0, M dén dén M trén t6c df,
day MM dan dén ti&p tuyén cta téc dg Mel®
tai M. Vay r’ (to) la vecto ti€p tuy&n cua 0
téc d6_tai M. Ta cd Hinh 216
x(t, +h) —x(t y(t, +h) —y(t z(t, +h) —z(t

Do d6 néu cic ham s x(t), y(t), z(t) kha vi tai t  thi x(t)
ciing kha vi tai t va ta cd

r(t) = XENF YN+ 2 )E
Khi h kha nhé ta cd thé xdp xi vecto AT = M_M bdi vectd
tiép tuyén hr(t).
2.2.2 Dudng
s Tiép tuyén va phdap dién cua dudng tqi mét diém
Cho dudng L trong khéng gian c6 cdc phuong trinh tham
s6 la x = x(t), y = y(t), z = z(t). Phuong trinh vecto cua
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n6 la ) = x(H+ y(t) + z(t)K, M_ 12 mat diém trén L, nd
se’ cac toa do (x(t), y(t), z(t)). Ta biét rang vecto
r'(t) = x'(t, )1 + y'(t )] + z (tﬂ)l?ném trén ti&p tuyé&n cua L tai

Mn. Gia sﬁ'. X (tu),_):(tﬂ), Z (to) khéng d6ng thoi triét tiéw, khi
dy vecto r'(t) = 0. Diém P(x, y, z) ndm trén tiép tuyén cua

L tai M khi va chi khi vecto M‘:P déng phuong voi vecto
r(t), tic la
X -xt) Y-yt) Z-zxt)

Xty Yty  Z¢)

D6 1a phuong trinh cia tiép tuyén clia L tai M.

(2.12)

Moi dudng thing di qua M_ vuéng gdc vdi ti€p tuy&n cla L
tai d6 duge goi 1a phdp tuyén cda L tai M . N€u dudng L cd
tiép tuyén tai M thi nd ¢6 vé s phip tuyén tai M, ching
cung ndm. trong mat phing vuéng gdic véi tiép tuyén tai M,
mat pbing 4y duge goi la phdp dien cia dudng tai M.
Dlé’m PX, Y, 2) nam trén phap dién fy khi vi chi khl
MPJ.r(to), tﬁclAMP.r(to) .0, hay

(2.13) (X - x(ENE'(E) + (¥ - yt)y'(e) + (2 - 2t N2'(t,) =0,

D6 la phuong trinh cia phdp dién cia duong L tai M.

e D4 cong. Cho dudng L trong khéng gian ¢d phuong trinh
“tham s6 1a x = x(t), y = y(t), 2 = z(t). Tuong tu nhu trong
mat phdng, ta cd céng thitc vi phan cung

(2.14) ds = 'vx'm) + y2(t) + z (t) dt.

Gia st dudng L c¢o tai M tiép tuyén du'cl_rlg MT, tai M’ ti€p
tuyén dudng M'T. Dbat Ac = MT,M'T) (hinh 2.17),
As = MM Gioi han, néu cs, cia tl a6 | 22 | khi M’ dan dén
M trén dudng L duge goi la dé cong chia dudng cong L tai M,
ki hieu C(M).
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Nguai ta ching minh duge céng thic tinh dé cong cia dudng L

nhu sau :
b4 z
C = Y Y

x? + y? + 2} .
o Vi du. Lap phuong trinh quy dao cia difm M cd chuyén

ddng via quay tron déu quanh truc Oz véi van t6c gdc w vita

tinh tién doc theo Oz vdi van t6c khéng d8i 1A ak. Quy dao

2
+ » LR ]

Z X

z' x’|z

(2.15)

21
g
N C _
-t .
M o
1 [~
0 h ENG
0 N iy Y
X ©
Hinh 2.17 Hinh 2.18

niy duge goi 13 dudng dinh 8c tru tron xoay ndm trén mit tru
tron xoay cé truc Oz, ban kinh a (hinh 2.18).

Hinh chi€u vuéng gdc trén mat phidng Oxy ciia moi di€m
M(x, y, 2) cia quf daoc déu niAm trén dudng tron tdm O bin
kinh a. Goi P 1a hinh chiéu £y, ta co

— — —» —>
ry = 0OM = OP + PM
Chiéu xudng ba truc toa ds, ta duoc
X = acoswt, y = asinwt, z = akt,

trong d6 tham s6 t la thdi gian chuyén déng cua chidt di€m.
Do 1a ciac phuong trinh tham s8 ctia dudng dinh 8¢ tru tron
xoay. Ta ¢d
x’(t) = —awsinuwt, y'(t) = awcoswt, 2’(t) = ak. -
Né&u ta chon huéng duong cua tiép tuyén dng vai chiéu tang
" clia tham s6 t, thi ti€p tuyén duong tai moi di€m cha dudng
dinh 4c lam véi truc Oz mét gdc khong ddi y, véi
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Phuong trinh cia tiép tuyé&n tai di€m cua duf!ng dinh &c dng
véi tham s6 t la
X —acoswt Y —asinot  Z —akt
—awsinwt ~ awcoswt ~ ak
Phuong trinh cha phap dién tai diém do la
— awsinwt(X — acoswt) + awcoswt(Y — asinwt) + ak(Z —akt) = 0
Vi ph&n cung cua dudng dinh B¢ bing
ds = aVw? + kZ dt.

Thea cong thic (2.15), d6 cong tai mot di€m bt ki cha duong
dinh 8c bang

= *®
a(f+k?)
Vay d6 cong cia dudng dinh 8¢ tai moi diém déu bing nhau.

2.2.3. Mit

Cho mat S co phuong trinh f(x, y, z) = 0 ; M_ la mét diém
trén mat S. Duong thdng M_T dude goi la #iép tuyén cia mat S
tai M néu nd la ti€p tuyén tai M_ cia mét dudng nado dd trén
mat S di qua M_. Tai méi diém M  trén mat S ndi chung ¢
vd 88 dusng thudec mat S di qua,
,do d¢ tai M cd th& cé vo =6 ti€p
tuy&n cta mat S.

Diém M trén mat S duge goi
13 diém chinh quy néu tai d6 céc
dao ham riéng f’ (x, y, 2), f’y(x, . 2),
f’,(x, y, 2) déu tén tai, va khéng

déng thoi triét tiéu. Mot diém
khéng chinh quy duge goi la
diém ki dl Hink 2.19
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| Dinh li. Tap hop tdt cd nhing tiép tuyén ciac mat S tai mét
diém chinh quy M_ la mot mat phdng di quo M.

Chung minh, Gid st L la mdot duong ndo d6 trén S di qua
M_, céc phuong trinh tham s& cta né la

x = x(t), y = y(t), z = z(t).
Di€m M, thusc L, toa do cia né 13 (x, y, z,), trong do
x, = x(t), y, = y(t), z, = z(t). Phuong trinh vecto cia L

1a ¥ = 1t). Vecta ?(to) = (X'(ty), y'(t)), 2'(t)) ndm trén tiép
tuyén cia L tai M .

Mat khic, vi dudng L nim trén mat S nén x(t), y(t), z(t)
phai thda man phudng trinh cia mit, tdc 1a

f(x(t), y(t), z(t)) = 0.
Lay dao ham hai v& theo t, ta dugc
£ .x(t) + f;,y’(t) +f.2'(t) = 0.
_ Tai di€m M, (x, ¥y, z,) ta cd
LMY (L) + LMY (t) + LMYZ(t) = 0,
Goi m 1a vecto o8 cic toa 40 £;(M,), (M), £(M,). D6 1a mot
vects xdc dinh, khdc 0, vi M 12 mot giém chinh quy cua mat S.
— dr(t)
Ding thdc trén ching td rdng n. m
tuyén cda mat S tai M, déu vubng gdc véi ;tgi M, ching
nim trong mdt mat phdng vubng gdc veéi r_l.tg.i M. R

= 0, do d6 moi tiép

Mat phédng chita moi tiép tuyén cda S tai M dugc goi 1a
tiep dién cia miat S tai M. Dudng thing di qua M, déng
— .
phuong véi n duge goi 12 phdp tuyén cba mat S tai M.
Phuong trinh cia phap tuyén cta mit S tai di€m ch{nh.quy
M, la ‘
X-x Y-y Z-z
(2.16) : Q — o - o
M) M) M)
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Phuong trinh cda tiép diéﬁ cia mat S tai M 1a
@11 MK —x) + EMIY ~ 3) + EM)(z - 7) = 0.
Vi du : Viét phudng trinh cia phép tuy&n va phap dién
cia mat
x2+y2-22=0
tai didm M3, 4, 5).
Ta c6 f(x, y, 2) = 1i:2+y2 -z = f;: 2x, t;= 2y, f;=—2z.
Vay phuong trinh cta phip tuyén cia mat tai M la
X-3 Y-4 Z-5
6 ~ 8 ~ -10°
Phuodng trinh cida tiép dién cta miat tai M o 12
6X-3+8Y-4-10Z2-5)=0

hay
3X +4Y - 5Z = 0.
Chii thich. Ba hé s6 chi phudng ctia phap tuy&n cda mat
f(x, y,2) =0 tai M (xo, Yo zo) 1a

o

LM . £,(M), LM).
Né&u mat duge cho bdi phuong trinh z = F(z, y) thi bing

cach dat f(x, y, z2) = -F(x, y) + z, ta th&y ring ba hé s6 chi
phuong cia phip tuyén cua mat tai M_ 12 -p, —q, 1, trong d¢

P = z;(Mn), q = zy'(Mo).

TOM TAT CHUONG II

e Phuang trinh tiép tuyén cua duong f(x, y) = 0 tai M(x, y)
X - 0% y) + (¥ - 9i(x y) =0
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e Coéng thuc tinh d6 cong cua dudng phing tai mot diém
- N&u dudng dugec cho bdi phudng trinh y = f(x) thi
_ Iynl
(1 +y"

— Néu dudng duge cho bdi phuong trinh tham s6
x = x(t), y = y(t) thi
] |||

_ lxtyn _yx
=4y
-~ Né&u dudng dudc cho bdi phuong trinh trong toa d6 cuc
r = r(p) thi
2+t
R e e
e Cong thdc tinh toa 46 cia khdc tam
- Néu dudng dugc cho bdi phuong trinh y = f(x) thi

- ,l+)2 1+)2
x o YORD oo 1ty
y y

- Né&u dudng duge cho bsi phuong trinh tham s6
x = x(t), y = y(t) thi
s70%2 + ’2 32+ 'y)
X=x- L8 Y0y oy OV
X'y’ —y'x x'y” —y'x
o Hinh bac cia ho dudng phing F(x, y, ¢) = 0
Khtt ¢ tit hai phuong trinh
Fx,y,0) =0, Fc'(x, y, ¢) =0,
ta ddge phuong trinh cia hinh bao va phuong trinh cia quy
tich cia nhitng di€m ki dj.
e Cho dudong trong khéng gian cé phuong trinh tham sé
x = x(t), y = yt), z = z(t).
— Phuong trinh ti€p tuyén cta dusng tai di€m M dng véi
tham &6 t:
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X —x(t) Y —y(t) Z —z(t)
O  y® 2y
- Phuong trinh phdp dién cia dudng tai diém M :
X - x(t) X’(t) + (Y - y®)) y(t) + (Z - z(t)) 2'(t) = 0.
- D§ cong tai M :

.d x' y 2 y' z 2, z’x 2
N T

(x'Z + y’2 + 2'2)3/2

o Cho miat ¢ phuong trinh f(x, y, 2) = O

Phuong trinh phip tuyén cua mit tai M(x, y, z) :
X-x Y-y 2-z
FM) — 0,00 T M)

Phuong trinh ti€p dién cia mat tai M(x, y, 2z) :

X - DEM) + (¥ - EM) + @ - 20,M) = 0.

Bai tap
1. Tinh d3 cong cia dudng :
1) y = ~x3 tai di§m cd hoanh 48 x = %

2) xy = 1 tai di€m (1, 1)

3) b2x? + a2y2 = a?b? tai (0, b) va (a, 0)

4) x = elgint, y = e'cost tai difm dng v4i t = 1.
2. Tinh khic ban kinh cua dudng :

1)—}2-‘15 +%2 = 1 tai diém (0, 3)

2) y2 = x> tai diém (4, 8)

3) y = Inx tai diém (1, 0)
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K%Y
o

4) y? = 2px tai di€m b&t ki

%2 y2
5 — — = = 1 tai di€m b4t ki
a2 b2

6) x = acos3t, y = asin3t tai di€ém bat ki

7) x = a(cast + tsint), y = a(sint — tcost) tai di€m bat ki, (a > 0)
8) r = a(l + cosp) tai di€m bit Id, (a > 0)

9) r2 = aZcos2p tai di€m b4t ki, (a > 0).

3. Tim nhing diém trén cic dudng cho dusi day tai dé khic

bin kinh c6 gid tri nhd nhat :

18

Dy=lx;2)y=e¢ek

. X4¢ dinh khic tAm cta dudng

1) x3+y* = 2 tai difm (1, 1) ;
2) xy = 1 tai diém (1, 1).

. Viét phuong trinh dudng tdc b& cia dudng :

1)y2=x+%
2 2

95 -L =1 .
a b2 '

3) x¥3 +y2B = 1

. 4) x = a(cost + tsint), y = a(sint - tcost) (a > 0)

5) x = a(t — sint), y = a(l - cost) (a > 0).

. Tim hinh bao ctia ho dudng :

1) y2 = ¢z - ¢) 2) y = c(x - ¢)?
: XL X _
S)y—c+c 4)c

5) (x - ) +y2 = 4c ) x-c)24+(y-c)? =4
7 ex? + cly = 1.



7. M6t doan thadng di dong trong mat phing Oxy sao cho
t8ng cac doan ma nd chin trén hai truc toa d4 khéng d8i va
bing a. Tim hinh bao ctia ho dudng théng &y.

8. Ching minh céc céng thic dao ham vecta :

d - — dp dq
Dxpe+a =75 +t3
dp _ da
2)—(a )=a-£~+dt;alahﬁmsdkhévicﬁat
—»dq d;—»
—

Dy Ara=pArg+ EAq-

9. Viet phuong trinh ti€p tuyén va phép dien cta dudng :
1) x = asinZ, y = b.intcost, z = c.cos?t tai di€m dng

vél t =

a8

e'sint elcost
2 YTt R

3 x =t y=1t2 2z =13 tai di€m dng voi t = 3.

10. Tinh 46 cong cia dudng :
Dx=ey=et z=ty2
2) x = e'sint, y = e 'cost, z = e

11. Vist phuong trinh phdp tuyén va ti€p dién cda mat :
1) x2 ~ 4y + 222 = 6 tai di€m (2, 2, 3)
2) z = 2x2 + 4y? tai di€m (2, 1, 12).

2) x = tai di€m dng véi t = O

Dap s6
192 1 b a 1
1. 1) 5532 —=; 3 —va — ; 4) —
IR AR R R
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25 80V10 2% |\ 32
2. 1)3—,2)—é—,3>2\(§,4)p(1+;)
2 _ .2 r"[—z'
5) Mvéi £ = va' +b” , 6) 3asintcost
ab a
4 2
7 alt|, 3)—;i|cos§|, 9)3—r
VZ Loy _Ll L2
3 1 (T' - 21n2) ; 2) ( 2111?, *2—)
43 26
4. 1) (ﬁ, 5) ; 2) (2, 2)-
16 a2 +b? a2 +b?
- —_ _Y3. — —
5.1Y? = X3 DX = ——2, ¥ =—y

X =x+3xBy?B ;Y =y+3x YB3, 4)X2+Y? = a?

5 X =-nma+a(z-sin?), Y = -2a+a(l —cosD), T=t-x. .

x4

6.1)y=:|:§;2)y=0,y=-1—6;3)27x2=4);’;4)27y=x3
B)y?=4x+4;6)x-y)2=8;Tx*+4y=0.
7.fx_+ﬁ=ﬁ.
a b . c
X—g Y73 9 2 _
2 2 2 al— ¢
9. 1) e S o T —aE-e-— o
1
Z—ﬁ 1
x_y-i_ : 1
Dy="5 =TT ix+z-F=0
-3 y-9 z—27
3 1 8 27 ;X +6y+272 - 786 = 0.
10. 1) q52;2){—§-_l
(x +y) 3
-2 - '
ll.1)x—2=y_—4=233;x-4y+3z—3=0

2)x-2=y-1=8(12-2);8x+8y-2z-12=0,



Chuong 11
TICH PHAN BOI

3.1. TICH PHAN PHU THUOC THAM SO

3.1.1. Truong hgp tich phan xac dinh
Xét tich phan xic dinh phu thuéc tham s6 y

b
3.1) Iy) = f f(x, y)dx

trong dé ham sé f(x, y) xéc dinh trén [a, b] % [¢, 4} eao cho
f(x, y) kha tich theo x trén [a, b] v6i moi y € [c, d]. R6 rang
tich phan &y phu thudc vao tham s6 y, Sau day 1a mét =8 tinh
ch&t cta tich phan 4y. '

Dinh Ui 3.1. Néu ham 36 f(x, y) lien tuc trén [a, b] % [c, d]
thi I(y) ld mét ham s6 lién tuc cia y tren [c, dJ.

That vay, 18y y € (c, d), cho ng mét s8 gia h sao cho
y+h € (c, d). Ta cd .

b
Iy +h) — I(y) = [ If(x, y + h) — f(x, y)ldx .

Do do

b
iy +h) - Il < [ |fx, y + h) — f(x, y)| dx .

6 THCC T ) 8% ‘



Vi f(x, y) lién tyc trén [a, b] X [c, d] nén nd cing lién tuc
déu trén dé. Do d6 Ve > 0, 35 > 0, s6 & nay chi phu thudc &,

sao cho |h| < & = [f(x, y + h) - f(x, y)| < bia Vx € [a, b].

Do do |h|] < 8 = |Iy + h) - Iy} < ¢ vay I(y.) lién tuc
tai y € (¢, ). D& thiy rAng I(y) cing lién tuc tai y = ¢ va
y = d.

Dinh li 3.2. Néu ham s6 fix, y) lien tuc trén [a, b] X [e, d] thi

d b d
(3.2) T Iway = | (f f(x, yydy)ax .

4 c

Cong thidc (3.2) ¢6 thé viét la

d b b d
(3.2") [ tx, deydy = [ (J fx, y)dy)dx .

Day la c6ng thic d8i thd tu tich phan khi tinh tich phan
kép ,sé dugc chdng minh & phan tich phan kép.

D6 1a dinh li vé 14y tich phan dudi ddu tich phan.

Dinh Ui 3.3. Gid sizt ham 86 f(x, y) lién tuc theo x trén [a, b]
vdi moi y khong d8i trong [c, d] va gid su dao ham riéng

f;(x, y) lién tuc trén [a, b] X [c, d]. Khi dé ta cé

b
(3.3y rey) = J f(x y)dx
a

(dinh 1i v& 14y dao ham duéi d4u tich phan).
That vay, vi f(x, y) lién tuc theo x trén [a, b] vdi y khong d6i

b b
thude [c, d] nén céac tich phan f f(x, y + h)dx , f f(x, y) dx
2 a
tén tai. Xét
Iy +h) - 10) _ ey *h) = fey) o
h h '

a
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Ap dung dinh li s8 gia gi6i ndi vaoc bi€u thuc dudi ddu tich
phan, ta duge

_ b
Ly +hil Iy _ f §(x, y + 0h) dx

trong dd 0 < 6 < 1. Khi h — 0 thi 6h — 0, do do
fy’ (x, y + 6h) = f(x, y) Vi f;, (%, y) lién tuc theo gid thi&t. Lap
luan nhu trong ching minh dinh Ii 1, ta ¢o thé lam cho
y ’ £
|fy(x, y + 6h) — g,(x, yl < mVx € [a, b]
mién 12 h khd nhé. Do dé

Ly +h) ~1 P
m (y }: (Y) ={fy(x, y)dx.

h—o

. . x? —x?
Vidyl:TinhI= | dx (0 < a < b).

In
Xb—Xa b 1 b
vi T fxdy nen I = [ (f xdy)dx. Theo dinh li 3.2
a 0O a
ta co
b 1 b y+1 1
L F e - § (5 [T -

b

Vi du 2 : Xét I(y) = f 2d_:_(y2 = %arctg% vdi y # 0.
Lay dao ham hai v& d8i véi y, ta cé
'yy = -2 1 L iarct:g1 - ——i'——
o (2 +yh? y? Yy oy +yh
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TU d6 suy ra ring véi y # 0 ta cd

1

1 1
[ b
0

e T By T s

Chii thich. Bay gio xét tich phan xac dinh phu thudc tham
s6 y sau day

b(y)
(3.4) Ity) = [ f(x, y)ax.
a(y)

trong dé ham s6 f(x, y) xdc dinh trén [a, b] x [, d], cic ham
86 a(y), b(y) xdc dinh trén [c, d] vA théa man
(3.5) a € aly) < b, a < b(y) € b, Vy € [c, d].
. Co thé ching minh duge cdc k&t qua sau :

e Néu ham s6 f(x, y) lién tuc trén [a, b] X [c, d], cdc ham
56 a(y), b(y) lien tuc trén [c, d] va thée man didu kién (3.5) thi
I(y) la mét ham s6 lién tuc dbi véi y trén [c, d].”

e Néu ngoai ra ham 86 f(x, y) ¢6 dao ham riéng f’y(x, y)

lién tuc trén [a, b] x [e, d] va néu cac ham s6 a(y), b(y) khd
vi trén [c, d] thi ham s6 I(y) khd vi theo y € [e¢, d] va ta ¢é

(36) I'y) = f £y(x, y)dx + f(b(y) VP'E) — f@aE), y)2'G).
a(y)

3.1.2. Trudng hgp tich phan suy rong

Xét tich phan suy réng phu thuéc tham sé y
' +o0
(3.7) I@y) = [f@x, y)dx
a
trong d6 ham s6 f(x,y) xac dinh trén [a, +o) X [c, d] sao cho
tich phan suy réng (3. 7) héi tu véi moi y € [c, d]. Cdc khai
niém va ké&t qua trinh bay ¢ day cing ¢ th€ ap dung mot cach
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b
thich hgp cho tich phan suy réng ff(x, y)dx, trong dd f — =
* a
khi x —= a hay x - b.
o) day ta gap nhitng tinh hudng tuong tu nhu khi khao sat
cac chuéi ham s8. Chang han diéu kién f(x,y) lién tue chua du
d€ I(y) lién tuc theo y.

® Khai niém tich phén suy rong.héi tu déu : Trdéc hét ta
nhic lai ring tich phan suy rong (3.7) héi tu néu
limL(y) = Ky)

b— +x
b
trong d6 L (y) = [ f(x, y)dx, v6i b > a, tic ]a Ve > 0,3 B > 0
a
sao cho

” +e
b>B=>|I(y)~Ih(y)|<£hay|ff(x,y)dx| < &
b

S3 B noi chung phu thuéc £ va y € [c, d]. Ta ndi ring tich ,
phan suy rong (3.7) héi tu deu déi véi y € [c, d] n&u Ve >0,
3B > 0, s8 B chi phu thudc £, sao cho

+mo

b>B=> fxydx <£Vy€[cd]
* ¥)

Dinh 1i sau cho ta mot diéu kign dd d€ tich phan suy rong
(3.7) héi tu déu d6i vdi y

Dinh Ii 3.4. Néu ta ¢6 V (x,y) € [a, + =) X [c, d)
[fx, ) | < g

+w .
va néu fg(x)dx hoi tu thi tich phan suy rong (3.7) hoi tu du
. )
ddi vdi y € [c,( a].
That vay, ta cd
+ o0 . -|~ao

| [t {)dx, < lf(x y)ldx < f g(x)dx.
b
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+x
Vi fg(x)dx hoi tu theo gid thiét nén V £ > 0, 3 B > 0 sao

a
+ @

chob > B= [gx) dx < £, s3 B chi phu thuéc £. Do d6 b > B

b
+ee

|ff(x, y)clx| < ¢, vay tich phan suy réng (3.7) hdi tu déu
b

déi véi y € [c, dl.

+o
) . cosx . ..
Vi du : Tich phan suy réng f—y dx héi tu déu doi
) 1 +x% +y?
+a0
cos
véiy € R vi Xy < va tich phan
1+x2+y? 1 +x2 o 1 +x

e Tinh chdt cia tich phan suy réng héi tu déu
Dinh Il 3.5. Néu ham s6 fix, y) lién tuc trén [a, +eo) X [c, d)

va néu tich phdn suy réng (3.7) héi tu déu déi véi y € [c, d] -

thi I(y) la moét ham s6 lién tuc trén [c, d).

That vay, ldy y € [e, d]l, cho n6 mét sG gia h sao cho

y+h € [c, d]l. Ta c6
+o0

Iy +h) - I(y) = f[f(x. y +h) — f(xy)ldx =

+w

f [fx, y + h) = f(x, y)ldx + f fx, y + hydx - f f(x, y)dx.

bat I, I, I, lan lugt 1a ba tich phan 0 v€ phai. Ta c6

iy +h - Ly | < L} +1L] + (1,
Vi tich phan suy rong (3.7) héi tu déu d6i véi y € [c, d)
nénV£>0 EIB>0 s6 B chi phu thuéc € sac chob > B =

|I | < = va II | < diéu nay ding véi moi h kha nhd. Véi b

3’

da xic dinh trénm, ff(x, y)dx la mét tich phan xdc dinh phu

2 .
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thuoc tham s6 y. Theo dinh li 3.1 tich phan &y 14 mo6t ham s§
lién tuc d6i véi y, vi vady 38 > 0 sao cho |h| <8 = IIll < £
Tém lai .

Ky +h) - Iy} <=
néu |h| < &, vay I(y) lién tuc trén [c, d]. B

Dinh Ii 3.6. Néu ham s6 f(x.y) lién tuc trén [a, +x) X [c, d]
va néu tich phan suy réng (3.7) hoi ty ddu déi véi y € [c, d]
thi ta cé

+s d

d
(3.8) fI(y)dy = f (ff(x, y)dy) dx

a
(dinh 1i 14y tich phan duéi ddu tich phan).
Ching minh. Ta ¢c6 Vb > a

a d b d 4
{Iwdy = [ ( Jix, y)dx) dy + [ (  f(x, y)dx) dy.
c c a c b

Nhung theo dinh li 3.2, ta cd
b b

d
(Jfx, yyax)dy = [ ([ (x, y)dy)dx.

a

6 t— o

Do do

d b d d 4w
| Sy = [ (S e 9)dy) ax| < J| Jfex, y) dx|dy.
c a ¢ c b
Vi tich phan suy réng (3.7) héi tu déu déi véi y € [c, d],
nén Ve > 0, 3 B > 0, s6 B chi phu thuéc ¢ sao cho
, +
b>B = Ifmf(x y)ax| < 2 Vy € [c, d]
b y d —_ c y

4 4w

= J l | fx, y)dx|dy < E.
c b

87.
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d b d
Nhu vay b > B = |fI(y)dy—f <ff(x, y)dy) dx| < & ding
C a c

thdc (3.8) d4 duge ching minh. B

Dinh Ii 3.7. Gid su flx,y) xac dinh trén [a, +e) X [c, d] sao
cho ham s6 flx,y) lién tuc déi vdi x trén [a, +e) vEi moi y
khéng déi thuéc [c, d] va f'y (x,y) lién tuc trén [a, +=) x [c, d].
Néu tich phan suy rong (3.7) héi tu va néu tich®phén
+e

ff;,(x, y)dx héi tu déu déi voi y € [e, dJ thi ta cé
‘ T
(3.9) L(y) = f £y, yyx
a
(dinh li 18y dao ham du8i ddu tfch phan).

That vay, dp dung dinh I 3.6 vao ham &8 (x,y) va thay d
bdi mét gid tri y ndo dd, ¢ < y < d, ta 6

YV tx +o ¥
J (S £y pyax)dy = [ ( f ryx, yMy)dx =
e +oo

f (f(x, y)ly y) dx = ff(x y)dx — _rf(x c)dx.

a

L4y dao ham v& dau va v& cubi d6i vai y. Dao ham d4i véi

y cia v& cudi bang I'(y), con dao ham d6i v6i y cua v& ddu
+oo "

bing [ f,(x, y)dx, vi bifu thdc gy lién tuc d8i véi y.
a

Déng thdc (38.9) di dudc ching minh. [l
Vi du 1 : Xét ham sé

+m -
Ity) = dx véiy = 0.
®) { 1 +x?
e X
Dat f(x, y) = i dé 1a moét ham &8 lién tuc vai
1 +x :

1
(x,y) € [0, +=) x [0, +»). Ta lai c6 [f(x,y)| < T+ ma tich
+ x
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+oo

d )
phan suy rong f I X ; hoi tu, nén theo dinh li 3.4, I{y) hoi
0 + x

tu déu d6i véi y € [0, d], Vd > 0. Do do theo dinh li 3.5,
I¢y) 12 mét ham sé lien tuc trén [0, +o).

e

Ta lai c6 £ (xy) = —x .Ta c6 Vx 2 0, Vy = a > 0,
y 2
1+x
1 + 2
£,z < 9 e ™ ma tich phan suy rong [ e ®dx hoi ty nén
) 0

+oo
tich phan suy rong ff'y(x, y)dx héi tu déu d6i véi y = 0. Theo
0
dinh If 37 ta céd Vy = a > 0
jf“xe_xy
T'ly) = — dx.
. ( ) 0 1 +x2 i
Vi du 2 : Xét ham s gamma xdc dinh bdi
+ >

Iy = [x¥ " le™dx
0

Dat f(x,y) = W™ le™ | C6 thé viet
1 +eo
Ty = [« le™x + 27 le™ dx = [(y) + Ty).
0 1
1

x! 7Y

Vi 0 < x < 1, tac6 0 < f(x, y) < ¥ ! = . Do dé

Ci(y) héi tu néu 1 -y <. 1, tdc la y >0.
Vi x*f(x, y) = «¥*%&* - 0 khi x — + o, nén véi x du 16n

ta co

Osf(x,y)sg-

Xz N
+w C .
Nhung tich phan f ;idx hoi tu, nén I',(y) héi tu. Tom lai
1

ham s§ I'(y) dugc xdc dinh Vy > 0.
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Ta co Vx € (0, 1], Vy =2 a > 0
0 < ¥ le™ <71
i

d
ma tich phan f x

héi tu, nén theo dinh Ui 8.4, T\ (y) hsi tu

x! 2
déu d6i vai y € [a, + =), Va >0. _
Ta c6 Vx € [1, +=], Vy € [a, b] v8i 0 < a < b
0 < x¥ le™* < xp~lg7x
. +
ma tich phén fxb_le_" dx hoi tu, nén I,(y) hoi tu déu d6i vai
1
y € [a, bl. T6m lai I'(y) hoi tu déu déi véi y € [a, b], Vb >a > 0.
Vi vay ham s8 [(y) lién tuc Vy > 0.
Ta lai cd
- 1 -X
f’y xy) = x¥" Ling. e™X
Tudng ty¢ nhu trén ¢é thé ching minh ring tich phan
B -
Jx¥ 7V Inx. e Xdx
0

hoi tu déu d6i vdi y € [a, +=), Va >0, do d6 ta c6 Vy € [a, + =),
Va > 0

+x
'y = [« '.lox.e ¥dx.
0

3.2. TICH PHAN KEP
3.2.1. Khai niém tich phan kép

e Bui todn thé tich cia vat thé hinh tru. GiA st z = f(x,y)
1A mot ham s6 xéac dinh, lién tuec, khéong 4m trong moét mién
D ddong, bi chén, c6 bién L trong méat phing Oxy. Hay tinh thé
tich cia vat th€ hinh tru gidéi han bdi mat phdng Oxy, mat

z = f(x,y) vd mat tru cé dudng sinh song song véi Oz tya
trén L (hinh 3.1).
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12
z=f{x.y)
f(x. y)+-{

0 - .

] 14
1 PAS,
M,
X
Hinh 3.1

Chia mién D mét cach tuy y thanh n manh nhé. Goi tén va
c4d dién tich cia cic manh d6 la- AS,, AS,, .., AS . Liy méi
maAnh nhé 4y lam d4y, dung vat thé hinh tru ma mat xung
quanh ¢d dudng sinh song song vdi Oz va vé phia trén gidi han
bdi mat z = f(x,y). Nhu viy vat thé hinh ‘tru dang xét dugc
chia thanh n vat thé hinh tru nhé. Trong méi manh nhé A8,
ldy mét di€m tuy ¥ M(x, y;). Tich f(x;, y;) AS; bing thé tich
cia hinh tru théng cé ddy AS; va chiéu cao f(x;, y), né khdc
rdt it th& tich AV, cia vat thé hinh tru nhé thd i néu manh
AS; cd dudng kinh khd nhé, vi ham s6 f(x, y) lién tuc. Vay cd
thé xem thé tich V cua vat thé hinh tru x&p xi bing

n .

2 f(x,, y)AS. Phép tinh x4p xi nay cang chinh xic néu n cang
i=1

16n va cdc AS, cé dudng kinh cang nhé. Do d6 thé tich V cua
vat th€ hinh tru dang xét dugc dinh nghia bang gi6éi han, néu
co, cla téng trén khi n — = sac cho dudng kinh ldn nhét trong
cdc dudng kinh d, cia cdc manh AS, dian t4i 0, gisi han 4y
khong phu thudc cach chia mién D thanh cic manh nhé, cing
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nhu cdch chon di€ém M, trong AS,. Duéng kinh cia mét mién
bi chan la khodng cich lén'nhit giita cic di€m trén bién cda
mién Ay.

e Dinh nghia tich phan kép. Cho ham sd f(x,y) xéc dinh
trong mot mién dong, bi chan D. Chia mién D moét cach tay y
thanh n manh nhé. Goi cidc manh d6 va ca dién tich cia ching

la AS;, AS,, AS,,..., AS . Trong méi manh AS, 14y mét di€m

tay ¥ M, (x;, y;). Tdng

n
T, = 20, y)AS;
i=1
duge goi 14 t6ng tich phan cia ham sé f(x,y) trong mién D.
Né&u khi n — = sao cho max d, - 0 ma I dan tdi mot gi6i
han xdc dinh I, khéng phu thudc vao cdach chia mién D va céch
ldy diém M; trong m8i manh AS,, thi gisi han &y dugc goi la tich
phén kép cua ham =6 f(x,y) trong mién D va dugc ki hidu 1A

(3.10) Jf fx, y)ds.
D

D dugc goi 1a midn ldy tich phan, f dudge goi 1A ham dudi déu
tich phan, dS dudc goi 1a yéu t6 dién tich. Néu tich phan (3.10)
tén tai, ta ndi rdng ham s8 f(x,y) khd tich trong mién D.

Ngudi ta ching minh dudc rdng néu ham s8 flx, y) lién tuc
trong midn bi chdn, déng D thi né khd tich trong mi2n 4y.

Né&u f(x,y) lién tuc, khéng a&m V (x,y) € D thi tich phan kép
(3.10) bang thé tich vit th&€ hinh tru xét & trén. Vay :

vV = [[fx, y)s.
D

Néu f(x,y) = 1, V(x,y) € D thi tich phan kép (3.10) bing
dién tich S cta mién D

ffds =8,

Chii thich. Vi tich phan kép khéng phu thuéc cich chia mién
D thanh cac manh nhd nhu da néu trong dinh nghia, ta cd thé
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chia D, bdai hai ho
duong thing song
song vdi cac truc toa
dd (hinh 3.2). Do dé
dS = dxdy va cé thé&

viét : @

ff f(x, y)dS = ff f(x, y)dxdy. I
D D 0 dy X
dx_ A 4 y
o Tinh chét cia < —
A‘_ c
tich phan kép ‘x/ (

Tich phan kép co
nhitng tinh chit tuong
tu nhu tich ph&n xéc
dinh sau day, véi gia
thiét ring cac tich phdn cé mat trong cac tinh chdt 4y déu tén
tai

D ff (= y) + ax y)ldxdy = [ f(x, y)dzdy + [[ g(x, y)dxdy.

Hinh 3.2

D D b
2) [ kf(x, y)dxdy = k [ [ f(x, y)dxdy (k 1a hing s6).
D D

3) Néu mién D c6 thé chia thanh hai mién D,, D, khéng
dim lén nhau thi

[[ fx, yyaxdy = [[ f(x, yydxdy + [[ f(x, y)d=dy
D D, D,

4) Néu f(x,y) < g@x,y), V (x,y) € D thi

I fx, yydxdy < [ gz, y)dxdy.
D D

5) Néu m <« f(x,y) < M, V(x,y) € D, m via M la hang s6, thi

mS < [ f(x, y)dxdy < MS,
D

S la dién tich cha mién D.

i



6) Néu f(x,y) lién tuc trong mién déng, bi chan D thi trong
D cd it nhdt mét di€m (x, y) sao cho :

J] tx, y)dxdy = f(x, y) . S, S la dién tich cia mién D
D
(dinh If v& gi4 tri trung binh).
o Didu kién Rhé tich
bat
m, = inf f(x, y), M, = sup f(x, y).
(x.y) € A, (x.y) € AS,
Cic téng

n

n
s = zngASi, 6 = EMiASi

i=1 i=1
theo thd ty goi la td8ng Darboux duédi, t8ng Darboux trén cua
ham s6 f dng vdi ciach chia mién D. Cing nhu d6i v8i ham sd
mot bién s8, néu phép chia mién D tré nén min hon (tyc la
mbi manh cha phép chia sau déu nidm trong mét manh nao d6
cua phép chia truéc) thi s ting 1én, 6 gidm xudng. D4t
I, = sup{s}, I' = inf{s}.
Ta cd
s<I =<I*<o.
Dinh 1i 3.8. Didu kién cdn va du dé ham s6 f(x, y) khd tich
trén midn D la
lim(c — s) = 0.
maxd, =0

Hé qua. Néu ham s6 f(x, y) lién tuc trong moét midn bi chdn,
déng D thi no khd tich trong midn dy.

3.2.2. Cach tinh tich phan kép trong hé toa do dé cac

e Mién l4y tich phan la hinh chit nhat cd cdc canh song
song véi cdc truc toa do

Dinh U 3.9. (Fubini). Gid sz D = [a, b] x [c, d] va gid sz
f: D — R la ham s6 khd tich trén D. Khi @y :

94



a) Néu Vx € [a, bl, ham s6 y +— f(x, y) khd tich trén [c, d]
thi ham sé
d
x — I(x) = f f(x, y)dy

C
khd tich trén [a, b] va

(3.11) ff f(x, y)dxdy
D

b) Néu Vy € le, d], ham s6 x — f(x, y) khé tich trén [a, bl
thi ham sé

b b d
J Ixydx = [ (J f(x, y)dy)d=

b
J fex, yyax

a

y — J(y)

khd tich trén [c, d] va

(3.12) Jf fx, y)dxdy
D

t

d d b
JIndy = ([ fx yydwydy.

Chung minh. Ta chding minh a) chia cdc doan [a, b] va [¢, d)
bdi cac di€m

»
]

x0<x1<‘...<xn=b,
c=y,<y;<.<y,=d

Dat

Ax; =%, x4l Ay = By ¥y,

=Ax, x Ay,,i=0,1, .,n-1;k=0,1 ., m=1

m,, = inf ((x, y), M, = sup f(x,y).

xy) ED, (x.y) ED,

Ta cé V(x, y) € D,

m;, < fix, y) < M, V(x, y) € D,

o
|

ik

Lay & € [x;, x;,,], ta co
Y+
my Ay, € f f¢;, y)dy < M;Ay,.
Ve ,
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yi

Yerl m———— //
.

Hinh 3.3

Lsy tdng theo k ti O dé’n m-1ca ba v&, ta dugc

m-1
2 mlkAyk = J‘ f@ ydy < 2 MﬂAy k *
k=0
Tich phan & giva bang I¢,). NhAn ca ba v& véi Ax, réi ldy

tng theo i tid 0 dén n — 1, ta duge

n-—1 n—-1 m-—1-

EAX 2 my Ay, < 2 IEpAx; < DA%, > MyAy, .

i=0 k=0

V& d&u va v€ cufi theo thd ty 1a t8ng Darboux dudi s, t6ng

Darboux trén S, v& giita 12 t8ng tich.phan cia ham s6 I(x). Vi
f(x, y) kha tich trén D nén khi maxAx, — 0, maxAy, — 0, s

va
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S cung d4n téi ff f(x, y)dxdy. Vay
D
n—1
lim Y UE)ax = [f fx, y)dzdy,
D .

maxAxi—-o}i=o

b d
I fx, y)dy)ax = f[ fix, y)axdy.
a ¢ D
b) Duge ching minh tuong tu.
H¢ qud. Néu f(x, y) lién tuc trén D = [a, b) x [c, d] thi

b 4 d b
(3.13) [[ fx, y)dxdy = [ (J f(x, y)dy)dx = [ ([ f(xy)dx)dy.

D a ¢ ¢ a



That vay, néu f(x, y) lién tuc trén D thi ¥Vx € ([a, b], ham
s6 y — f(x, y) lién tuc do d6 kha tich trén (e, d], vi vay ta co
(3.11). Cang vay ta c6 (3.12). So sanh chiing, ta duge (3.13).

Céng thic (3.13) I céng thuc d&i thd ty tich phan.
dxdy

Vi dy. Tinh I = , D = [1, 21~
” (x +y)*
Vi —  lién tuc trén D, nén
(x + y)?
d
1= [ dx Yo
1 1 (x+y)
Nhung

j. 11
1 (x+y)2—_x+1 X +2
Do ds

2
1 1 x+1 2
I={(x+1—x+2>d"”“x+2 = o

Chii thich. Néu f(x, y) = f,(0)f,(y), ta cd
b d

fj f(x, y)dxdy = J‘ dx.‘. f[(x)fz(Y)dy =
D a c

0| ©

b d
= { f,0dx . [ fy(y)dy.

o Misn ldy tich phan la mién bt ki bi chan
Dinh li 3.10. Gid su D={xy: € b y® <y <y®,-
y, va y, la hai ham 6 khé tzch trén [a b], yl(x) < y, (),
Vx € [a; bl. Gia su { la mét ham s6 khd tich trén D. Néu
Vx € [a, b), ham s6 y v f(x, y) khad tich trén dogn [y,(x), y,(x)].
yz(x)
thi ham s6 x — I(x) = f f(x, y) dy khd tich trén (a, b) va
y,00
97
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0
Gk

- h by ()
(3 14) ff f(x, yYdxdy = f I(x)dx = f (.J f(x. yydyyds
19} ] HERINE.9]
Chiung minh. Viy,. y, kha tich
trén [a. b] nén ton tai har sé ¢, d Yi
sav cho yix) 2 ¢, y,(x) < d gl y=¥%®
Vx € [a, bl. Do dé D la mot tap %
con cta hinh chi nhat
Q = la, bl x [c, d]. Dat C'-
’ ’ | VY =y, (x0
[f(x.y) néu(x,y) € D ol a b "
Fx,y)=1" A .
| 0 néu(x,y)€Q\D

(
R& rang ham F kha tich trén
hinh chd nhat Q va Hinh 3.4
ff fx, yydxdy = [ F(x. y)dxdy
D O

Theo dinh i 3.9 ta ca

b d
ff F(x, y)dxdy = _f dx f F(x, y)dy.

Q
Nhung
d ey
J Pz ywdy = [ f(x, y)dy
e V(%)
Do do
b ov.(%)
ff f(x, y)dxdy = f (f f(x, y)dy)dx
D 3 v,

Hé¢ qud. Gid su D = {(x,y) :a <x <b yix) <y <y,
¥ va y, la hai ham 36 lién tuc trén [a, b]. Néu f la mot kam
56 lién tuc trén D thi ta c6

b Vs
(3.14) [] fx, pyaxdy = [ (f f(x. y)dy)dx
D a vx)

Dinh Il 3.11. Gia su D = {(x, V) : ¢ €y < d, x,{y) < X < %),
X, va x, 1a hat ham s6 khd tich trén [c, d), x{y) <€ %, Vy € [e. d].
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(Gid sz f la mor ham sé6 khd tich frén D. Néu Vy € [c. d).
ham 56 x v fix, ¥} kha tich trén doan [x oy, xz(y)], thi ham so

X($)
y = Jy) = [ fix. y)dx khd tich trén [c, d) va ta o
X,(v)
d d %00
(3.15) [ tx, pyaxdy = f Joy = [ (f f(x, y)dxdy
D C Vi Cox ()

Chifng minh tuong ty nhu dinh d
i 3.10. o )

Hé qud. Gia sz D = {(x, y) :
c <y <d x () <x < x@EhL

%, v %, la hai ham s8 lién tuc
trén [c, d]. Néu f la mot ham so

lién tuc irén D thi ta co %) >
. " Hinh 3.5 h
d %)
(3.15) f[ fx, paxdy = [ (f f(x, y)dx)dy
W) ¢ x,(v)

Chu thich. Gid subién L cta mién D bi méi dudng thing
song song vdi mo6t trong hai truc toa dé cdt § nhiéu nh&dt hai
di€m. Dung hinh chi nhit nhé nhit ¢d cdc canh song song vdi
cac truc tea dd chya mién D
(hinh 3.6). Gia st hinh chit 7 4 Q
nhat &y l1a [a, b) X [c, d]. Goi ¢ Forees s
M, N, P, Q la giao diém cua
L v8i bién cia hinh chir nhat.
Cac di€ém M, P chia L thanh

b
hai cung MNP, MQP ¢ € [---7 N T -
phuong trinh theo thd tu la 3 ' tl) >
y =y, y = y,(0. Cac di¢m 2 Hinh 3.6

N, Q chia L thanh hai cung

ﬁ:@, /l\@ ¢6 phuong trinh theo thu tu Ja x = x,(y), x = Xy}
Né&u f lién tuc trén D, ta c6 th€ tinh ff f(x, y)dxdy theo cong
thuc (3.14) hoac (3.15). Tacé: D
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b ¥, d x(¥)
(3.16) fax [fx, yydy = [ dy [ fx, y)dx.

LI 63 ¢ x®)

Dd 1a cong thdc d8i thi tu tich phan.

Vi du 1 : Hay xac dinh cdc can tich ¥t
phan khi tinh T = ff f(x, y)dxdy, trong 2| _ ____7/
D
dé D la mién gidi han bdi cdc dudng Dz
1 1L___
x =2 y=— y =x (hinh 37). NdD
x : i
Mién D duge xac dinh bdi 1 < x <2, ! .
1 1 2 X
— sy < x do dé
X Hinh 3.7

2 X
[ = [dx [ f(x, y)dy.
1 1x

Né&u d8i thd tu tich phan, ta phén chia D thanh hai mién

1 |
DlvéD2;DldUQCxécdjnhbc’;iESys1,;sxs2cbn

D, duge xdc dinh bdi 1 € y < 2,y < x < 2. Do d6

1 2 2 2

I= f dyf f(x, y)dx + f dyf f(x, y)dx,
1 1 t y
2y

Ro rang cach tinh thd nhit don gidn hon.
Ti vi du nay ta thdy rdng khi tinh tich phan kép, cin chon
thd ty tich phan sao cho cich tinh don gidn hon.
Vidu2:Tinh I = [fx? + y?)dxdy, trong d6é D la mién gi6i
D

han béi cdc dudng y = x, y = x + 1,y = 1, y = 3 (hinh 3.8).

R6 rang trong trudng hop nay nén ldy tich phan theo x
truéc. Mién D duoc xdc dinh bdi cdc bdt ding thic 1 < y < 3,
y -1 < x <y Do do
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1y
= fdy f & + y2dx = 3ﬂy A

| R |

— fdy (—+y2x) x—y—l = ) / / :
31,3 —_1\3 : t
=/ [%wh%—y%y—l)]dw ; :

1 , 0] 1 3 x
[y y3 (y—l)“ Hinh 3.8
=23 |1

Ban doc hay d8i thd ty tich phin d€ so sanh hai céch tinh.

3.2.3. DGi bién sd trong tich phan kép
e Cong thuc d8i bién 36 trong tich phan kép. Xét tich
phan kép

[ fx, y)dxdy,
D

trong d¢ f(x,y) lién tuc trén D. Thuc hién phép d6i bién sé :
3.17 x = x(u, v), y = ylu, v).
GiA st rang :.
1) x(u, v), y(u, v) 12 nhiing ham s8 lién tuc va c¢d cic &ao
ham riéng lién tuc trong mot mién déng D’ ctia mat phdng O'uv ;

2) Céc cong thdc (3.17) xdc dinh modt song anh ti mién D’
lén mién D cia mat phdng Oxy ;

3) Dinh thde Jacobi

_Dx,y) _ Xy, ¥ 2T
= B, w "y, v, # 0 trong mién D,
Khi d6 ta cd cong thic
(3.18) Jf tx, yydxdy = [ fxqu, v), y(u, v))| J |dudv
D D’
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Trude hét ta xét mot hinh chd nhat A trong mit phang O'uv,
dinh duéi bén trai cia no la diém u, v), hai canh cﬁ‘a ns la
Au. Av (hinh 3.9), dién tich cia nd la AS' = AuAv. Anh cua
A' ndi chung 1a mot tu gide cong A trong mat phang Oxy cé mot

dinh la diém (x_, y,), trong dd x = x(u, v ), y. = ylu, v,)
Vi Yi
AL”—S/
/
u=u, A
(Uy-Ve) vEY, (Xe Vo) AUF'l
o u 0
Hinh 3.9
Phuang trinh cia canh dudi cia A" la v = v_, anh cia no

la dudng cé phuong trinh tham sé 1a

x = x{u, v), y = ylu, v ),
hay duéi dang vectg N -
rl(u) = x(u, vu]i + y(u, v“)j;
Vay vecto
= x)u(uo’ vo)i + y’u(un’ V())_] = x’ul + y,u]

la vecto ti€p tuyén cia dudng cong trén tai (x,, y,). Tuong tu
nhu vay, vecto ti&p tuyén cda anh cua canh trai cia A' (tide la
u = u) tai (x, y,) la
—_ —> —> —>
r’Z = x)v(uo’ Vo)i * y‘v(ll(‘, v(_\j = xsvi + y’vj'
Vay khi Au, Av kha bé, ta c6 thé xdp xi dién tich-AS cda
hinh thang cong A bai dién tich cta hinh binh hanh xdc dinh

bdi cac vects Aur’,, Avr’, tdc ia bdi chiéu dai cta tich vects

= g - e }
Aur’ A Avr’, = AuAv r A Y Ta co
- i
i j k -
— y ) —_—
rYoATr, = |Xu Yy 0 = ,u »U k=
t 2 . ; X, Y,
X, Y,
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X', x| —_
A I T
v, Y.
Do do
(3.19) AS = |J] AuAv = |J| AS".

Bay gio chia mién D thanh mot s6 hitu han manh c¢6 dang
hinh tu gidc cong da néu trén hinh 3.10. Theo dinh nghia cta
tich phan kép ta cd

ff f(%, y)dxdy = lim 2 f(x, y,)AS,

13 mmdl-‘»() 1=

trong do AS, 1A dién tich cda manh thd i, (x;, y) 12 mét diem
tay y chon trong manh iy, d, 14 dudng kinh cia né. Goi (u, v)
la di€ém dng véi (x;, y). Theo (3.19) ta cd ’
f(x;, yDAS, = f(x(u, v), y(u, VimJlAS'l
Do do

n

IS =, yydxdy = lim Y f(x(u, v, y(u, v)IJ[AS’,
D maxd' =0 i=1

trong d6 d;" la dudng kinh cia hinh chit nhat AS”, t8ng tich phan
8 v& phai trai trén mién D’. Tu dd ta duoc cong thic (3.18)

v A y
AS,
[ !A l';;
Y,
AT AT
s asE

(u.v)) X ¥) -~

o i o x

Hinh 319
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Chii thich. Coéng thic (3.18) van con
ding khi dinh thic J = 0 tai moét s6
di€ém trong D. That vay, gid sa J = 0
tai di€m A trong D. Goi D_ 12 mién tron
tam A ban kinh r nam hoan toan trong
D (hinh 3.11). Céng thde (3.18) dung trong
mién D — D . Goi D’, D’ 12 nghich anh-
cia D, D qua 4anh xa (3.17). Ta co Nh 3.11

J[ faxdy = [ffdxdy + [ [ fdxdy = [ f1J|dudv + [[fdxdy.

D D-D, D, o’-D', D,

Vi £ bi chan trong D nén c¢d thé chon r dd bé d€ V ¢ > 0
ta co

|ff fdxdyl < E.
D

>

Do d6

lim [f fiJ|dudv = [[ fdxdy.
r—~0D’-D’, D
Nhung vi (3.17) 12 mét song anh lién tuc, f |J| bi chan trén D’
nén khi r — 0 thi [f f|Jldudv — 0, do dd
D)
ff t13ldudv — [ £J|dudv.
D)_ D)A D)

Vay

It

[J faxdy

JJ f1J]dudv B
D D’

Vidy1:TinhI= [[ (x+ y)dxdy, D 13 mién gigi han bsi
D

cicdudngy = X,y = x+ 3, y=2x -1,y = 2x + 1,
Thyc hién phép d3i bién s&
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u=x%+y
v=-2x +y.

Ds la mot anh
xa tuyén tinh td R?

vao R?2 Dinh thic
clia ma tran cda dnh

G4
4"

xa ay la
1 1
-2 1|~ 3 =0 Hinh 312 .

Anh xa Hy la mot song anh bin midn D lén hinh ch nhat D’
gidi han bdi cic dusng u = 0, u = 3, v = -1, v = 1 (hinh 3.12),

1
Vid = 3 nén ap dung céng thdc (3.18) ta dugce

1 1 !
I=§f_fududv=§fudu.fdv=
D’ 0 2
1 u2 3 1 19
=37 lo’v |—1 =3:3:2=3

x7y
Vi dg 2 : Tinh I = [ 7Y dxdy, D 13 mién xac dinh

D
bdi x 2 0,y =2 0, x +y < 1.

Thuc hién phép d3i bién
Y v1l

X —y=u
X +y = hay 3

1 N7 074
X = 5(u + v) o2 ! L

) o‘ X -1 O 1
y = 3(v - u.

Hinh 3.13

D4 1A mot song dnh
td D1én D’ xdcdmh bdiu+v >0, v-u > 0, v < 1 (hinh3.13).
Ta ca
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1 1
D(x. y} ) 1
T Duv) 1 1]~ 2
2 2
Do do
) " 1! v ou
I = 5 ff eV dudv = 5 f dv f e' du
1y ) -\
1 ! 1

= 3 fc —ch f vdv = T (e — e_l)
0
o Tinh tich phan kép trong hé toa dé cuc. Cong thuc lién
hé gitta cac toa do dé cdac (x. y) va toa do cuc (r, ¢) cua cung
mot di€m la
X = r cosp, y = r sing
Néur > 0, 0 € ¢ < 27 thi cac cang thdc Ay xdc dinh mot
song anh gita cac toa d6 dé cac va toa do cuc. Riéng didm géc
toa do ¢ » = 0 va ¢ tuy y.

Xem céc cong thuc trén nhu mot phép d8i bién s6. ta ¢d

D co —rsi
:_(X,y) _ lc'o:y) rsin¢g — =0
D(r, ) sing rcosy
tru tai géc O. Do do tu céng thuc (3.18) suy ra
3.19%) _H‘ f(x,y) dxdy = f_f f(rcasp , rsing)rdrdy

D] D

Theo chu thich & trén, cong thic (3.19) vin dung trong
trusng hop mién 1D chda goe O.

Néu mién D duge xdc dinh bdi « < ¢ < f, r{p) <1 < 1ry(p)
nhu & hinh 3 (4, ta dugc

B r.(y)
(3.200 ff f(x.y) dxdy = f dy f f(rcosp, rsing )rdr
D] " r{p)

DG 1a cong thde tinh tich phan kép trong toa dé¢ cue.
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y A C
r,{e)
M L
2
B
A D
7
(5 e
06
0 \p X
Hinh 3.14

Chu thich 1. Cing ¢6 th& tinh yé&u
t6 dién tich dS trong hé toa do cuc
nhu sau. Chia mién D thanh cac manh
nh6é bdi cdac dudng tron déng tam
= h (h khéng d8i) va cde tia ¢ = k ¢
(k khéng d6i). Xem mdi manh nhd
x4p xi nhu mét hinh chit nhat c¢d kich
thude 14 dr va rdp, do d6 dS = rdrdy
(hinh 315)‘ Hinh 3.15

Chii thich 2. Né&u goc O nim trong mién D va moi tia xuit
phat tdt O dé&n ciAt bién cia mién D tai mét di€m cd ban kinh
vects 1a r(p) thi )

e

ff {(x,y)dxdy = f dp f f(rcosp,rsing)rdr .
D 0 4]

Vi dul.TmhI—ff __dxdy

Ity

D la mot phan tu hinh tron don vi nadm
trong gdc phan tu thd nhit (hinh 3.16).

Chuyén sang toa dé cue, biéu thic dudi diu

X
; . rdrd
tich phan dugc viét la %, mién D’ dugc
1+r
gidi han bdi hai dusng r = 0, r = 1 va hai
- 7 .
tia o = 0, ¢ = 7. Do do Hinh 3.16
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2 J
I:{d¢fr_,1+L W|)=§(\[§~1)

vV Vidy2:TinhI= [f Vi +yl ddy,
D

3 D la mién xac dinh bdi x* + y? -

-2y 20 xX+y2-1=<0 1z 20,

! y = 0 (hinh 3.17).

Hai duong x* + y% - 2y = 0,
! » X+ y° = 1 ¢6 phuong trinh trong toa

X d6 cdc 1a r = 2sinp, r = 1. Ching cat
nhau & moét diEm cd toa dé cuc la

<1, %) . Vay mién D’ dugc xic dinh

.

N

1Nk 3.17 béios“’sg»zsmsosrsl.Do
nn Y.
= z
6 1 6 1'3
a5 1= [dp frar =[5 | do
; 2xiny
0 2sinp i}
= n
1 ¢ !
=3 f - 8sin3w)d¢p =3 [% - 8f (1 _.C()qu))sinpdgp] =
0 . 0
Lz cos'p I n 16
<3 [ e [T ] 25 (G o)

3.2.4. Ung dung hinh hoc cia tich phan kép

e Tinh thé tich ctua vat thé. ThE tich clia vat thé hinh tru
ma miat xung guanh la mat tru cd dudng sinh song song vdi
Oz, day |2 mién D trong mat phing Oxy, phia trén gidi han
bai mat cong z = {(x, y), f(x, y) = 0 va lién tue trén D dugc
cho bdi céng thic

V= ff f(x, y)dxdy.
D
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Vi i 1 : Tinh thé tich V cua vat thé gidi
han bdi cac mat phing x = 0.y = 0, z = 0,
xt+y= lﬂmatz:x2+xy+l

Dé la mét vat thé hinh tru ma day la
mién D gidi han bdi cac duong x = 0,
y =0, x+y =1 (hinh 318). Trén D ta
co z > 0, vay Hinh 4.18

1 I —-x
V=_ff (x2 + xy + 1)dxdy fdxf[x2+xy+l)dy=
D 0 0
. y?
= [ dx(xly + x5 +y)
0

y=1-x
|y=0

x" x2 1 5
(-7 %), =%

Vi du 2 : Tinh thé& tich V cia phan hinh tru gigi han bai mat
x? + y? = 2x nam trong mat cdu x* + y? + 2z = 4 (hinh 3.19).
Vi tinh déi xing, ta co

:4”{4»:; —y dxdy, D la nia

-—f(-———+1)d.x

mat tron x° + y < 0,y 2 0. Chuyén
x sang toa do cuc, mién D’ duge xdc dinh

Hink 3.19 Miogﬁﬂﬁ%,()érs2cus¢.
&
2 Loosp
Vay V=4fd(,(’f{4—;rdr:
0 0
= a
1 2 8 2
=-§f(4—r2)3"2| dp =3 [ (1 - sindp)dp =
" (8]

0

Lo b
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e

a Tinh dién tich hinh phdng

Dién tich S cua hinh phing D dude cho bdi céng thic

S = [ dxdy
5]
Vi du : Tinh dién tich S
cta hinh gidi han bdi duang
(x? + y2)?2 = 2a? (x2 - y?).
Chuyén sang toa do6 cuc,
duong cong do ¢d phuong
trinh 1a r* = 2a’cos2p, dd
1A dudng lem-nix-cat. Vi
tinh d&i xing ta tinh
dién tich cda mién D dugc Hinh 3.20
dianh d4u trén hinh 3.20,

, L S .
dién tich Ay bang T Mién D ay duge xdc dinh bdi 0 < ¢ < —
0 < r < aV2co0s2p. Vay

T L
g 4 aVidy ? 4 a2
i~ J-dga f rdr = a* f cos2pdy = 5
0 ¢ 0
Do da
S = 2a2
43

o Dién tich mat. Gid su co

mot mat gidi han bdi mot 8=1(x)
dudng kin. Phuong trinh cuda
mat la z = f(x, y), trong d¢ ! !

(x, y) — f(x, y) la ham so6 lién '

tuc va co cédc dao ham riéng :
litn tuc. Hay tinh dién tich o

\ . . ! Ty
cia mat dy.
Goi D la hinh chiéu cia mat £ p
!

1én mat phing Oxy (hinh 3.21)
chia mién D thanh n manh
nho. Goi tén va ci dién tich 1Nnh 3.21
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cua cac manh Ay 1a AS || AS,,

24 » AS,. Trong mo6i manh AS 1Ay

n

di e ‘
T‘KM_ mot diem tay ¥ P (&, ) ng
v | vei nd la diem M (&, 4, L) trén

mat. Goi T la tiép dién cua
mat tai M, AT 1a manh cia

mat phang T ma hinh chiéu
! cta né xudng mat phang Oxy
/ AS, la ASI. D& cho tién ta cung
dung ki hifu AT, dé chi dién

Hinh 3.22 tich cua manh AT, Néu tat ca

AN

cdc manh AS déu co dudng

n
kinh kha nhé, ta ¢d thé xem téng E AT, x4p xi nhu dién tich
=1
cla mat da cho.
Goi y 12 gde gita phdp tuyén cia mat da cho tai M va Oz
(hinh 3.22), ta co
AS,

ASi = AT-I(ZOS*/i = ATi = @‘.
i

Ta bi&t rang ba hé s8 chi phuong cua phdp tuyén cia mat
tai M, 1a -p, —q,, 1, trong dd p; = 2" (N}), q; = z',(N) (xem
muc 2.2), N, 1a hinh chi€u cia M, xudéng mit phing xOy. Do dé

1 —
cosy, = —==——== AT, = V1 +pi+qZ AS
N )
1+pl, +q!.

Vi viy ta cd thé xdp xi dién tich cua mat bdi téng tich phan
n —
> VTFp a7 as,
i=1

“véi d6 chinh xdc cang 1n khi n cang l6n va dusng kinh d. cua
AS cang nhé. Nguoi ta dinh nghia dién tich 6 cia mat la giai
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han, néu cd, cua téng 4y khi n — « sao cho maxd -» 0. Gioi

han ay chinh la tich phan kép ff \J 1 +p2 +q dxdy va chac chan
b
tén tai vi p = z’, g = z'_ lién tuc trén D. Vay

(3.21) 6 = [f V1 +p?+qdxdy
D]

Vi du : Tinh dién tich ctia phan mat cdu x? + y? + 22 = 4
nam bén trong mat try 2 + y2 = 2x (hinh 3.19).

Vi li do d6i xding, chi can xét phAn cia mat nim trong gdc
phdn tam thy nhit. Khi d6

z=y4—-x%-y?,

s X , y
= Z = =, = 2 = - T
P X V4 —-x2 —y2 a y Va-x2-y
"l+p2+q2 =#_
4-->(2~y2
Do do
2
6=4 [ ———— dxdy,
D 4 —x°—~y

trong d6é D la nia mat tron x2 + y2 — 2x < 0, y = 0. Chuy&n
sang toa d6 cuc, ta duoe '

£ X
2
=8(a 8 [ Y4—12 |*V 4
i f”m AR
% 4
=16 [ (1 - sinp)dp = 16 (T — 1).
[ (5-1)

3.2.5. Ung dung co hoc cda tich phan kép
e Tinh khéi luong ctia moét ban phang khong dong chét

Cho mét ban phing chiém mét mién D trong mat phang
Oxy. Ldy moét manh tuy y cia badn Ay co dién tich AS va gia
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st khéi lugng cita manh &y 1a Am. Gidi han, néu co, cia ti s6
Am . \ c
AS khi AS — 0 sao cho manh 4y thu vé mét di€m P cla nd

duge goi 12 khai lugng riéng cta ban tai P va dude ki hiéu 1a
P(P). N&u ban la déng chit, thi p khéng ddi.- N&u ban khong
déng chat thi £ 1A mét ham s6 cua P

Bay gio giad s\t cho bi&t khéi lugng riéng cda ban la moét ham
s6 lien tuc A(P) = pP(x, y). Hay tinh khéi lugng cta ban. Chia
mién D thanh n manh nhé AS,, AS,, ..., AS  va chon trong méi
manh AS mét difm tuy y P.(x;, y;). Khéi ldgng cta ban duge
tinh x&p xi bdi téng :

Y, P(PYAS;

i=1

Gigi han m, néu cg, cua téng dé khi n — e sao cho maxd; =0
(d; 1a duang kinh cua AS) dudc goi la khéi lugng cia ban. Vay

(3.22) m = [f p(x y)dxdy.
D

Vi du : Tinh khéi lugng cia ban phing choin mién D xic
dinh bai x> +y2 - R> < 0, x > 0, y > 0, biét khéi lugng riéng
PE, y) = xy.

Theo céng thic (3.22), ta cd

m = ff xydxdy.
D

Chuyén sang toa d6 cuc, mién D’ dugce xdc dinh bai
0<p <3 0<r<R Vay

R

dp [ r2cospsingrdrdp
0

. R
sin2p
2 de. f

rdr = — COZ&P |

S MR
"
Ey
| %

ot i @y NR
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e Moémen quan tinh ciia bdan phang. Theo dinh nghia mémen
quan tinh cta mét chdt di€m c¢d khéi lugng m diat tai didm
P(x, y) d8i v8i truc Ox, déi vai truc Oy va d8i véi gée toa do
theo thui ty la

I = my?
(3.23) I, = mx?
. = m(x? + y2).

Bay gid xét mét ban phang choan mét mién D trong mat
phang Oxy va cé khéi lugng riéng p(x, y), véi P(x, y) 12 moét
ham s6 lién tuc trén D. Dua vao cdc cong thic (3.23) va dinh
nghia ctia tich phan kép, ta ¢d cdc cong thic sau day d€ tinh
moémen quén tinh cia ban phang déi véi truc Ox, déi v6i truc Oy
va d6i voi gbc toa dé :

L = [ y*P(x, y)dxdy
D

(8.24) L= Df x2p(x, y)dxdy

—
Il

o = JT (2 + y2p(x, y)dudy.
D

Vi du 1 : Tinh mo6émen quan tinh déi véi géc toa do cua
mién tron D xac dinh bdi mién tron x2 + y2 - 2Rx < 0
(hinh 3.23) biét khéi lugng riéng

P, y) = dx2+y7>

Ta co

I,= [ & +y) yx2 +y’dxdy.
D

Chuyén sang toa d6 cuc, mién D’
dugc xic dinh by —3_23 < ¢ < 121‘,
0 < r < Rcosp, vay Hinh 3.23
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,
E_me
L= [ dp [ rdr =
BER)
2
7 ]
ST R cosiptp = [ cotpay = 2242 1o
BTk o A S A - I A B
2

Vi du 2 : Tinh mémen quan tinh déi vai truc Oy cia mién
X2 y2
D xac dinh béi — + == < 1, biét rang p(x, y) = 1.
al b?
Ta co

I}J = [ x%dxdy.
D

2 b
Bién cda mién D la dudng elip X +!2—- =l=y =+ —
32 b2 a

Do da
a - a oy,
Iy=fx2dx f f—{ a2-x2x2dx

_ 4
a

O%m
B
)
|
H
N

Thuc hién phép 48i bign s6 x = asint, 0 < t < % Ta c6
dx = acostdt, ya’ —x* = alcost| = acost, do d¢

z a
4b}4_ 2
0
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e Trong tém cua bdn phang. Cho mot hé gdbm n chat
diém cd kh6i lugng m, m,, .., m_ dat tai cac digm P (x,, y)),
Pz(xr Y)v e Pn(xn, yn)‘ Khi d6 trong tdm G cua hé co cic tea
d0 cho bdi cong thidc

n
\
x;m; 2 yim;
1= 1 t=1

(3.25) Xg =

Bay gig xét mot ban phing D trong mat phing Oxy. Néu
khdi lugng riéng cua nd la mot ham s6 lien tuc P(x, y), thi cac
toa do cia trong tim G civa né duge tinh b3i céng thuc

I J xP(x,y)dxdy IS ypx,y)dxdy
(3.26) D D

Xg

=¥ = ~
S [ P(x.y)dxdy J I pey)axdy
D D
Né&u ban déng chat thi p khong d8i, do dd
1 1 .,
(3.27) X6 = 3 J;) J xdxdy, yg = 5 ij' ydxdy

trong dé S 1a dién tich cda mién D.

Vi dy 1 : Xac dinh trong tam G cia mé6t ban déng chit xac
dinh bai x> +y2 -1 <0, x =0,y = 0. ‘

Goi D 12 mién chodn b3di ban dd. D6 12 mét phan tu hinh
tron. Vi li do d8i xiUng, ta cd x; = y5- Dung cong thie (3.27)

P ¢ J
dé€ tinh y,. VI § = e ta dugc
1 1-x 1
4 4 1—x? 2 3. 4
vo=z ax[yly =3[ F5dax=C(x-3)| =3,
0 0 0



3

Vi dy 2 : Xac dinh trong tam G cua ban déng chat gisi han
bdi dusng lem-nix-cat (%% + yllz = 2a? (% - y?) ung vdi x = 0
(xem hinh 3.20).

Vi Ii do d6i xing, ta cd y, = 0. Vi dién tich ctia ban bing
a’ (xem vi du § muc 3.2.4), theo cong thuc (3.27)

1
X = 3 f[;f xdxdy

Chuyén sahg toa dé cuc, mién D’ duge xac dinh bai

0 < r € a V2cos2p, do dd

_T < =
4 ¥ =9

BJZCDS’ZVJ NI T
dp [ rlcospdr = —3 @ [ cospcos®22pdp =

0 _x

4

]

|
N
Nl
o
S = alHd

(1 — 2sinZp)¥2cospdp.

Thuc hién phép d8i bién s6 V2sing = sina, ta duge

4
X = §a cotadu = —.

)

= SE
&
b

3.3. TICH PHAN BOI BA

3.3.1. Khai ni¢m tich phan béi ba

Cho ham s6 {(x, y, z) xac dinh trong mét mién ddong, gidi néi
V ctia khéng gian Oxyz. Chia mién V mot cich tuy y thanh n mién
nhé, goi tén va thé tich clia cic mién nhé dy 1a AV, AV,, .., AV .

Trong méi mién AV, ldy mét diem Mx, y,, z). Téng
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n
I, = 2 f(x;, yi» 2)AV; N

1=1
dugc goi 1a tong tich phan cia ham sd f(x, y, z) trong mién V
Néu khi n — « sao cha maxd, — 0 (d, 12 dudng kinh cia
mién nhé AV) ma I dan tdi mot gidi han xdc dinh [, khéong
phu thuéc vao cich chia mi&n V va cach chon diém M, trong
mién AV, thi giéi han dy duge goi 1a tich phan boi ba clha ham

sé fix, y, z) trong mién V va dudc ki hiéu la

] fx,y, 2dV.
\%

Né&u tich phan trén tén tai, ta ndi rang ham sé f(x, y, z)
khd tich trong mién V.

Ta thua nhan rang néu ham 86 f(x, y, 2) lién tuc trong mién
bi chdn, déng V thi né khd tich trong mién ay.

Néu f(x, y, 2) 1a kh6i lugng riéng ctua vat th€ V thi tich
phan trén cho ta khdi lugng ctda vat thé ay.

Néu fx, y, 2) = 1 thi [[fdV
\'%

cho ta thé tich eva mién V.. Rl

Tich phan bdi ba cing cd
cac tinh chdt tuong tu nhu
tich phan kép.

Chii thich. Vi tich phan béi 0
ba khong phu thuéc cach chia dx
mién V thanh cac mién nhé, /
ta c6 thé chia mién V bai ba X
ho mat phang song song véi
cic méit phing toa dé6 (hinh
3.24), do d6 dV = dxdydz va
c6 the viét

Hinh 3.24

JIf txyav = [[]f(xy,?dxdydz.
Vv v
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3.3.2. Cach tinh tich phan boi ba trong hé toa d¢ dé cac
Tuong tu nhu khi tinh tich phan kép, ta cé thé dua viec

tinh tich phan boi ba vé viée tinh ba tich phan don lién ti&p.
Trong muc nay ta tinh tich phan bdi ba

1 = [[f fx,y, z)dxdydz,
v

trong dd ham so6 f(x, y. z) lién tuc trong mién V.
Néu mién V dudc gidi han bdi cac mat z = z,(x,y), z = z,(x, y),

trong do z,(x, y), 2,(x, y) 13 nhiing ham s8 lién tuc trong mién
D, D la hinh chifu ctia mién V 1én mat phing Oxy (hinh 3.25),
ta co

L,(xy)
(3.28) I = [f dxdy [ f(x,y,2)dz
» z,(xy)

Né&u mién D duge gisi han bai
cdc dudng y = y,(x), y = y,(0),
trong dé y,(x), y,(x) 14 nhiing

3=3,(ny) ham sf lién tuc trén doan [a, b],
ta dudce
$24,(xy) b0 10y

(8.29) 1 ={ dx [ dy [ f(x,y,2)dz.
a2 y(x) ,(xy)

Vi du 1 : Tinh
dxdydz
R L
v (1+x+y+z)
mién gigi han bdi cac mat
phang toa do va mat phang
Hnh 3.25 x +y+2 =1
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“$ 9.

Mién V dude xac dinh boi cac
bit dang thde : 0 < x < 1,
0<sy<l-x,0=<2z2<s1-x-Yy
(hinh 3.26). Do cong thie (3.29)

I—x  I—x—v

~Janfay [t

(1 +x+y+2)}

|
= Qﬂyl 7=17X"v .
- fdxj 7=10 - R ,

o 0 Hinh 220
) 1 1 1—x 1 1 1 1 1 1 .
= — — — = e = —_ - y= dx

2{ {[4 (1+x+y)2]dy 2{[4y+ 1+x+y] ly:(,

1
1 3 _x 1 1:3x  x?

SR R R R
_ 11 5
= 21’12 - ']—é

Vidy 2:Tinh I = f_ff zdxdydz, V 1a nda hinh cdu gisi han

bc’simatz=0vamatz—\l T_x2—yZ —X° —y-.

Goi D 1a hinh chiéu ciua V 1én mat phang z = 0, d6 13 mat
tron dan vi. Theo céng thiuc (3.28), ta co :

VR —¢ -yt )
ffdxdyfzdz =5 JI® -x* -7 xy.
D]

Chuyén sang toa do cuc d€ tinh tich phan kép trén, ta dugc
27 R

1
L=5 Jdp [ R - rdr = -5 R —H)Z‘f? =
0 4]

er*_
.

Chi thich. Cing nhu déi v8i tich phan kép, ta cd thé& déi
thd tu tich phan khi tinh tich phan boi ba. Ta cang ¢d thé tinh

120



fich phan I = [[[ f(x,y, z)dxdydz nhu sau. Goi Six) la thist
\%

dién clia mién V bsi mat phang vuéng gdc vdi truc Ox tai x
Khi do

b
(3.30) 1= [ ax [f tx,y, z)dydz.
a S(x)

Vi du : Tinh [[[ x%dxdydz,. V 1a mién gisi han bdi mat
\%
NCRY 2 \
elipxdit — + = + — = 1 (hinh 3.27)

a’ b2 (ot

Theo céng thdc (3.30) ta c6

[

A

I=f x2dx f_f dydz,
—-a S(%)

f[ dydz bang dien tich cia thist
5(x) .

dién S(x). Vi S(x) 12 mién gisi han
bai duang elip

Hinh 3.27
v 22 %2
= =1-=
b2 c? a?
hay
2 2
z
Y + =1

~
Z

nén dién tich cta S(x) bang nbc(l - x_) Do dd

a2
y 5 x2 p 5 x*
I = :zbc{lx (1 - ;>dx = ZHbC{ (x - a—2>dx =
= ?.-'tbc(%” — 5"—2) 0 = 14—,;[3%.:.
a
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3.3.3. Phuong phip ddi bién s& trong tich phan béi ba

e Cong thiuc déi bién so trong tich phan boi ba. Xét tich
phan bodi ba

ST fx.y, z)dxdyds,
\

trong do ham sé fix, y, z) lién tuc trong V. -

Ta thuc hién phép déi bién sb

X = X (u, v, W)
(3.30%) y =y(uv,w)
2 =z(wv,w).

Gia sy riang :

1) x(u, v, w), y(u, v, w), z(u, v, w) 12 nhiilng ham sé lién tuc
cung voi cdc dao ham riéng cip mot cia ching trong mot mién
dong V' cta khéng gian Ouvw ;

2) Cac cbng thde (3.30') xac dinh m6t song 4nh ti mién V’
lén mién V cda khéng gian Oxyz ;

3) Dinh thiuc Jacobi

3 > )

D( ) u xv xw

_ X,y,2 _ y 1y 1

= Dluywy -~ [Tr Yy YW =0
u ZV ZW

trong mién V’
Khi d6 ta c6 cong thic
(3.31) JIT fex,y, 2)dxdydz =
v

= [f[ fix(u, v, w), y(u, v, w), 2(u, v, w)}| J| dudvdw.
v
o Tinh tich phan boi ba trong hé toa dé tru. Toa da tru cia
moét diém M(x, y, z) trong khong gian Oxyz la bo ba sé (r, ¢, 2),
trong dd (r, ¢) 12 toa do cuc cua diém M’(x, y), hinh chiéu
cia M lén mat phang Oxy (hinh 3.28). V6i moi diém cua khong
gian, ta co

r=200<¢p <21 -0 <2<+

122



Sod

Gitla cac toa do dé cac (x, y, 2) 3_l
va toa d¢ tru (r, ¢, z) cua diém M
s s M(x.y.z)
cd moi lien hé :
(3.32) x = rcosp, y = rsing, z = z
Néur >0, 0 < ¢ < 21,
- <z <+, thi cic cong thae (3.32) 9 7 }7
xdc dinh mét song anh gilta cdac toa ¢ M
d6 dé cac va tga do tru. Riéng cac X
diém trén truc Oz cd z xac dinh.
N N . . P . Hinh 3.28
r = 0 va o tuy y. Dinh thyc Jacobi :
cia phép bién ddi (3.32) la
cosp —rsinp O oSy —rsi
J = |sinp rcosp O| = 0% b = 1,
o 0 1 sing  rcosp

J # 0 véir # 0. Cong thic (3.31) cho ta

(3.33)  [[[ f(x,y, z)dxdydz =
v »
= [J [ trcosp, rsinp, zyrdrdpdz.
\¥a

Do 1a céng thde tinh tich phan bsi ba trong hé toa dé tru.

Cong thuic iy cing vAn dung khi mién
V chia nhitng diém trén truc Oz.

Vi du 1 : Tinh
I = fff Vx? +y? z dxdydz, V la mién
v

hinh tru gigi han bai cdac mat x? + y2 =2y,

z = 0, z = a (hinh 3.29). Chuyén sang g
toa dd tru, ta c6 /
X

]
1 = [[fr22drdpdz = [[ r2drdp [ 2dz,
\% D 0

Hinh 1.29
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trong do D la midn tron gidi han bai dusng x° + y* = 2y, hay:
r = 2singp, do do

az 5T I 1_H1l']/‘
—f dp fr‘-dr =

a? 2si
= 7‘]‘ ihd .dy =
0
4a’ 4a2 7T N
= fsm pdp = 3 f(l — cos“p)singdep.
0 0 .
Dat u = cosp, ta co du = - sinpdyp, vay
4a 8a? | 1622
I = f(1—u2)du= = J 1 - uhdu = ——

1 0

Vi du 2 - Tinh I = [[[ (% + y* + z9dxdydz, V la mién
\%

hinh ndn tron xoay gidi han bdi cdc mit z° = x2 +y%, z = a

(hinh 3.30).

Chuyén sang toa dé try, ta cd

a
1= fff(fz + z%)rdrdpdz = ffrdrdqz f o + zz)dz trong dé D
v D

(¢
12 mién tron gigi han bdi duong r = a, do dd

P4 a

= dgpfrdrf(x“ + z2)dz
o0 r ¢

2T El Z‘s o
=qu>frdr.(rzz +§)\:: = ‘r
4

s
= +— -2
2 . { ( ar? 3 3 r > dr 0 y
r! 2 4, 3na’ X
— g3 - - D = ——
2(ay *2¢ =3 35) |, = 1o
Hinh $.30



o Tink tich phan béi ba trong hé toa do cau. Toa do cau

cua mdt diém Mix. y, z) trong khéng

3t gian Oxyz 14 b6 ba s6 (r, 6, ), trong

Mixyz) dé r = OM, ¢ la g6c gita truc Ox

va OM’, M’ ]1a hinh chiéu cia M lén

< mat phang Oxy, # la gdc giita truc

Oz va OM (hinh 3.31). Vi moi diém
o) M(x, y, 2), ta co

¢ O<sr<+eo,0<h<a0<yps 22

X Gitla cic toa do dé cac va toa do

Hink 3.31 cAu ctia didm M, ¢6 méi lién hé

(3.34) X = rsinfcosyp, y = rsinésing, z = rcosb.

Néur >0,0 <6 < a0 < ¢p < 27, thi cdc cong thdc trén
xic dinh mbét song anh gitta cac toa d6 dé cac va toa do cau.
Riéng di€m gdc toa dd co r = 0, 6 va p tuy y, con nhitng diém
trén Oz c¢d r xdc dinh, 8§ = 0 hodc 8 = =z, ¢ tuy y. Dinh thdc
Jacobi cua 4nh xa (3.34) la

sinfcosp rcosbeosp —rsinfsing
J = | sinfsing rcosfsing  rsinfeosp| = —r2sin,
cosf -rsiné 0

J = 0 véi r # 0 va singd # 0. TY cong thyc (3.31) ta duge

(3.35) J [ tx, y, z)dxdydz =
Y
= fff f(rsind cosp, rsind sing , rcosh) r2sind dr db dp.
v

Dd 1a cong thyc tinh tich phan bai ba trong hé toa d6 cau.

Céng thic (3.35) vidn dung khi mién V chia nhing di€m
trén truc Oz.
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@o“’.

1
Vi dy 1 : Tinh I = [[f —=—=—=dxdydz V la mién
MR TR

gidi han bdi hai mat cdu x> + y? + 22 = 1, x* + y? + 22

= 4,
Chuyén sang toa d6 cdu, ta cd

I = [[f rsint drdg dp.
v’

Mién V’ dude xdc dinh bdi 1 € r < 2, 0 < p < 22
0 < 6 < =z Vay

13

PR 4 T 2 3
I= [dp[sinodo frde = 21 .2 .5 = 6n.
0 0 1

Vidu 2:Tinh I = [ (& + y*) dxdydz V la mién x4c dinh
A\
bdix2+y2+z2 < R% z = 0.

Chuy&n sang toa dé ciu, ta cd

I = [ r*sin3 drd6 dg
A%

V’ 12 nia hinh cdu trén xac dinh béi 0 < r € R, 0 <€ 6 <
0 < ¢ < 27, do d6

a

21 2 R :
2 R 4R
= i3 = s _
I—{dp{sm@dﬂ{r“dr—%.a.s— 15

3.3.4. Trong tam cua vat thé
Cho mot vat the V trong khong gian Oxyz. Né&u khdi luong
rieng cia vat thé tai M(x, y, z) 1a £(x, y, z) thi khéi lugng cua
vat thé duge cho bdi cong thic
m = fffﬁ(x, y, z)dxdydz .
v

Toa dé cda trong tam G clia vat thé duge cho bdi,
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X = fff xXP(x, y, z)dxdydz
Y

m
1
(3.36) Vo = o [ 3Py, 2)dxdydz
\Y
1
25 = fff 2P(x, y, z)dxdydz .
Y%

Néu vat thé déng ch4t thi p khéng d6i, do do
1
X6 =y fffxdxdydz
\Y
1
(3.37) yg = 5 JJ ydxdydz
A%

Zg = % fff zdxdydz
\Y%

trong d6 ta cing ki hieu V la thé tich cda vat thé V.

Vi du . Xac dinh trong tAm cta vat thé déng ch4t giai
han bdi mat ndn 22 - x? - y2 = 0 (z > 0) va mit chu

x? + y? + 22 = 1 (hinh 3.32).
Giao tuyén citia mat non va mit cdu duge xac dinh béi

1 - 2z2 =22 = 222 = 1=>z=%.
Do dd nhitng bian kinh vectd efia
cac diém trén giao tuyén fy lam véi
truc Oz mét gdoc biang % .
Vi i do dgi xing x5 = y5 = 0.
Chuyén sang toa d¢ cdu d€ tinh zg
theo cong thie (3.37). Ta co

V = [f] risinddrd6dep.
v

Hinh 3.32
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Mién V’ duge xac dinh bdi 0 < r < 1, 0 < 8 < %,0s¢ < 21
Do dd
l
1 4 27 .
1
V = {rkr [ singdd [ dp =3 (! —g) 2
0 0 [}
o 2-V2
= 3 J.
Cang vay, ta co
fff zdxdydz = fff rcosd . 12 sind drdd dg
\% Vv
i
pZ 4 4 1 1 1 E
=fdg>fsm60099d6fr3dr=27[.1.2:5
0 0 0
3 3
82-v2) 8 2

TOM TAT CHUONG III

b
e Tich phan phu thuéc tham s I(y) = ff(x, y)dx
a

- Né&u f(x, y) lién tuc trén {a, b] x [c, d] thi I(y) lién tuc
trén [c, d].

- Néu f(x, y) lién tue trén [a, b] x [c, d] thi

d b d
J1way = [ ([ fex, y)dy)dx.
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- Néu f(x, y) lidn tuc theo x trén [a, b] v6i moi y khong
ddi trong [c, d] va f’y(x, y) lién tuc trén [a, b] x {c, d] thi

b
I@) = [ £yx y)dx.

+e

e Tich phan suy rong phu thudc tham s& I(y) = { f(z, y)d=z
a

- Tich phan suy rong I(y) duge goi la hoi tu déu dé&n
y €E{e,dl néu Ve > 0, 3B > 0 sao cho

+o0
b>B= |ft‘(x,y)dx| < € Vy € [c, d].
b

- Néu {f(x, y)| € g(x), V(x, y) € [a, +=) X [c, d] va néu
+w

f g(x)dx héi tu, thl I(y) hoi tu déu d6i véi y € [c, dl.

a

- Néu f(x, y) lién tuc trén {a, +®) X (e, d] va néu I(y) hoi
tu déu d6i véi y € [e, d] thi I(y) lién tuc trén [c, d].

- Néu f(x, y) lién tue trén [a, +») X [c, d] vA néu I(y) héi
tu déu d6i vai y € [e, d] thi

+x d

d
[ izydy = [ ([ f(x, y)dy)dx.

a (9

- Néu f(x, y) lién tuc d6i vdi x trén [a, +=) véi moi y

khong déi thuéc [c, dl, f’y(x, y) lién tuc trén [a, +w) X [e, d],
: + o

néu I(y) h6i tu vd néu tich phan | f,(x, y)dx hoi tu déu d6i
a

vé6i y € [c, d] thi
+o
I'y) = £,(%, y)dx
a
o Dinh nghla tich phan kép
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Cho ham s8 f(x, y) xdc dinh trong méot mién gigi ndi. dong
D C R? Chia D thanh n manh nhé AS, .., AS_. Trong AS,
1dy mot didm tuy ¢ M.(x, y). Gigi han, néu c6, cia téng

n

2 f(x;,y)AS, khi n — o sao cho maxd, — 0, d, 1a dudng kinh
i=1

cua AS,, duge goi la tich phan kép cua f(x, y) trén D va duge
ki hidu 1a .

ff f(x, y)dxdy.

D
Né&u tich phan iy ton tai, ta ndi rang f(x, y) kha tich trén D.
N&u f(x, y) lién tuc trén D thi né kha tich trén D.
e Tinh tich phan kép trong toa d6 dé cac

- Né&u mién I 1a hinh ch@ nhit xdc dinh bdi a < x < b,
c £y < d, thi

b d
IS tx, yydxdy = [ dx [ f(x, y)dy
D a °

- Néu mién D dudc xdc dinh bdia < x < b, y,(x) <y <y, (%)

b Y,
Jf tx,yyaxdy = [ dx [ f(x, y)dy .
D a  y(x

e D4Ei bién sé trong tich phan kép

Xét tich phan kép I = [f f(x,y)dxdy. Thye hién phép d8i
D
bi&n sé
x = x(u, v), y = y(u, v).
Khi d6

-
I

I flx(u, vy, y-(u , 1| J|dudv
5

trong dé J 14 dinh thudc Jacobi
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> )
xLI XV

D ’
J = xy) ‘ ‘
yLI yV

- Duv)

+

Anh cua D’ qua phép ‘bién d8i trén 1a D .
e Tinh tich phan kép trong toa dé cuec

ff f(x,y) dxdy = ff f(rcosp , rsingp)rdrdy
D n’

o Thé tich cia vat thé hinh tru c¢6 dudng sinh song song
vdi Oz, day la mién D trong mat phdng z = 0, § phia trén
gioi han bdi mat z = f(x, y), trong d6 f(x, y) = O trén mién
D, béng

V= [ty dxdy
D

° Dién tich cia mién D -trong mét phing Oxy bang

S = ffdxdy
D -

e Dién tich ectia mat cong z = f(x, y) giéi han bdi mot
dudng cong kin bing

S = ff\‘l +p? + q2 dxdy,

D

trong dd D la hinh chifu cia mat cong lén mat phiang Oxy,
p=12,q=12,

e Néu ban phing D trong mat phidng Oxy cd khéi lugng
riéng P(x, y) thi

- Khéi lugng ciia ban D bing
m = [f px, y)dxdy
D

- Mémen quan tinh cia ban D d4i v6i Ox, d6i véi Oy va
déi v6i géec toa d8 bang

L = [fy*P(x y)dxdy
D
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L
I, f f (22 + y2)P(x, y)dxdy
D

{ [ x3p(x, yydxdy
D

— Toa d6 cua trong tAm G cda ban D la

i

XG

1
= JJ xp(x, yyaxdy
D

1
6 = ] Df YA(x, y)dxdy.

e Djnh nghia tich phan bdi ba

Cho ham s8 f(x, y, z) xdc djnh trong mét mién gidi ndi ddng
V C R Chia V thanh n mién nhé AV,, AV,, .., AV . Trong
AV, ldy moét di€m tuy y M(x; v, z). Gidi han, néu cd, cia téng

n

2 f(xi,yi, zi)AVi khi n. - = sao cho max di — 0, d la dudng
i=1

kinh cia AV, dugc goi 1a tich phén b8i ba caa f(x, y, z) trén
mién V vi duge K hiéu 1a

JJ{ fx, y, 1ydxdydaz.
\"

Né&u tich phan 4y tén tai, thl f(x, y, z) duge goi 1a kha tich
trén V.

Néu f(x, y, 2) lién tuc trén V thi né kha tich trén V.

e Tinh tich phan béi ba trong toa d8 dé cic

Né&u mién V duge xdc dinh bdi a € x <€ b, y,(x) =y < y,(x),
z,(x, y) € z € z,(x, y) thi

b %00 z(xy)
f_f { fx,y, Z)dxdydz = [dx [dy f f(x, y, z)dz.
a2  ¥,(® z1(x.y)

e D4&i bién s6 trong tich phan bdi ba
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’C‘g

us

Néu thuc hién phép d8i bién 86 x = x(u, v, w), y = y(u, v, W,
z = z(u, v, w) thi

fff f(x’ y, Z)dxdydz =
v
= ffff[x(u’v,w)’y(u’v’w)’z(u'VQW)llJld“dde
\'4

trong 446 J la dinh thdc Jacobi

X X

1] v w

J = D(x,y,Z) - ’ ys yr
D(u,v,w) 'U ’V .W ’

zu z, zy

Anh cda V' qua phép bi&n ddi trén 12 V.
e Tinh tich phan boi ba trong toa d6 tru

I [ f(z, y, 2)dxdydz = f_ff f(rconp , rsinp ,z)rdrdpdz.
\% v

e Tinh tich phan bdi ba trong toa d4 cdu
JJ{ fx, y, 2)ydxdydz =
\

= [f[ f(reivd cosp, rsinfuing, reosd) risinddrdsdy.
v"

e Thé tich V ciua vat th€ V bing
V = {f[ dxdydz.
\'
s Né&u vAt th€ V cé khéi lugng riéng tai di€ém (x, y, 2) 1a

P, y, z) thi :
- Khéi lugng cia vat th€ V bing

m = IIIP(X’Y9 z)d.xdydz
v
— Toa do cia trong tdm G cia vat thé V 1a
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X = 1 fff xP(x, y, z)dxdydz
m
v
1
YG = E fJIyp(x) Y> Z)dXdde
1
26 = o f\_{f zP(x, y, z)dxdydz

BAI TAP
1. Ching minh ring tich phan phu thuéc tham s6

1
I(y) = { f(x, y)dx,

trong do f(x, y) 1a mét ham sd gidn doan zic dinh bai

1 nux >y
f(x)Y) - —1 néux < y

VE d6 thi cua ham s6 u = I(y).
2. Khao sdt su lién tuc cta tich phan

, 14 mdét ham s8 lién tuc cua y.

yf(x)
x2 + y2

1
Iy) = [ dx
0
trong dd ham sd f(x) lién tuc va duong trén [0, 1].
{
3. Tinh fx"‘(lnx)“dx, trong dd @ > 0, n nguyén dudng.
0 .

L)
4. Ching minh ring I(y) = [
0 1 + x

kha vi trén R. Tinh I’(y) r6i suy ra bi€u thic cua I(y).

arctgx +y)

5 dx la lién tuc va
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5. Tinh cac tich phan
+oe dx

- —» trong dé y > 0, n nguyén dudng
o &ty

too  —ex__ —Px
2) fgxidx,trongdda>0,p’>0
0

D

2

e ~ax —px
3) fe —:e dx, trongdéd « > 0, 8 > 0.
0 x*
6. Tinh ff (coszx' + sirfy) dxdy, D 1a hinh vuong
D .

Osxs%,Osys

7. D8i tha tu tich phan trong cac tich phan sau

NP

2 4 3 2y
D [dx ffx, ydy ; 2) [ dy [f® yax
-2 ¢ 1 0
dxd
8. Tinh [ Y mién D duoc xdc dinh bdi x > 1,y = 1,
p (xty)
x+y <3

9. Tinh If xz(y — x)dxdy, D la mién gidgi han b&i cic dusng

D
2

y = X’ vax = y©.
10. Tinh [{In(x + y)dxdy, D la mi&n giéi han bsi cic dudng

D
x=1ly=1y=1+x
11. Tinh [ |x + y|dxdy, D ia hinh vuéng |x| < 1, |y| < 1.
D
12. Tinh [[ f(x,y)dxdy, D la mién gisi han bdi duang elip
b 2 2
.S A
X2y ‘ a b
— + = =1, con f(x, = zdz.
I (%, ¥) {
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13. Tinh [[ (x — y)dxdy, D 12 mién gi6i han bdi cac duong
D

=2 -x%y=2% -1
14. Tinh [f (=2 + y* + 1)dxdy, D 12 mién giéi han bdi dudng
D
x2+y2-x =0

15. Tinh [ ¥xZ + y? dxdy, D la mién gisi han bai
D

1) Céc dudng tron x2 +y2 = a2, x2 +y2 = 402 a > 0
2) Dudng hoa héng bdn canh r = asin2¢p a>0.

16. Tinh [[(x + 2y + 1)dxdy, D la giao cia hal hinh trén
D

x? +y2 < 2y va x? + y? € 2x.
17. Tinh [[ ¥4 — x* — y?dxdy ; D la mién xéc dinh béi
D
2 +y2-2x <0,y = 0.

18. Cho I, ffe-’? Y dudy, J, = j‘fe ~Ydady, trong 46

D auacmdmhbmx;o;»aox2+y2<a A, duge xdc’

d;nhbt‘.hOeSana,OGy;a
1) Tinh L.
2) Ching minh ring Va > 0, I, € J, = l’..ﬂ. Suy ra
a
lim [e™ dx

a—»+w (

19. Tinh {f (x + y® - y)’dxdy, D 12 midn gidi hen bdf ese
D

dudbng x +y =1, x-y=1x+y = Bx-y--l
20. Tinh dién tich hinh phing gi6i han bdl cdc dudng
1) x = 4y - y?, x+y=26
2) y? = %3, y? = 8(6 - »)°
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S,

3)y=2’,y—-§,y-4

4)r=ama¢ r—bcasqp(b>a>0)

5) r = sEin2¢p.

6) y = 0 vA mot nhip cia dudng xi-clé-it.

x = a(t -sint), y = a(l - cost), 0 € t < 2x.

21. Tinh thé& tich cia vAt th€ gidi han bdi cdc mat

HDz=x2+y2,z=x+y

2) xz‘i»y2+z2 22, x2 + y2 = 22,

22. Tinh dién tich cda phdn mat ndn 22 = x2 +y2 2 > 0

- pAm & trong mét tru x> + y? = 1.

2
”.Tinhdient(chcﬁnphﬁnmétz=x +§(a>0,b>0)

a
2
n&mdtmngmmtru—x-i+!2-—l
a be
24. Tinh dién tich cia ph&n mat cdu x? + y? + 22 = a? ndm
d trong hinh try (x2 + yH)? = a%x? - y3) (a > O).

. 26. Xic dinh trong tdm cda cdc bdn phing dng chdt giéi
han bdi cdc dudng :

Dy’mdx+4,y2 =-2x+4

x

25 9 ’ B
yylmx,xt=y
YHHyma¥x -2, y=0

- 5) r = a(l + cosp) (a > 0).

26. Tinh [f[ zdxdydz V 1a mién xdc dinh b3i 0 < x < %.
v

X €y <2x, 0z yl ~x
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27. Tinh [[f (1 — x -y — z)dxdydz V la mién xdc dinh bai
\%

x20y=2012z20 x+y+z < 1

=

28. Tinh [[f (x* + y* + z%)dxdyds V la mién xdc dinh bdi
Vv . .

x =20,y =0,z = 0,

+ =+

[

€ 1.

o<
0N

\%

x+y2<22,0$z<

29. Tinh [[[ |xyz|dxdydz V la mién xac dinh basi

a.
30. Tinh [[[ x® + y* + z%)dxdydz V la mién
\%
2
4y

2

o 5;2-$1-.

31. Tinh fffydxdydz V 12 mién giéi han bdi cdc mat
\l 74+ 2?2 , vy = h (h > 0).

dxdydz
32. ’ t
2 TInhfff\,2+yz+(z_2)2 V 1a hinh try

x2+y2s1,—1<z€1.

33. Tinh [[f z2dxdydz V 1a mién x4c dinh béi
A%
x? + y? + 22 < RZ
34. Tinh [[[ x%y?*z%dxdydz V xéc dinh bai
\%

x? y? 22
b

a2

n

36. Tinh [[f (xy + yz + zx)dxdydz V xdc dinh bdi
A%
x> +y2 + 52 < R2.
36. Tinh thé tich cta vat thé€ gidi han bdi cdc mat
x2 +y2+ 22 = 2z, x% +y? = 22
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37. Tinh th€ tich cua vat thé xac dinh bai

38. Tinh thé tich cta vat thé xdc dinh bdi
0sz<x*+y3,x’<y< 1 |

39. Tinh thé tich cua vat thé€ giéi han bdi 6 mat phing
x+ty+z==*3

X+2y-z==%1,

x+4y+z =1 2

40. Xac dinh trong tam G cta vat thé gigi han bdi cac mat
Dx+y=1,2z=x2+4y4x=0y=0,2=0

2) x2 +y2 = 2az, x2+y?+22 =322 (z = 0,a >0)

1
3)2x+3y—1_2=0,X=O,y=0,z=0’z=Eyz_

DAP SO VA GOI Y

1.I(y) = 1 néu ~ <y <0, I(y) = 1 -2y néu 0 <y < 1,
Iy) = -1 nful < y < +o.

2. I(y) gidn doan tai y = 0.

1

n n! 5 a £ s n
3. (-1) @ T 1y (Dat I(a) = {x dx, tinh I'(a), ..., I(M(a)).
‘135.@n-1) a2 8 )
5D 946 2m  gynyy ¢ DPai P Va (VB - Va).
2
A
6. 75
4 Wy 2 3 6 3
7.1 [dy [ fxy)dx . 2) [ dx [ fxy)dy + [ dx [ fx, y)dy.
0 —vy 0 T W
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10.

11.

12.

13.

14.

15.

16.

17.

18.

2
19.

20.

21.
22.
23.
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Chuong IV
TICH PHAN PUONG. TICH PHAN MAT

4.1. TICH PHAN DUONG LOAI MOT

4.1.1. Pinh nghia

Cho ham s6 f(M) = f(x,y) xac dinh trén mot cung phing AB.
Chia cung AB thanh n cung nhé bdi cic di€m A = A, A,
Ay, A = B (hinh 4. 1). Goi do dai cung A _ A la As,. Trén
cung Aj_ A ldy mot di€m tuy y M,( , ;). Néu khi n — =

n
sao cho max As— 0, téng 2 f(M))A's; d&n tdi mat giéi han xdc
i=1
dinh, kh8ng phu thuéc vao cach chia cung AB va céch chon
diém M; trén cung £ _1 A, thl giéi han
d6 duoc goi 1a tich phan dudng loai mot Y
cia ham s8 f(x,y) doc theo cung AB va 8 An
duge ky hiéu la Lf(x, y)ds . Néu tich
AB

h

phan 4y t6n tai ta ndi ring ham s6 f(x, y)
la khd tich trén AB.

Néu cung AB duge cho bai phuong
trinh y = f(x), X, € x < %, né dude
goi 1A tron néu ham 88 x — f(x) c6
dao ham lién tuc trén [x;, x,]. Néu cung
AB dudc cho bdi phudng trinh tham s6
x = x(t), y = yt), t; < t < t,, cung AB tron néu cac ham
s8 t — x(t), t — y(t) cd dao ham lién tuc trén [tl, t2].

Hinh 4.1

142



Ngudi ta chdng minh duog_zang néu cung AB tron va néu
ham sé flx, y) lién tuc trén AB thi f(x,y) khd tich trén AB

Trong tich phan dudng loai mét. ngudi ta khéng dé€ y dén
chiéu trén cung AB.

Né&u cung vat chit AB c6 khai ]udng riéng tai M(x, y) la
P(x, y) thi khéi lugng coa cung AB bang I_f(x y)ds khi tich

phan 4y tén tai.
Chidu dai cung AB dugc tinh bang Es.

Tich phan dudng loai modt ¢d cic tinh chédt giéng tich phan
xac dinh.

Cung AB duge goi 1a fron ting khic méu no gdm mét s8
hifu han cung tron. Néu cung AB tron ting khic va néu ham
s6 f(x,y) lién tuc trén AB thl f(x,y) cing kha tich trém AB.

4.1.2. Cach tinh
Gi4d sU cung AB tron va dude cho bdi phuong trinh
y=yx), a<x<b

va gid s rdng ham s8 f(x, y) lién tuc trén cung AB. Goi
(x.y) la toa d6 cla di€m chia A, i = 1,2, .., n, Ax, =%, - x_|,
Ay, = Y T Vv Khi Ax, khd nhd, AS, xdp xi bang chigu da1

doan thang Al 1Al :
y.
= VAx? + Ay? = 1+ <-ATI)2 Ax

1
Theo céng thyc s6 gia giai noi

Ay y(x) — y(xi-y) ,
E = Ax =5 ('Si)»

1 i

trong d6 x,_, < £ < x. Do dd

= V1 +Yj’ (5.) Ax; .
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Goi M, la di€m (£, y(§)), n6 nhm tren cung A_,A. Ta co

> BMYAS; = ¥ f(E, yENWVT + yXE) Ax;.

i=1 i=1
V& phai 1a téng tich phadn cva ham a8
x — f(x, y)Y1 + y’z(x) trai trén doan (a, b], do dd

m > f(M)AS; = lim Y f(§, yEWNT + y2E)
1

maxAS, —0 j =1 maxAx —0 i=
hay

b
(4.1 Lf(x, yyds = [ f(x, yx)WI + y'Z(x)dx .
. AB a

Ta dia dua vidc tinh tich phan dudng loai mft vé viéc tinh
tich phan xdc dinh cia ham s8 mot bién aé.

Né&u cung AB dude cho bdi phuong trinh tham 86
x = x(t), y = y(t), t, €t €t

.

thi vi y'(x) = ¥ Et; nén ti cong thic (4.1) ta suy ra

L
(42) [ 1z, y)ds = [ f(x(t), y) VOE) + y () at .
AB a,

Vi du: Tinh [ = [{yx?+y%ds, L 1a 4y
L

dudng tron x2 + y2 = ax (hinh 4.2).

Phuong trinh cta dudng trdon co thé
a2

N B X
vist 1a (x - —)2 +y? = - viovay 0 —;— x
phuong trinh tham s8 cia nd la
a a .
x=5(l +cost) ,y = 5sint, —x2 < t € xn.
2 2 Hinh 4.2
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Do do

2
2 2 a
X + = —
Y 4

a? t
x2 +y2 = 5 (1 + cost) = a20052§:

t t
VxZ + y? =a|cos§| = acosg , vi —%sig%
3.2” A t [*
I = —J.cos—dt = a2f cos=—dt = 2a’sin-| = 2a’
2 % 5 2|,

4.1.3. Truong hgp duong lay tich phan 1a mot dudng
trong khong gian

Tich_phan duong loai mét cia ham sé f(x,y,z) doc theo méot
cung AB trong khéng gian cing duge dinh nghia tuong ty
nhu trén.

Néu cung AB c6 phugng trinh tham sé la
x=x(t),y =ylt), z=z2t), t, st st
thi

ds = Vx'2(t) + y'(t) + z'%(t) dt

va ta cé cdng thdc

.
48 [ffx,y.25ds= [fx(), yt), z(t) VX0 +y () +z(t)dt
AB

L

4.1.4. Trong tam cia cung duong

Néu khéi lugng riéng cia cung A’f/t_gi Mx, y, 2) 1a p(M) thi
cac toa do cua trong tdm G cia cung AB dugc cho bdi cong thic

1 1 1
44 25 =— %B‘xﬂ(M)ds, Vo= gp(M)ds. 26="7- A[ﬁzf’(M)ds,

trong d6 m = :[E(M)ds la khdi lugng chda cung AB.
AB
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4.2. TICH PHAN DUONG LOAI HAI

4.2.1. DPinh nghia

e Céng cuia mét luc bién dbi. Mot chit diém M di chuyén
theo moét cung phang L t&t A dén B dudi tac dung cua mét luc
F = F(M) bién thién lién tuc doc theo AB. Hay tinh céng W
cua luc ay.

Chia AB thanh n cung nha, bdi céc diém A=A ALA,,
A = B. Goi Ax, Ay, la cdc thanh phin cuia vecto

n 1
P —
Al — A Né&u cung A Ai kh4a nho, ¢6 thé xem nhu lue F khong
d8i trén cung dé va bang F(Mi), vai M(§; , 7,) 12 mét di€m nio
N

dc trén cung A,

N .
—y4A; ; xem cung A, _, A x8p xi nhu day cung

A, _|A. Do dd cong AW cdba hic F lam cho chat diém di chuyén
td A_, dén A, tren L xfp xi bing AW, = F(M) . A_ A . Néu
hai thanh phin cua luc F(M) 1a P(M), Q(M) thi |
‘ AW, = P, , p)Ax; + Q(,, n)Ay; ,
trong dd Ax, , Ay, la hai thanh phén cia m

N&u moi cung ml déu kha nhd, ta cé

45  W=3 [P+ w0 A + Q. maw).

Phép tinh gian duing nay cang chinh xac néu n cang lén va
cic cung Ai—lA1 déu cang nho. Ngudi ta dinh nghia cong W
cua luc F lam cho chat diém di chuyén tu A dé&n B trén duong
L la gidi han, n&u cd, eta téng 8 v&€ phai cia (4.5) khi n - «
sao cho max As — 0, As la chiu dai cung &_IA(

e Dinh nghia tich phén duvong logi hai. Cho hai ham s6
P(x,y). Q(x,y) xdc dinh trén cung AB. Chia cung AB thanh n
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cung nhé bdi cac diem A = A, A, A,, ., A, = B Goi hinh

R —

chi€u cua vects A, _ A, lén hai truc Ox, Oy la Ax, Ay ;
i el i
M, n,) 12 m6t diém thy y chon trén cung A, _, A. Né&u khi

n — o sao cho max Ax, — 0, max Ay, — 0 tdng
n

2 [P(&i, n)Ax; + Q(&;, ’li)Ayi:I

i=1

dan téi mot gidi han xac dinh, khéng phu thudc cich chia
P TN

cungAB va cach chon diém M; trén cung A, _; A, thi giéi han

d6 duge goi 1a fich phan duong logi hai cia céc ham s6 P(x, y),

Q(x,y) doc theo cung AB va duge ki hiéu la

(4.6) LP(;{, y)dx + Q(x, y)dy .
AB

Nguai ta ching minh duge ring né'z/z\cung@ tron va néu
cac ham s6 Pfx, y), Q(x,y) lién tuc trén AB thi tich phan duong
loai hai (4.6) ton tai.

Chi thich. Khac vdi tich phan dudng loai mét, trong tich phan
duong loai hai, chiéu trén dudng liy tich phan ddng vai tro
quan trong. Né&u ta d8i chiéu trén dudng ldy tich phan thi hinh

 —

chidu cta vecto A, _,A; 1én hai truc Ox, Oy ddi ddu, do dd

[ Px, yydx + Qx, y)dy = — [ P(x, y)ax + Qx, y)dy.
AB . BA

Néu dudng ldy tich phan la moét dudng kin L, ta quy udc
chon chiéu duong trén L la chidu sao cho mot ngudi di doec L
theo chiéu iy sé thidy mién gidi han bsi L gdn minh nhidt & vé
bén trdi. Ta thudng ki hiéu tich phan dudng doc theo dudng
cong kin L theo chiéu duong la §, Pdx + Qdy.

e Tinh chdt. Tich phan dudng loai hai cd céac tinh chat nhu
tich phan xac dinh.

4.2.2. Cach tinh
GiA s¥ cung AB tron va duge cho bdi phuong trinh tham sé
x = x(t), y = y(b),
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Cac mit A, B dng vai giad tri t,, ty coa tham s s6. Gia su

cac ham sé P(x, y), Q(x, y) liégn tuc trén cung ARB. Diung ki
hiéu & 4.1.2, ta cd

Ax; = x(t) ~ x(t,_)) = x'(T)At,,
| S TS Goi M, 12 di€m (x(z), y(T))), nd nam
AN
trén cung A,_A,. Ta co

trong do t_

n

2 PM)Ax, = > P(x(r), y(T))X'(T)At,.

1=1 i=1

V& phai 14 t8ng tich phan cta ham s8 t — P(x(t), y(t))x’(t)
trai trén doan thang tit t, dén ty. Do dd

li

J P(x(t), y(t))x’(t)dt.

t

LP(x, y)dx
AB

A
Tuong tu

B
[ Q@ vy = [ Q) s ¢yt
AB

LA
Vay

tg
4D [P yydx+ Qx, y)dy = J [Px(t), y(t))x'(t)+ QEe(t), y(t))y'(t)]ds
AB ty

Né&u cung AB duge cho bdi phuang trinh y = y(x), a la hoanh
d6 cia A, b 1a hoanh d6 cta B, ta co

b
(4.8) [ P(x,y)dx +Q(x, y)dy = | [P(x, y(x)) + Q(x, y(x))y'(x)ldx.
AB a

X2 y2
Vi du 1: Tinh 1 =§ xdy - ydx, L 1a dubng elip L1
a

= acost, y = bsint,
27, chiéu tang cda t dng vdi chiéu duong cua L. Ta
- asintdt, dy = bcostdt, do dé

Phuong trinh tham sé cia L 1a x
0 £t <

~
cé dx =
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Ve 2
1 = f [acost . becost — bsint( —asint)]dt = fabdt = 2nab.
0 0

Vidu2:Tinhl = [(x —y)dx + (x + y)dy, L la dudng néi’
L
di€m (0, 0) véi di€m (1,1), néu L la : 1) dudng y = x, 2) duong
y = xz, 3) duong y = Vx. ’
1
1) Trén dudng y = x, ta co dy = dx, do dé I=f2xdx=l;
0

2) Trén dudng y = x2, ta ¢6 dy = 2xdx, do d6

x3

! , 3 x?2 ad R 4
aE LRl E I T P &

3) Trén dudngy = Vx , ta cd x = y?, do dé dx = 2ydy, vay

1 2
- ) - ¥ ﬁ I -2
‘{(2”3 *dy [2 3 2]|0 3
Vi du 3 : Tinh »
= [(2xy - xH)dx + (x + y)dy, L 1a 4
'lr_ N
cung cia dudng parabén y? = 1 - x \
tit diém A (0, - 1) d&n diém B (0, 1) 5
X
(hinh 4.3). /C
Trén dudng 1, ta ¢d x = 1 - yz, /A
do do6 dx = - 2ydy, vi vay
1 Hinh 4.3

=P+ -4 -4 vy +dy =

-1
1
v y ] 14
—_ 42 — I _ a4 - =
_2{(45;4 4y? + 1)y 2[45 43+y|0 E
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Trong vi dy nay, néu ta muén tinh 1 bing cach dua v& tinh
tich phan xic dinh theo x, thi ta phai chia cung AB thanh hai
cung AC va CB vi phugng trinh cung AC 13 y = - V1 —x,
con phucong trinh cung CB lay = V1 — x.

4.2.3. Cong thic Green

D la mé6t mién lién thong, bi chan, cd bién L gém mét hay
nhiéu dudng kin tran tung khie, r3i nhau tiung 46i mét. Céng
thic Green cho ta mdi lién hé gita tich phan kép trong mién
D va tich phan dudng loai hai doc theo L. Ta sé ching minh
rdng : néu cac ham s6 P(x,y), Q(x,y) va cdc dao ham riéng cap
moét cua ching lién tuc trong midn D thi ta c6

(4.9) ff [— - E]d xdy = fﬁpdx + Qdy.

DJ 1a cong thic Green.
. Trudc hé&t gid s rang D

- Ty M 12 mién don lién va moi dudng
Y=Y, (X thing song song véi cidc truc toa
B dd cAt L. nhidu nhdt tai hai
. diém (hinh 4.4). Vay mién D
A : duge xdc dinh bdi a € x < b,
{ N )
Y=Y, (%) : yx) <y < y,x). Theo cdng
8) a b X thdc t{nh tich phan kép ta cd
Hinh 4.4
Y (X)-
oP
ffa—dxdy fdxf —dy—
D y a v, (x)
b v'=v(x) b b
= [ P(x, T dx= [P, y,(x)dx — [ P(x, y,(x)) dx.
4 y=Yy, ) a a
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Nhung theo céng thdc tinh tich phan duong

b
fPx. y,x)dx = [ P(x, yydx,

AMB
b
- [ Px, y,(x))dx. = - [ P(x, y)dx = | P(x, y)dx.
a ' ANB BNA
Do dé
J
If % dxdy = [ Px, y)dx = - § Px, y)dx.
D AMBNA L

Chiéu mii tén trén hinh 4.4 dng v4i cdc tich phan duong
trong ching minh nay.

Tuong tu ta cd
.~ O
J5 22 axay = § Q. vy,
D 1.

Tif hai két qua nay.suy ra cong thdc Green.

e Bay gid gia s ring mién don lien
D cd bién la dudng L g6ém hai cung 1J,
KH c¢d phuong trinh theo thd ty 1a
y = y;(x), y = y,(x), a< x < b va hai
doan thing TH va KJ song song véi Oy
(hinh 4.5). Tudng td nhu trén ta duge

lry

oP
ff ?)—dxdy = f P(xy)dx + _fP(x,y)dx. o
o HK I Hinh 4.5

Nhung f P(x,y)dx = 0, f Pxy)dx =0, vl doc IH va KJ ta co
IH KJ
dx = 0. Do dgd

' ffi.)—dedy= S Pdx + [ Pdx + [ Pdx + [Pdx = —$ P(x , y)dx.
n W 1K Ki 7 H L
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Con duong nhién ta co
0Q
ff — dxdy = 95Q(x, y)dy.

Tw do suy ra cong thuc Green.

e Bay gid xét truang
hop mién D da lién.
Ching han bién cua nd
goém hai dudng kin L,,
L, r&i nhau nhu & hinh
4.6. Chia mién D thanh
sau mién nhd ma bién
cdia ching déu théa man
cdc giA thiét di néu.

Ap dung cbng thic
(4.9) cho ciA 6 mién nho
1inh 4.6 dy rdi cong lai, ta ducgc

yt

{f [— - —] dxdy = 95de + Qdy,

vi tdng cdc tich phan dudng ctta Pdx + Qdy trén cung mét cung
hai 14n theo hai chiéu nguge nhau bing khéng Vi L gém hai
duong kin L, L, roi nhau, nén chidu duong trén L phai chon
theo quy udc d4 néu & muc 4.2.1 : chiéu duong trén L, 1a ngugc
chiéu kim ddng hé, chiéu duong trén L, la thuan chiéu kim
dong ha. ‘

Vi dy : Tinh I = ﬁ(xarctgx+y2) dx + (x +2yv " ;S e Y )dy,

L la dudng tron x° + y? = 2y.

Ap dung cong thic Green. Ta c6 P = xarctgx + y° =
oP 2 9Q
Y _o. 0 = i A, 5
Ty 2y ; Q = x + 2yx + y'e > 2y + 1. Do do
9P)
- ff [d— - Plaxdy = [ axty = s,

D



S la dién tich cia mién D. Vi D 13 mién tron c6 ban kinh
bang 1, nén I = 8 = =x.

Hé qud cia céng thic Green : Néu duong kin L la bién cia
mign D thi dién tich S ctia midn dy duoc choybéi céng thic

1
(4.10) S = —§ xdy — ydx ,
2 L
That vay, chi viéc 4p dung céng thdc Green vao P = - y,
Q = x. '

Vi du : Dién tich cia hinh elip gidgi han bdi duong

+ = 1 bang nmab (xem vi du 1, muc 4.2.2).

o
%ol

W“|b¢

4.2.4. Ditu kién d4¢ tich phan dudng khong phu thudc
dudng lay tich phan .

Qua vi du 2 cia muc 4.2.2, ta thdy ring tich phan dudng
f P(x, y)dx + Q(x, y)dy khong nhing phu thudc vao hai mit
AB
A, B ma con phu thudc ei vio dudng AB. Trong muc nay ta
sé tim xem vdi diéu kién nao thi tich phan dusng chi phu
thuéc vao hai mut A, B, ma khdng phu thudc vao dusng ldy
tich phan.

Ta sé thdy ring tich phan dudng [ Pdx +Qdy chi phy thusc

AR
hai midt A, B ma khdong phu thudc dudng ldy tich phan.khi va
. op
chi khi = ﬁ (*), va di&u kién (*) cing la diéu kién it co

oy ox
va di d€ Pdx + Qdy la vi phan toan phdn cia mét ham sé
nao do.

Dinh li. Gid sz hai ham sd P(x, y), Q(x, y) lién tuc ciung
véi cdc dao ham riéng c8p mét cua ching trong mdt mién
don lién D nao dé. Khi d6 bén ménh d@ sau day tuong duong
véi nhau
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oP 0Q .
By ox Vix,y) € D.

2) 9g Pdx + Qdy = O doc theo moi duong kin L ném trong D.
1.

3) f Pdx + Qdy, trong dé @ la mét cung ndm trong D,
AR

chi phy thuéc hai miut A, B ma khéng phu thuéc duong di ti
A dén B,

4) Biéu thuc Pdx + Qdy la vi phan toan phdn cia mét ham
588 u(x,y) nao dé trong mién D.

Ching minh. Ta ching minh dinh li theo so 46 sau :

D=>2)=3=>4)=1

¢ 1) = 2). Gia st L la mét dudng kin ndm trong D. Goi
D, 1a mién giéi han bai L. Ap dung céng thdic Green, ta c6

9Q P
$ Pax + Qay = [f |55 - 55| dxdy = o,
L ])1
. . ) . 9P 9Q
vi theo gia thiét 1) ta cé oy - ox » V(x, y) € D.
® 2) = 3). Gia st AMB va ANB Ia
hai dusng b&t ki néi A véi B, niAm trong M R
mién D (hinh 4.7). Theo gia thi&t 2) ta cd
__[ Pdx + Qdy = 0 A
AMBNA
hay N
J Pax + Qdy + [ Pdx + Qdy = 0.
AMB ANA Hinh 4.7
Suy ra '
dex + Qdy = — _dex + Qdy = dex + Qdy.
AMB BNA ANB
Vay f Pdx + Qdy chi phu thudc hai mit A, B, ma khong
ﬁ .

phu thuéc dudng di tdt A dé&n B.
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e 3) = 4) . Gia sd A(x,, y,) la mét di€m c6 dinh trong D,
M(x, y) 1a mot diém chay trong D. Xét ham sé

(4.11) u(x,y) = [ Pdx + Qdy # C, C 1a hang s6 tiy y.
' AM

y Ham s6 &y hoan toan xic dinh

yhoo oo M My vi tich phan & v& phai khéng phu

thudc dung 14y tich phan. Di€m
M, x+h y) &€ Dwvési h kha

1 (
| '
, A ! X nho.
ar-- ! | E - Ta c¢6
6| Xo X x+h X ou . u(x+hy) —u(x,y)
o (x,y) = lim h =
Hinh 4.8 =0

= lim% [ [ Pdx +Qdy — f Pdx + Qdy]A
>0 b AM, AM

Chon A’__'I\7I1 gém cung AM va doan thing MM, song song véi
truc Ox (hinh 4.8), ta dudc
ou I | . 1”h
a(x, y) = lim Y f Pdx + Qdy = lim'— f P¢, y)dé.
X

=0 MM, o P

Theo dinh lf vé gid tri trung binh d4&i véi tich phan xdc dinh,
ta co

x+h .
EfP(g,y)dg =P®x,y),x=x+6h,0<6< 1.
X
Khi h — 0 thi ® — x, do dé P(x , y) — P(x,y)
2 . y) = Plx, y).
Tuong tu nhu vay c6 thé ching minh dugc rdng E)_a\; x,y) =
= Q(x, y), do dé Pdx + Qdy la vi ph&n toAn phidn cda ham s6
u(x,y) cho bdi céong thic (4.11).
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e 4) = 1). Gia stt Pdx + Qdy la vi phan toaAn phin cta méot
ham sé u(x,y) nao dg. Khi d6

ou Ju
P = a, - E)

. oP ?u  9Q ?%u . . -
do do oy " dyox ' ox - axay Cdc ham s6 gy lién tuc trong
D, nén theo dinh li Schwarz, ching bing nhau

P _9Q
Qy  oex

Hé¢ qud 1. Néu Pdx + Qdy la vi phan toan phan cia haim
s8 u(x,y) thi

J P(x, y)ax + Qx, y)dy = u(B) — u(A)
AB

doc theo moi duding AB nim trong mién D.

Hé¢ qua 2 . Néu D la toan bs RZ thi Pdx + Qdy la vi phan
toan phdn cua ham sé u(x,y) cho b8i cong thdc

S y
f P(x, y )dx + f Q(x, ydy + C

4.12) ux,y ) =
xﬂ yO -
hoac
y x
(4.12°) ux, y) = [ Qx,, y)dy + [ Px, y)dx + C
Yo %o
Ya
Thay vay, vi tich phan & vé& L M

phai cta cong thdc (4.11) khéng Y --
phu thudc dudng 14y tich phan nén
n&u chon dudong ldy tich phan AM
l1a duang gdp khic ANM (hinh 4.9) Yol ~ 7
ta duge cong thie (4.12), néu chon !
dudng 14y tich phan la dudhg gip o Xo,

khic ALM ta duge cébng thde (4.12"). Hinh 4.9

>
[z
b4 J
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3T 9

Vi du 1 : Ching minh ring bifu thdc
6xe¥dx + (3x*> + y + 1)e¥dy la vi phan toan phén cia mot ham
s6 nao do. Tim ham s6 4y.
op o
Ta c6 P = 6xe¥, Q = (3x? +y+1)ey=>5=6xey Q
Vay Pdx + Qdy la vi phiAn toin phin cia mét ham sé u(x, y)
niao d6 xic dinh trén toan R?. Ap dung cong thitc (4.12") véi

x, =y, = 0, ta duge

v x
u(xy) = f (y + le¥dy + f 6xe¥dx + C =
0 0

y .

= (y+ 1)e |y - [ &dy + 32+ C = ¥ (y+ 3x%) + C.
o
0
Vi du 2 : Biu thdc P(x,y)dx + Q(x,y)dy, trong dé
X~y y . N :
P(x, = —, xy) = 12 mét vi phan toan phan
x,y) 2 1y? Q (xy 2 4y? P P

trong moi mién don lién khéng chda gdc toa d6, vi

oP —x2+y2—2xy_ﬂ
Jy (}i:2 -&-yz)2 T oox
aP o —
va vi P, Q, — 3 khdng lién tuc tai (0, 0). N&u AB la doan

thing néi hal diém A(1, 1), B(2, 2) thi vi phuong trinh cua
dudng thdng di qua AB la y = x, ta-cé :

2
2yd
{ Pdx + Qdy = f DY _ W gy Vg
AR L2 1Y 2f--- B
Do d6 vdi moi cung AKB tao thanh cing |\ E
véi doan thdng AB mét dudng kin gidi A: !
han mét mién khong chda gée O, ta co : ' : >
0] 1 2 X
J Pax + Qdy =
—
AKBA Hinh 410
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Do d¢ :

[ Pdx + Qdy = [ Pdx + Qdy = In2.

o~
AKB AR

Goi L la dudng tron tdm O ban kinh R, phuong trinh tham
s6 cua nd la x = Recost, y = Rasint, ta c6
2
éde +Qdy = [ [—(cost — sint)sint + (cost + sint)cost}dt
L

=_rdt = 2 .

Tich phan nay khdc khdéng, vi mat tron giéi han bdéi L chda
di€m goc, tai d6 cdc gia thiét cia dinh li khéng duge théa man.
Ban doc hay ching minh ring I Pdx + Qdy doc theo moi

dugng kin don (tdc la khong tu giao) bao quanh géc O theo
chidu thuan déu bang 2.

4.2.5. Truong h¢p dudng lay tich phan la mot duang
trong khong gian

Né&u ﬁ 14 mot cung trong khéng gia/rl:\P(x, y, z), Qx, y, 2),
R (x, y, 2) 12 ba ham s8 xac dinh trén AB, ngudi ta dinh nghia
tich phan dugng loai hai

LP(x y,z)dx + Qx,y, z)dy + R(x,y, z)dz

tuong tlj nhu tich phan dudng loai hai trong mit phang. .
Né&u cung AB duge cho bdi phuong trinh tham sé x = x(1),
y = y(t) , z = z(t), cic mit A, B dng véi cdc gid tri t,, t

4 B
cla tham sé, ta ¢6 céng thdc tinh :

ty

= J [Pex®), y(t), 20) x'() + Qx(t)  y(t) , 2(0) ¥'(1) +

s

R(x(t) , y(t) , z(t)) z’(t)] dt
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Chii thich. Phuong trinh tham so cia cung AB c6 thé viet
dudi dang vecto
r(t) = x(t)i + y(t) + 2(t)k.
Khi iy ta cd
ity = X + Yyt + 2tk
Goi ﬁx, ¥, z) 1a vectd ¢o cac toa d6 la P(x, y, 2), Q(x, y, 2),
R{x, y, z). Khi 4y tich phan dudng
I= LP(x, y, 2)dx + Q(x,y,2)dy + R(x, y, z)dz
AB

c6 thé viét dudi dang vecto
1= [F.r.
AR

4.3. TICH PBAN MAT LOAI MOT

4.3.1. Djnh nghia

Cho moét mat cong S va mot ham s8 f(M) = f(x, y, 2) xac
dinh trén S. Chia S thanh n mAnh nhd. Goi tén va cd dién
tich cia cic manh 4y la AS,, AS,, .., AS . Trong méi manh
AS; ldy mot di€m tuy y M(§, , 17, 5). Néu khi n — « sao

n
cho max d, — 0, d, la dudng kinh cha AS, tdng D, f(M,).AS,
' i=1
dan tdi mot gidi han xdc dinh khéng phu thudc cdch chia mat S
va cach ldy di€m M, trén AS, thi gigi han d6 duge goi la tich
phan mat loai mét ciia ham s6 f(x,y,2) trén miat S va duge ki
hiéu 1a

Sy, 248
S
Ngudi ta chitng minh dude ring néu mat S tron (tic la lién
tuc va c6 phdp tuyén bién thién lién tuc) va néu ham sé f(x, y, 2)

lien tuc trén mat S thi tdn tai tich phan [[ f(x,y, 2)dS.
S
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Néu mat S cd khoi lugng riéng tai M(x,y,2) 1a p(x, y, 2z) thi
kh6i luogng cua mat S bang ffﬂ(x ,y, 2)dS.
S

Tich phan mat ff dS cho ta dién tich cia mat S.
8§
Tich phaAn mat loai mét cd cdc tinh chat gidng nhu tich
phan kép.

4.3.2. Cach tinh

Gia st mat S dugce cho bai phuang trinh z = z(x, y), trong dé
z(x,y) la mot ham s8 lién tue, ¢d cic dao ham riéng p =z’x(x, )
q = z'v(x, y) lién tuc trong mét mién ddng gisi noi D, hinh
chiéu cia S lén mat phang Oxy. Cho ham sé f(x,y,z) lién tue
tréen mat S. Chia S thanh n manh nhé AS,, .., AS.
M/, n, 2§, 7)) 12 mdt di€m tuy y chon trén AS,. Gei Ag; la
hinh chi€u cia AS, 1én mat phing xOy. Né&u dudng kinh cta
AS, kha nhd, cé thé xdp xi AS, bsi manh AT, cla tiép dién cia
mat S tai M, ma hinh chiéu cia né lén mat phdng xOy cing
12 A6, (xem muc 3.2.4). Do d¢

AS; = V1 + pl + g7 Ao,

trong do P = Zx)(‘sp ’Zi)’ qQ = zy'(éia ’Zi)- Vay

2 EM)AS; = E (& 1 2(E, ’Zi))m As;

=1 i=1

V& phai 13 tdng tich phan cia ham sé

(x, y) = £0x, y, 206 ) VT + 22, y) + 2305, )

trai trén mién D. Do do

(413) [ff(x,y,2)dS = [[fx,y,2(x, y) V1 + p? + ¢* dxdy,
S

D
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trong d6 p = z'(x, y), q = zy’(x, y). Viée tinh tich phian mat
loai mét da dugc dua vé tinh tich phan kép.

Vi du : Tinh I = [[2%(x® + y?)dS, S 1a phdn ctia mat cdu
: S

x2 +y2 + 22 = a2 yng v6i x = 0, y = O (hinh 4.11).
Chia S thanh hai phén : S, ung
v8i z = 0, cé phuong trinh

z = Va2 —x2 —y2 va S, ing véi

z <0, cd phuong trinh
zZ = — da2—x2—y2 Ta. co
I=1 +1,,

L = ff 22(x2 +y?)dS, i = 1, 2.
S

. b3 y
TrénSltacop=—;,q= ==
7 ) Hinh 4.11
a
1+p2+q2=—2' Theo cong thic (4.13)
z

ta duoc

11 =aff 032_22_)'2 (x2+y2)dXdy|
D

D la mét phin tu hinh tron tA&m O ban kinh a ndm trong
géc phiin tu thi nh&t. Chuyén sang toa d6 cuc d& tinh tich
phan kép, ta duagc

a

Z
I1 = aqup J‘daZ — 2 dr
0

0

. n .
Dat r = asint, 0 < ¢ s‘i,ta cé
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22°
sint cos® tdt = —_ -

ot
_]' yaZ — % Ydr = 2a°
0

n S=— R

15
Do dg
[ -, ® 2 _ m
.l—a>2. 1 =
6 6
Tuong ty I, = —ﬂlg vdodo I = 271[; :

4.3.3. Trong tam ctia mat

Né&u khéi lugng riéng cia mat S tai diém M(x, y, z) 1a p(M) thi
cac toa do cta trong tAm G ctia mat S duge cho bgoi cong thie

' 1 : 1 1
(4.14) xg=— J I xpMyas, y,= — If ypMyds, 2= — J [ zpMydS
S S S

trong d6 m = [ p(M)dS 12 khéi lugng cia mat S.
S

4.4. TICH PHAN MAT LOAI HAI

4.4.1. Dinh nghia

e Cho miat S. Tai mébi di€m chinh quy M cia S5, cd hai
vectd phap don vi n vA n’ = — n (hinh 4.12). N&u cd th& chon

Hinh 4.12
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duge tai mbi difm M cioa S mot vecta phap ddon vi n sao cha
vectd H.bié'n thién lien tuc trén S, ta ndi ring mat S dinh
hwong duoge va hudng cua mat S duge xac dinh bdi hudng cia
n. 1D4i Mabius ma ta dung sau day la moét vi du cua mat khéng
dinh hudng duge LAy mot bang gidy dai hinh chad nhat ABCD
thinh 4.13). Xoan bang gidy 4y nia vong theo chiéu dai réi gan
C vai A, D vai B. Khi di¢m M chay mot vong trén dai Maobius,
xuat phat ti vi tri M thi lic gap lai M vecto n d6i huéng.
Do do :khéng bién thién lién tuc trén dai Mobius.

A D

Hinh 4.1 3

Trong muc nay ta chi xét nhing mat dinh huéng duoc. Ching
han. néu S la moét mat kin khéng tu cat thi vects n ed thé
huéng ra ngoai hoac hudng vao trong, tic la ta xét mat S
huéng ra ngoai hay hudng vao trong.

e Ta ndi rang trong mién V C R*? xac dinh moét truong
vectd néu dng véi mdi didm Mix, y, z) € V ¢d mét vecto
F(M) xac dinh géec tai M, v@i_cac toa d6 P(M), Q(M), R(M) la
nhung ham sé cioa M.

e Gia su trong V cho mdt mat dinh hudng S wai n la vecto
phap don vi. Néu vects F khéong d6i, S la mot mién phing dinh
hudng co dién tich cing duce ki hiéu la S, nguai ta goi théng
luong & cla trudng vects F qua mat S 1A tich

=85 | f’l .cos(?, 1_'*“) =S(F o
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Néu v 1a van téc cha chat long ¢ mat dé L chiy qua mat S
thi thong lugng @ cua trudng vecto F = ﬂ;r-’bié’u thi khéi lugng
cua chit long chay qua S trong mét don vi thoi gian.

Bay gio giad st trudng vectd F(M) bi&n
thién lién tuc trong V, nghia 1a cdc toa
d6 P(M), Q(M), R(M) cta nd la nhitng
ham s6 lién. tuc trong V. Hay tinh théng
lugng @ cta F(M) qua mat dinh huéng S.
Ta chia S thanh n manh nhdé. Goi tén
vd ci dién tich cia nhitng manh 4y la Hinh 4.14
AS,, AS,, ..., AS . Né’u manh AS, cd dudng kinh kha nhd, cd
thé coi nhu vecw F(M) khéng do’n trén minh 4y va bing.
F(M.), M, n;, §) 12 mot diém nao dé trong manh AS; va coi

manh AS, x4p xi nhu mét manh phang Wng véi phia da chon
clia mat. Do dé théng lugng A®, cha F(M) qua AS; x4p xi bang

Ad, = AS, . (F(Mi) -“(Mi)) =

1

AS, [P(M))cosa; + Q(Mi)co§8i + R(M))cosy ],
trong ddé o, = (n(M,), Ox), 8, = (a(M), Oy), y; = (M), Oz).
Néu cdc manh AS, déu c6 dudng kinh kha nhé, ta cd

n
= 2 [P(M,)cose; + Q(Mj)cosB; + R(M,)cosy;1AS;.

i=1
Phép tinh gin ding nay cang chinh xdc néu n cang 16n va
cic manh AS, c¢6 dudng kinh cang nhé. Néu khi n — « sao
cho max d, — 0, d, la duong kinh cta AS;, ma téng & v& phai
cia hé thdc trén dan t8i mot gidi han xdc dinh I khéng phuy
thudc cach chia mién S va cach ldy diém M, trén AS, thi I
duge goi la théng lugng cta F(M) qua mat S. Trong toin hoc,
gidi han 4y dudc goi la tich phan mat logi hai cia cic ham sé
Px, y, 2), Q%, vy, 2), R(x, y, 2) trén mat S va duge ki hiéu 1a
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(4.15) [ [[P(x,y, z)cosa + Q(x,y, z)cog + R(x,y, z)cosyldS

S
y4
Goi (A06),,, (A5), . (A6), theo
thi ty 1a hinh chigu cia AS, len . Asi

cidc mat phang Oxy, Oyz, Ozx, ta :
co (Aai)x_v = AScosy,, (Aai)yz = 5 :

= AS;cosa;, (A6),, = AScosB. Do Q
d6 tich phan mat (h. 4.15) cdn 6 (AGH,,
thé dudgc ki hiéu la

17

Hinh 4.15

(4.16) ff P(x,y, 2)dydz + Q(x,y, 2)dzdx + R(x,y, z)dxdy.
S
Ngusi ta ching minh dude rdng néu S la mar dinh hudng
lién tuc ma vecto phdp tuyén tuong ung bién thién lien tuc va
néu cac ham 86 P, Q, R lién tuc trén mat S thi tich phan mat
(4.16) ton tai.

Néu ta d8i hudng miat S thi tich phan mat loai hai (4.16)
d8i d4u, vi khi gy cdc cosin chi huéng cia n d8i diu.

Ngoai ra, tich phan mat loai hai cé cac tinh chit tuong ty
nhu tich phan kép.

Chu thich. Né&u l?(x, y, z) la vectd c6 cdc thanh phan la
P(x, v, 2), Qx, y, z), R(x, y, 2z) thi tich phan mat loai hai (4.15)
cS thé vist la

[f Fnds.
S

4.4.2. Cach tinh
Ngusi ta cing tinh tich phan mit loai hai bing cach dua
né vé tich phan kép. Ching han, xét tich phan mat

ST R(x, y, z)dxdy,
S
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Gia st mat S cd phuong trinh 1a 2z = f(x, y).. f ¢ cdc dao
ham riéng lién tuc trén D, hinh chiéu cia S xuéng mat phing
z = 0. Gid s ham s8 R lién tuc trén S. St dung cac ki hiéu
cia muc 4.4.1, M(§;, 7, §) la mot diém ndo do trén méanh As;.
Ta cd

n n
Y ROMOAS; = 3 RE, 7, (&, 1)) (46)y
=1 i=1
(AJI)XV > 0 néu cosy; > 0, (AJi) < 0 néu cosy; < 0. Vay
v€ phai cua ding thdc trén 1a t8ng tich phan cua ham sé

(x, y) — €R(x, y, f(x, y))

trai trén mién D, € = 1 néu cosy > 0, € = -1 néu cosy < 0.
Do do
(4.17) ff R(x, y, 2)dxdy = f_f R(x, y, f(x, y))dxdy
S b

n&u vects phap n 1am véi Oz mot géc nhon,

4.17) ff R(x, y, z)dxdy = — ff R(x, y, f(x, y))dxdy
S D
n€u n lam véi Oz mbt gde ti.

Ciac tich phan f_r Q(x, y, z)dzdx, ff P(x,y, z)dydz cing duoc
S S

tinh tuong tu.

Vi dy 1 : Tinh 1 = ff xdydz + ydzdx + zdxdy, S 1A phia

ngoai cia mat cdu x? + y25+ 22 = R?

Vi phuong trinh cda mat cdu va biéu thic dudi ddu tich
phan khong ddi khi ta hoan vi vong quanh x, y, z, nén ta cd
ff xdydz = ff ydzdx = ff zdxdy.

S S S

Do do

I=3 ff zdxdy = 3 [ff zdxdy + ff zdxdy]
S s s,
trong d6 S, 14 n¥a trén cia mat céu,]cd phuong trinh
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z = VRZ - x — y2, S, la nda
dugi cda méat cidu c6 phuong
trinh z = —\]R_2jfy_2 Vi
vecto phip tuyén cia nda mat

cdu trén lam vdi Oz mot géc

nhon, vects phap tuyén cta nia
mat cdu dudi lam vdi Oz mot
goc th hinh 4.16) nén ta duge

1 =6[fVRZ - x7 — y2 dxdy, Hinh 4.16
D

D ]a hinh tron tam O ban kinh R trong mat phing Oxy. Chuyén
sang toa dé cyc, ta dudc

2 R
I =6 [dp[{R? — Y rdr = 4xR>.
0 o

Vi du 2 : Tinh 1= ff (v —z)dydz + (z — x)dzdx + (x — y)dxdy,
S
S 1a phia ngoai ctia mat non x2 + y% = z2, 0 < z < h (h khong
d8i) (hinh 4.17).

Ta tim cdch chuy&n tich phan nay sang tich phan mat loai
mét. Liy dac ham hai v& phuong trinh z2 = x? + y? l4n lugt
d8i v6i x va y, ta duoe

222°, = 2x, 222‘_»' = 2y=>

X
P:Z,(:;’q:‘z‘,

1+p2+q2=1+ = 2.

Viy ba cosin chi huéng cua vecto phap
Xy 1 LT
—, ——, —-—, vi n lam
N2 w2 V2

v8i Oz moét gdc tia. Do dd

» ~>
tuyén n la

Hinh 4.17
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1 X Yo 75 . -~
[ = E_J;f [(y—z) H tizx) ) —(x y)]dS =y2 f\f (y = x)dS =

vi mat S d6i xing d6i v6i cac mat phdng x = 0, y = 0 va
ham sd dudi ddu tlch phan la lé déi vai x va y.

4.4.3. Cong thuc Stokes

(J 4.2 da ching minh cong thic Green, né cho ta méi lién hée
gita tich phan duang loai 2 theo mot dudng phéng kin L véi
tich phan kép trong mién D giéi han bdi L. Coéng thic Stokes
dudi day cho ta mdoi lién hé giia tich phan duang loai 2 theo
mot dudng kin L trong khéng gian vai tich phidn mat loai 2
trén mot mat dinh huong S gigi han bai L. Dé 1a k&t qua md
rong cong thic Green sang khéng gian R*.

Gid su S la mot mat dinh huong tron tung mdnh, bién cia
no la mét dudng kin L tron ting khic. Néu cdac ham sé
Pix, v, zj, Q(x, y, z), R(x, y, 2} lién tuc cing véi cac dao ham
riéng cdp mot cua chu’ng trén S thl ta co

aP  oR

R
(4.18) jj _z)dyd (o

= [ Pdx + Qdy + Rdg
L

chiéu ldy tich phan trén L dudc chon sao cho mét ngudi di doc
theo L theo chiéu dy nhin thdy mat S ké v4i minh & bén trai,

Chitng minh, Ta chiing minh z|
cong thic Stokes trong truting hop S
cé phuong trinh la z = fix, y),
trong do f cd cdc dao ham riéng
dén cap hai lién tue trong mién
D (hinh 4.18). goi L, la bién 0
cua mién D. Gia s phuong trinh
tham s6 cua L, la

)dd (L:g—%) dxdy =

x = x(th y = y(t), a <t b

Hinh 4.15



Khi do phuong trinh tham s6 cda L la
x = x(t), y = y(t), z = f(x(t}), y(t)), as< t<b
Dat .
I = _f P(x, y, 2)dx + Q(x, y, 2)dy + R(x, y, z)dz
Ta co -
® , , of o
1= f [Px®) + Qy'm) + R( 7o x'()) + 5 y'®)]at =
p of | o,
= { [(P + R o_x) X'(t) + (Q + R@) y(t)] dt =

of of
=i£ (P +RE)dX+ (Q +R:0§)dy‘

Bi€u thdc cudi cung 12 mét tich phan dudng trén dudng kin
phing. Ap dung coéng thiic Green, ta dugc

? of ? of
I = fo[a;(Q + RE) —E(P +R70;)]dxcly.

Tinh bigu thic dusi dfu tich phan kép, ta dugc

Q , 0Qaf R RO
ox 0z 09X ox Jy dz ox 3y axdy
9P  oP of oR of - oR of of 9
_('.——+_—+_',_+7__+ _—_):
Jy az Jdy oy ox 0z dy ox oydx

0x y 9z ox /oy oy oz | ox
Do do

_ R _0Q|af _(aP R)of (9@ 0P
I_fof[ [ay Dz]ax [az ﬂax]ay.{h[ax i)y”dXdy

(3~ %) " (30 5 (5 "R

Cédc cosin chi phuong cba phap tuyén cia mat S la
£’ £’
x y 1

T ez ae2 N = Sy Y52 Len2 ’
NEZHE2+1 P2+ 41 PZ+02 41
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06’

Vi vay
of of
- —ZE dxdy = dydz, - g dxdy = dzdx.

Cu8i cung ta duge
R 9P oR
I—jf a—~39]dd [£—§]dzdx+

Vi duy @ Tinh I = éydx + zdy + =xdz,
I

L la giao tuy&n cia hai mat x +y+
+2 = 0, x2 + y> + 22 = a?, chiéu
trén L 1a nguge chiéu kim dﬁng hé
néu nhin vé phia z > 0 (hinh 4.19)

x +y + 2 = 0 la phuong trinh
cia mot mat phdng di- qua gde O Y
nén L 1a m6t duong tron lén cia
mat cdu. Ap dung céng thdic Stokes X
vdi S 1a mat phdng x +y +z = 0
giéi han bdi L, hudng vé phia z > 0. Hinh 4.19
'I‘ach=y=>P’z=0,P'v=l;
Q=z=>Q’x=0,Q’Z=1‘;R=x=>R’y=0,R’x=1.

Cong thic Stokes cho ta

I= —ffdydz + dzdx + dxdy.

S
Chuyén sang tich phan mat loai mét, ta ¢c6 z = x -y =
p = -1, q = -1. Vay c4c cosin chi huéng cia vectd phap tuyén
- 1 1 1
n

tuang d¥ng cia S la V3'Vv3' V3 Wi n lam vdi Oz mot goc
nhon, do dg
= —ﬁfde = —ay3al
S
vi S 12 mat tron ban kinh bing a.
4.4.4. Vecto rota

e Cho trutmg vects F(M) cd cc toa do 1a P(M), QOM, ROM).
Nguai ta goi vects rdta (hay vecto xody) cia F la vectds of céc toa
do la
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oR QWP R 0Q np

}

dy dz oz Jx Coux oy
va ki hiéu la rot F. Vay
— = )24 . — op R, — 0Q oP | -
F=(—-—"Vi+(—-—=\j+ [—=-—
rotF ( dy 0z )l ( 0z i )J ( Ux oy ) k.
Dé dé nhd, ngusi ta thudng viét bidu thie cia &Fbéng
~dinh thue cdp ba tugng trung sau :
ik
— J J 0
rotF = ox oy vz| =
P Q R
R 9 P R, —= 0 P\ —
- (@) (T (e H)E
dy 0Z 9z gx ox oy

Bang cach viét d6, ¢6 thé dé dang ching minh duge ring :
néu f la ham s6 ba bién 86 ¢6 cdc dao ham riéng lién tuc thi

(4.19) rot (gradf) = 0
That vay, ta co

i i X
. @ 2 2
rot(gradf) = [Jx dy 0z =
o ofaf
ax ay 0z
s = B . B T I A R
= (vaz ) (™ ) (g~ ) £ = 0
Jydz  0z2dy 9zox  0x0z UxX0y  0yox

e Ngugdi ta goi luu s8 cua ngc theo duong kin L 1a tich
phan dudng
—~—» —
f{ Pdx + Qdy + Rdz = [ F .dr,
L . 1.
trong dd r = ;(’t) la phuong trinh tham s8 dang vecta cia L.
Kh_l. 46 céng thic stokes cd th€ phdt bi€u nhu sau : luu_’si
cua F doc theo mot dudng kin L béng thong lugng cia rotF
qua mét mat dinh huong S c¢é bién la L
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[ F.dr= [ toiF. nas,
1 S

;1-.1:} vectog phap ddn vi cia mat dinh huéng S.

Vi du. Cho F{'x, y, z) = yz?+ zxj_'+ xy-l:.. Tinh thong lugng ¢
ciia rot Fqua phan cia mat cdu x* + y° + z° = 4 hudng vao trong,
nam 4 trong mat tru x* + y3 = },
ing vdi z > 0 (hinh 4.20)

Theo cong thue Stokes, ta co
® = [f votF.ndS = [ F.dr,
S L

L la dutng tron, giao tuyén
cua mat cdu va mat try. Dé dang
thay rang phuong trinh tham sd
cua L 1A x = cost, y = sint,
z = V3,0 <t < 2r. Vay phuong

Hinh 420
trinh vecto cha L la
— . . —s —
r(t) = cost.i + sint.j + V3 k.
Do dd
— . —» - -
r'(t) = - sint.i + cost.j . Mat khac

ﬁ:(.t)] = V3sint i+ ﬁcost.j_.+ cost sint. k.

Vi mat cdu hudng vao trong nén chiéu trén L la thuan chiéu
kim déng h6. Do do .

rog Zr .
Db = - f (= V3sin®t + V3cosit)dt = — V3 f cosZ2tdt ‘= 0.
0 0

e Y nghia cia vecto rota.

Gia sit v 1a trudng van t6c cia moét dong chdt long, M la
mot di€m trong chdt léng, S, 1a mét dia tron tam M_ ban kinh
a kha nhd. Vi rotv lién tuc, nén

rotv(M) = rotv(M_) VM € S,
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Goi L, 1a bién cia S, cong thdc Stokes cho ta
fVar= ff rotv.ndS = [f rotv(M_) ndS =
L - s, s,
= r;?;;EMO) ;EMO) .ma?,

D6 chinh xdc eang 1dn néu a cang bé. Do do

— —> — 1 —_ >
rotv(M ) n(M)) = lim — f v.dr,
a—p 2 L

Do do t%.tv_,(MO) EZMO) bi&u thi»téc dong quay cta chit léng
xung quanh truc n Tac dong dy cuc dai khi ;Tddng phuong
v8i rotv. Theo y nghia &y di€m M duge goi la di€m xody néu
— —> — —>
rotv(M) = O, diém khéng xody néu rotv(M) = 0.

4.4.5. Ditu kién d€ tich phan dudng frong khong gian
khong phu thudc duong lay tich phan

0 muc 4.2.4 ¢éng thic Green da duge sit dung d€ tim diéu
kién cin va do d€ tich phan dudng trong mat phang
dex + Qdy khong phu thudc duong néi A, B. Tuong ty nhu
AR .
vay cd thé dung coéng thdc Stokes d€ tim diéu kién cdn va di
dé tich phan dudng trong khéng gian de + Qdy + Rdz khéng

AB

phu thudc duong ldy tich phan.

Gid s¥ rdng mién don lién D C R? ¢6 tinh chat sau : moi
dudng kin L tron ting khac trong D déu 1a bién cia mét mit
tron titng manh ndm hoan toan trong D. P, Q, R 1a ba ham
36 c6 cac dao ham riéng cdp mét lién tuc trong D. Nguai ta
chdng minh duge ring diéu kién cin va di dé tich phan duong
trong khoéng gian dex + Qdy + Rdz khong phu thuéc duong

AR
néi A, B nadm hoan toan trong D la.
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L “9‘:
'9._%‘

R J oP aR 0 P
(4.20) R _Q o _ R 2Q _®
Jdy 02 0z ox Jx oy
Didu kién (4.20) cing la diéu kién cdn va di dé Pdx + Qdy +
+ Rdz la vi phén toan phan cia mot ham s6 u(x, y, z) nao dé.
Ham s6 uf(x, y, z) 4y duoe cho bdi céng thiuc
(4.21)  uM) = u(zy,2z) = f P(x,y,2)dx + Q(x,y,2)dy+ R(x,y,2)dz+ C
M, M
M (x, ¥, z,) 1a mét di€ém nao dd trong D, C la hang s6 tuy y.
Né&u mién D 12 toan bo R?, c6 thé tinh u(x, y, z) bdi cong thdc

X y
(4.21) u(x,y, z) = fP(x, Vo Z)dx + f Q(xyz)dy +
X

0 yD

Z
+ fR(x, y, z)dz + C.

o

4.4.6. Truong thé

Cho trudng vecto F = F(M) ¢6 cdce thanh phan 1a P(M), Q(M),
R(M). P, Q, R cung véi cic dao ham riéng c4p moét cia ching
lién tuc trong mot mién D nao dd. Néu trong mién D t6n tai
mdt haim s6 u = u(M) sao cho

— —>
(4.22) gradu = F

thi truong f’dUQC goi 1a truong thé xac dinh trong D, u(M)
— —s — —

duge goi la ham sé6 thé vi cua truong F. Néu i, j, k la cac

vects dan vi trén ba truc, ding thuc (4.22) dugc vist la

9 9 o
T+ 27+ 2= Pi+ Q + R

Jax oy 0z
hay
ou ou ou
— =P y oo = y o = R)
ox 0y Q Jgz
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1
P

do d6 Pdx + Qdy + Rdz la vi phan toan phan clia u, diéu nay
xdy ra khi va chi khi
R Q P R 09Q _ 9P

% ay

9y 9z’ oz x>’
— —
tic la rotF =
Vay : di2u kién can va du dé truong vecto F = ﬁM) la mot
— —
truong thé la rot F(M) = 0 VM.
Vi du. Trudng vecto ﬁx, y, 2) = yzi_)-? (2xy + e3z)j—)+ 3ye32:
1a mét trudng thé, vi

Niew|

y 2xy + 32 3yel?
= (33 - 3e%)i + 0] + 2y — 2p)k =

Ham th& vi u cua truong 12 ham thdéa man

ou o 0u _ 3 U,

9% —y,ay = 2xy + e ' 5 = Jdye

Ap dung cong thic (4.21°) vai x, =0,y, =0,z =0, ta dugc

ux, y, z) = xy? +ye3 + C

C la hang s6 tuy y.

Chii thich. Gia st duédi tac déng ctia luc F’mét chat diém
chuyén dong trén quy dao L td A t4i B. Gia su phuong trinh
chuyén dong la r = r(t), a < t < b, r(a) dng vdi A, r(b) dng
v8i B. Theo dinh luit Newton thd hai, ta cd

F(r(n) = mr(),
m 1a khSi lugng cua chdt di€m. Vay cong sinh bai luc F la

b
W= [ F.dr = [ Fx(t)). rtydt =
L a

v (t)| 2t =

&Iﬂ-

<] b
- T miy. o = 2 §
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i

— 1 -
m]v(b)| 2 - om [v(a)l %,

— — 1
3 (7o) = ¥y = 3

— la ' van téc. Dai lugng % mh_r?t)|2 duge goi la déng
nang cua chit diém & thoi diém t. Vay

W = KB) - K(A),
trong déd K(M) la déng nang cua chit diém 6 M.

Néu truaag F 1a truong thé, thi tén tai ham sé f(x, y, 2)
— - .

sao cho F = gradf. Ham s6 P(x, y, z) = - {(x, y, 2) dugc goi
12 thé nang cua chat di€m tai (x, y, z). Vay
F=- g'r_i;dP.
Do dé

— —

W= [F.dr= - [ gradP .dr =
h L L

b P P P

= - f [E x'(t) + % y(t) + Z—Z z’(t)] dt =

b a | - -

~ [ F P&®), y(t), 2(H))dt = — [P(x(b)) — P(x())] =

P(A) - P(B).
So sanh hai két qua tinh W, ta duge
P(A) + K(A) = P(B) + K(B).
Téng cua déng nang vad thé nang dugc bio toan.
Vi 1& d6 trudng th& cdn duge goi 1a fruong bdo toan.

4.4.7. Cong thdc Ostrogradsky

e Gia st V 12 mét mién gidi ndi déng trong R3 ¢d bién 1a
mdt méat kin, tron ting manh S. Gid st P(x, y, 2), Q(x, y, 2),
R(x, y, z) )2 ba ham 86 lién tuc cung vdi cic dao ham riéng
cdp m6t cha ching trong V. Ta sé ching minh ring
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(4.23) J’j‘j’( “'Q )dxdydz- ff Pdydz + Qdzdx + Rdxdy,

tich phan mat |4y theo phia Z4
ngoai cua mat S.

Céng thiic (4.23) duge goi
la cong thitc Ostrogradsky.

That vay gia st mbi dudng
thing song song véi cdc truc
toa do cAt mat S ¢ khong
qua hai diém (hinh 4.21).

Xét tich phan boi ba T;
aR
I, = f\_{fadxdydz=
X
2y(xy) .
= [fasty | ™ 4z
2 O Hinh 4.21

trong dé D 1a hinh chiéu cia S lén mat phdng Oxy, z = z,(x, y)

va z = z,(x, y) la phuong trinh cia phdn trén S, va phdn duéi
SI cua S, vay

- z, (xy) -
I = IfR(x v, )|z=;(w dxdy
= f JR(x, y, 2,(x, y))dxdy — [ [ R(x,y, z,(x, y))dxdy.
D D

Nhung theo cong thdc tinh tich phan mat loai hai, ta c6
ST R(x,y, 2pdxdy = [[ R(x,y, z)(x, y))dxdy,
. D

S,

JJ Rex, y, 2)dxdy
S‘I
vi phdp tuyén cia S, lam véi Oz mot géc nhon, con phap tuyén
cuia S, lam vdi Oz mét goc tu. Do do

- [ R, y, z,(x, y))dxdy
D

12- THCC.T3 177



= [fRdxdy + [[ Rdxdy = [ Rdxdy.
S, S, s
Tuong tu, ta cd

L= IS P ixdyda = [f payas
L = fj‘f —dxdydz = ijdzdx

Cong ba két qué dy lai ta duge cbng thﬁc Ostrogradsky (4.23).

Heé qud. Thé tich V ciia vat thé gi6i han boi mdat cong kin
S duoc cho bdi cdng thitc

(4.24) V = 3 ff xdydz + ydzdx + zdxdy. .

That vay, chi v:éc é.p dung céng thdc (4.23) vao cdc ham 38
P=xQ=y,R==z 1

Theo k&t qua nay, tich phin mit cho trong vi du 1, muc 4.4.2
bang 3 lin thé tich cla hinh cdu ban kinh R, tic la 4nR3.

Vi du : Tinh I = [ y?zdxdy + xzdydz + x’ydzdx S la phia

S

ngoai cua bién cua vat thé giéi han
bdi che mat z = x2 +y3, x2 +y? = 1
va cdc mat ph:’mg‘toa d6 (hinh 4.22).

Ap dung cong thdc (4.23) véi ! ’
P =xz Q = x%, R = y%2, do d6 ‘\\ : I}'
P’ =z, Q’y = x2, R = y?, ta duge \;::i_i_--
= [If & + 2 + y)ixdyds o0 y
\Y

V la vat th€ giéi han béi mat S. ’/X

NG duge xac dinh béi (x, y) & D, Hinh 4.22

0 € z € x2 + y? D ]a mot phdn tu hinh trdn tdm O bén kinh 1
trong gdc phdn tu thi nhét cia mat phing Oxy. Chuyén sang
toa do6 tru, ta duge
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'L'

fff(z + )rdrdp = fd¢frdrf(z + Pydz =

t
“[x (e e - e -

0

© = -

[P ]

4.4.8. Dive cia mdt vectg

o Néu vects F(M) c6 céc toa d6 P(M), Q(M), R(M) 1a nhing
hém 86 cd cac dao ham riéng cfp mét thi tdng

—5—; % + — duac goi l1a dive cua F ki higu la div F Ds la

mét dai luqng vdé huéng.

D& dang thdy ring : néu F=Pi+ Qr+ RE cde ham s6 P,
Q, R cd céc dago ham riéng c6p hai lien tuc thi

(4.25) div(rotF) =

That vay
_2 (R Q) aP B8R} 5(29Q oP
le(l'OtF) [ay— aZ.]+a}’[aZ 5% +a[3;—5] =
2 2 2 2 2 2 ‘
PR _Q P R ¥Q P _

= Pxdy | oxoz = dyoz  odydx = dzax  azdy
e Céng thdc Ostrogradsky c6 thé phat bi€u nhu sau : Thong

lugng cia truong vecto F(M) qua mét mdt kin hudng ra ngodii
bdng tich phan bgi ba cia divF trong mign V gidi han bdi mat S.

Vi du. Tinh thong lugng ¢ cia F = xyi + (y2 +e"z)j * sin(xy)k
qua bidn S hudng ra ngodi cia vat thé V gidi han bdi mat tru
z = 1 - x> vd cc mat phdng y = 0, z = 0, y + z = 2
(hinh 4.23).

Tinh truc ti€p ¢ bing tich phan mat ff F.ndS rét phic
; :
tap. Ap dung cdng thuc Ostrogradsky, ta dudec
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b = ff_f divﬁxdydz =
v
= [{f 3ydxdydz =
v

1 1-%¥ 2-2

=3dedefydy_

1 1~x

_3fdxf(2"> az

i |
1
I DR
_2;r1[ 3 ]o dx
ll
= Ef[(x +1) - 8)dx = o Hinh 4.23
-1
=—f(x6+3x“+'3x2—7)dx'=}3%-
.

o Y nghia cia divF

Gia sy v 1a vap t6c cia chét léng oS mat do S, cic thanh
phfn cua vectd F = Pv c6 céc dao ham riéng lién tye. M_ 12
mot di€m cia chat 1éng, B, la hinh cAu tam M bdn kinh a

kh4 nhd, S 1a bién cua hlnh cfiu d6. Vi leF lxén tuc nén co
thé xem

divF(M) = divF(M,) , VM € B, .
Do 46 ‘
[f F.2ds = [ff divPandydz = [ff divF(M,)dxdydz =
S, "B, B,
= divF(M) . V(B)),
V(B,) 12 th€ tich hinh cfiu B_. Do ds

- 1 -
divF(M_)) = lim W ff F.ndS.
5, :

a—0
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V.&“_

Vay néu div?(M) > 0, théng luong ra ngodi nhing mat
cdu kha bé tim M la duong, ta néi M la du_‘m ngudn. Né&u
leF(M) < 0, ta ndi M la diém ro. N&u div F(M) 0 VM thi
théng lugng qua moi mat kin déu bing khong. Khi 4y ta néi
ring truong vecto f‘.(M) cé thong luong bdo toan.

4.4.9. Toan td Hamilton

Ngudi ta goi todn td Hamilton (hay nabla), ki hiéu la v 1a

. .. R - 0 9 0

vectd tugng trung cd cdc thanh phén la 2% oy ' oz
ToA TR PR
' J 3y ay k oz

Ap dung mét cich hinh thdc cée quy tdc tinh todn nhu d6i
vOi modt vects thuc sy, ta thu dudc mét s6 cich viét don gian.

Néu u 1A mét ham a8, ta cé

Vo= (1_.i +j_’i +E’l)u =

ox 3y 0z
_—>Bu —~au+kau_ _’d
i Jay g gradu

0 0 ;
ay+kaz> (1P+JQ+kR)
)4 Q@ oR .
= ox +-a; +‘ - divF
— — —»
i J k
- ) ) 9 - —
VAF = x ay oaz| = rot F,
P Q R
—_ 2 2 2
vVi=T.V= 6_2 + Kl -P-d—2 = A (toén tu Laplace).
x> Y oz ,
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Ham s6 u(x, y, z) théa man phuong trinh

Au = 223 + ajﬂ 82_11 =0
x? ay?
duac goi 1a ham s6 didu hoa.
Th cling c6
div(gradf) = div(Vh) = V.Vt = Af.
Chu thich:
Ding thuc (4.19) cé th€ viét la
0 = roy(gradf) = V A (grad) = V A V¢,
Ding tl_n;'lc nay tuong tu nhu ding thuc VAV.a trong dai
88 vecto, v 14 mot vecta, a 13 mét s6.
Ding thde (4.25) cd thé viét la

GV = T F = TOAT

Didng thdc nay tuong tu nhu ding thdc V.V A ;v.=‘0, '

— — N
v, w la nhitng vecto.

TOM TAT CHUONG IV

e Dinh nghila tich phan dudng loai 1

Cho ham s6 f(M) = f(x, y) xdc dinh trén mdt cung phing
Fay TN
AB. Chia AB thanh n cung nhé As,, ..., As . Trén As, ldy mét

n
di€m tuy y M.. Gi6i han, néu cd, cda téng » f(M)As, khi n — o
i=1
sao cho max d, — 0, d, 13 dudng kinh cia As dugc goi la tich
phan dudng loal 1 cﬁa f(x, y) trén cung AB ki hiéu

J f(M)ds .

AR
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e Cach tinh tich phan dudng loai 1
— Néu A,Edm,xc cho bdi phuong trinh y = y(x), a € x < b thi

b .
J i yyds = f f(x, y®) V1 + y(x)dx.

AB
- Neu AB duge cho bm phuohg trinh tham 86 x = x(t),
= y(t), t, <t <€t thi

2
J oo y)ds = J 1), yO)VxZe) + yxdt
AB 4
e Dinh nghia tich phan dusng loai 2

‘Cho hai ham 88 P(x, y), Q(x, y) x&b dinb trén mét cung
phéang AB. Chia AB thanh n cung nhd bdi céec di€fm A = A
A, A, ., A, = B. Goi Ax, Ay, la hinh chifu cia

A_ A lén hai truc. M, 1a mét diém lfly tay y trén A_ A, Gidi

n
han, néu cd, cia téng E[P(Mi)Axi + Q(M)Ay] khi n — = sao
i=1

cho max Ax; —> 0, max Ay, — 0 dudc goi la tich phan dudng
loai hai cﬁa cAc ham sé P(x, ), Q(x, y) trén AB ki hiéu

J PGz, y)dx + Qex, y)dy.

AB

e Cach tinh tich phan duang loai hai

— N&u AB duge cho bdi y = y(x), a, b 1a hoanh d6 cda .\,
B thi

b ,
JP(x,y)dx + Qux,y)dy = f [P(x, y(x)) + Qx, y(x))y’'(x)]ldx.
AB
- N6u AB duge cho bai phucmg trinh tham 86 x = x(t),
y = y(t), t,, ty la gia trj cia tham a6 ing v6i A, B, thi

jj’(x,y)dx + Q(x,y)dy = f [P(x(t) , y(1) + QE(t), yOW'(HIdt,

AB : ta
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e Céng thuc Gree'n
ff (—— - —) dxdy = dex + Qdy,

L 1a bién cida mlén D.
e Dién tich S clia mién D gi6i han bdi dudng kin L.

1
=§fxdy—ydx.
L

o Diéu kien 4t cé va di d€ tich phan dudng f Pdx + Qdy

AB .
khéng phu thudc dudng ldy tich phén trong mét mién D nao
ds 1a

P
% = a—Q— V(x, y) € D.
Khi didu kién dy dugm théa man thi Pdx + Qdy la vi phan
toan phdn cia mét ham s6 u(z, y) nao d6. Néu D = RZ, u(x, y)
duge cho hédi

X y

ux,y) = [P(x,y)dx + [ Qx y)dy + C
xD yO

hay .
y X

uix,y) = [ Q,y)dy + fP(x y)dx + C,

Yo X
(%, y,) 12 mét di€m c6 dinh chon trong D, C la hdng s8 tuy y.
e Dinh nghia tich phin mat loai 1

Cho ham s6 (M) = f(x, y, z) xdc dinh trén mdt mit S. Chia
S thanh n manh AS,, .., AS. Trén AS, ldy mot di€m tuy ¥ M.

n
Gigi han, néu cd, cua téng Ez‘_‘(Mi)ASi khi n — o« sao cho
i=1
max d, — 0, d, la duong kinh cia AS, duge goi 14 tich phan
mat loai 1 cta £(M) tren S, ki hiéu I j f(x, y, z)dS.
s
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e Ciach tinh tich phan mat loai 1
Néu miat S duge cho bdi z = z(x, y), (x, y) € D thi

j.r f(x'Y> Z)ds = ff f(",}% Z(X,y)) U1 + pz + q2 dXde
S D

P = Z,x, q = Z’y.
e Dinh nghia tich phan mait loai 2

Cho ham s8 R(M) = R(x, y, z) xdc dinh trén mét- mit dinh
huéng S. Chia S thanh n manh AS, .., AS . Trén AS, ldy mot
di€m tuy ¥ M,. Goi D, la dién tich cia hinh chiéu cia AS, lén
mat phdng Oxy véi ddu + (hay ~) né&u vecto phap tuyén cua S
tai M, lam v8i Oz mét gdc nhon (hay tit). Gi6i han, néu cd,

n
cia téng ER(Mi).Di khi n - « sac cho max ¢, — 0, 4, la
i=1
duong kinh cia AS,, dugc goi 1A tich phan mat loai 2 cia ham
s R(M) trén mat S ki hiéu ff R(x, y, z}dxdy.

e Cdch tinh tich phAn mat loai 2

Gid s@ mat S duoe cho bdi z = z(x, y), (x, y) € D. Khi dd
f[ Rz, y,2)dxdy = [[R(x,y, z(x, y))dxdy
S D

né&u vects phip tuyén cia S lam vai Oz mét gée nhon,
f f R(z,y, z)dxdy = — J- f R(x, y, z(x, y) }dxdy
S D

néu vecto phap tuyén cua S lam véi Oz moét goc tu.
e Cong thdc Stokes
R 09Q oP R Q oP
jf( —5p) dydz + (o - dadx + (5—5) dxdy =

= [Pdx + Qdy + Rdz,
L
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L 1a bién cua mat S.
® Céng thdc Ostrogradsky

'r f J ( 3Q + _) dxdydz = f [ Pdydz + Qdzdx + Rdxdy,

S 1a blén caa V.

BAI TAP

1. Tinh céc tich phan duong :

1) f (x — y)ds, AB la doan thAng ndi hai 3iém A(0,0), B(4,3).
AB ‘

2) [ xyds L la bién ctia hinh chit nhat ABCD, A(0,0), B(4,0),
L .
C(4,2), D(0,2).
3) fV2yds L duge xac dinh bsi x = t, y = 5,z = 7
L

0 <t <.
X X

2. Tinh kh6i luong ciia dudng y = 3 (e +e a), 0<sx=<a

biét khéi lugng riéng P(x,y) = % (a > 0).

3. Xdc dinh trong tam cia ciac dudng déng ch4dt :
) x =a(t —-sint),y = a(l —cost), 0 €t <=z
2) x = acost, y = asint, z = bt, 0 < t < =,

4. Tinh cdc tich phan dudng :

1) [ (x - y)2dx + (x + y)Ady, ABC la dudng gdp khdc, A(0,0),
ABC

B(2,2), C(4,0).
2) fydx - (y + x)dy, L 1a cung parabén y = 2x - x? ndm -
L
3 trén truc Ox theo chidu kim déng hé.
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5. Tinh [ (xy — 1)dx + x%ydy, A(1,0), B(0,2) theo dudng :

AB
D2x+y =2
2) 4x +y* = 4

3) x2 + y; = 1 theo chiéu duong. )

6. Tinh cac tich phan duong :
_ ¥y x e .
1) fxy[ (x + 2) dx + (2 + y)dy], L 1a bién cia tam gidc
ABC, A(-1, 0), B(1, -2), C1, 2).
2) f2(x? + y?)dx + (4y + 3)xdy, ABC la dudng gip khuc,
ABC
A(Oy O)s B(lx 1)) C(o) 2)

3) §(xy+x +y)dx + (xy +x —~y)dy, L 13 dudng X2 +y* = ax (a >0),
L
4)§x (v+ )dy—y3(x+—i~)dx,Llédu6ngx2+y2=2x.

7. Tich phan duang | (1 —ﬁzcosz) dx + (smy +ycosy) dy -
x

cé phu thuéc dudng 14y tich phan khéng ? Tinh tich phén 4y
tit A(l, ) dé&n B(2, x) theo mét cung khdong cét Oy.

X
phu thuéc dudng 18y tich phan khéng ? Tinh tich phin Ky theo

+y? 3 3y? —x? .
8. Tich phan dubngfx "2( XV e 4 yzyxdy) cs

cung AB xac dinh béi x = t + cos’t, y = 1 + sin, 0 < t < %

9. Ching minh ring cdac bi€u thdec Pdx + Qdy sau day 1a vi
phan toan phdn cia mét ham s u(x, y) nao dé6. Tim u :
1) (x2 - 2xy? + 8)dx + (y? ~ 2x%y + 3)dy
2) (2x - 3xy? + 2y)dx + (2x - 3x%y + 2y)dy
3) [&7Y + cos(x - y))dx + [e¥Y - cos(x - y) + 2]dy
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4) eX[eY(x -y + 2) + yldx + eX[e¥(x - y) + 1]dy
xdx 1 —x%—y?

x2 +y2 %2 +y2

10. Tim m d€ bifu thdce

5)

ydy .

(x —y)dx + (x +y)dy
(XZ + yZ)m

12 vi phan toan phin cta moét ham sé u(x, y) nio dd. Tim u.
11. Tim a, b d&€ bidu thic
(ax® + 2xy +y2)dx — (x? + 2xy + by*)dy
(o +y?y’ °
12 vi phan toan phdn cla mét ham s6 u(x, y) ndo dé. Tim u.
12. Tim a, 8 d& tich phan dudng
J- y(1 —x +ay2)dx +x(1 —y* +Bx)dy

L (1 +x% +y%)?
khéng phu thudc dudng 14y tich phan. Tinh tich phan 4y tu di€ém
A(0, 0) dén diém B(a, b) dng véi cic gia tri a, § di tim duge.
xdx + ydy x* ¥y

L la duong elip — + = = 1.
a2 b?

13. Tinh ,
" %(x2+y2+1)2

14. Tinh tich phan mat [[ (x2 + y»)dS néu :
S
)Slamatnén z22 = x2+y3, 0 sz <1
2) S Ia mit chu x? + y? + 22 = a2,

15. Tinh céc tich phan mat :
1) ff (x + y + 2)dS, S la bién cia hinh lap phuong 0 < ¥ < 1,

2) ff(z+2x+—)dS S 1a phdn cia mat phing
)

+

Wi«

+ % = 1 nAm trong gdéc phin tam thi nhat ;

Wl

188



EEECETS
|Q‘* .

3) _”‘ (yz + 2x + xy)dS, S la phin cia mat nén z = dx2+y7
S

nim 'trong mat tru x2 + y2 - 2ax = 0.
1
16. Tinh khéi lugng cta mat z = E(xz +y), 0 <z s 1

néu khéi lugng riéng p(x, y, z) = z.

17. Xic dinh trong tam cia mat déng chdt z = 2 -

z = 0.
18. Tinh cic tich phan mat :
1) ff xyzdxdy, S 1A mat ngodi cia phdn hinh ciu zdc dinh
Q

bsi x2 +y*?+22=1x20,y 20

2) [[xdydz + dzdz + xz%dxdy, S 12 mat ngodi cia phén hinh
g .

cu x4c dinh bdi x2 +y? +22 =1, x 20,y 20,z = 0

3) ff zdzdy, S la mat ngoai cia x* + y* + z2 = R?
s

d
y, S la méat ngoai cla

d
4 J-J-dyxz +dzdx +dx
S

y . 4
2 2
LI S
al b2 2

5) [ x’dydz + y’dzdx + z%dxdy, S 12 mat ngoai cia
S

(x-a2+@Fy-b2+(z-c)=R2 R>0.
19. Tinh § (7 + 2%)dx + (22 + x%)dy + (x2 + y?)dz, L 1a giao
L
tuyér® cla c4c mat x? + y? + 22 = 2ay, x> + y* = 2by, z > 0,

a >b > 0, huéng di trén L la ngugc chiéu kim déng hdé néu
nhin tit phia z > 0. '
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20. Tinh cac tich phan mat :
1) ff xzdydz + yxdzdx + zydxdy, S 1a phia ngoai cia bién
s _

cia hinh chépx 2 0,y 20,2 2 0, x +y +z € 1
2) ff x’dydz + y’d2dx + z°dxdy, S 12 phia ngoai cia mat ciu
)
x? byt 422 = R?

3) f f x%dydz + y’dzdx + z’dxdy, S 1a phia ngoai cia bién cua
S
hinb 14p phuong 0 < x € a, 0 < y € a, 0 € z € a.

21. Ching minh cic céng thdc

—> -~ — —p b —p —> —D =
div(gF) = gradgF + gdivF dnv(G A F) rotG — G.rotF ;
r;'.t(gf‘s = gr_z;dg AF+ g.rotFA

22, Ching minh ring cac .trudng vects sau diy la nhing
trudng th€. Tim ham s6 th€ vi cta trudng :

‘X'_’

e
x +y"

)P y) = e[ —— - Inx +y)] T+
’ [x +y ]
2) ﬁx,y,z) =yz(2x +y t+ z)i +2x(2y +z + x)j_:l- xy(2z +x +y)?
HFx, y,2) =@ +2)i +(@x+2] +@&+yk
23. Tinh théng ludng cia céc tr\mng vecto sau :
1 F(x, y, z) = xy1 i+ vz j T+ 2xk qua phén cia mat céu
x> +y* +22=R% x>0,y >0, z > 0 huéng ra ngoai.

2) ﬁx, y, z) = i+ y3.|_’+ z3?qu§ mit cdu x2 + y2 + 2% =x
hudng ra ngoai.

3)F(x,y, 7y = xi_.+x|‘_.+zi;quamatz= 1 -2 +y%z30
huéng }&n trén.

= 1 1> 1 2 2

<

huéng ra ngoai.
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24. Dat r = \l 2 4 y + 22 Tlm ham sé f(r) kha vi sao cho
f(1) = 1 va div(f(r). OM) 0 tai moi di€ém M(x, y, z).

25. Cho vecto F(x, y, z) = xf(r)l + yf(r)_) + 22f(r)k trong dd

‘J 2 4+y2 Tim f dé tén tai mot vecto G sao cho

= rotG, biét rAng f(1) = 1. Tim mét biu thdc cia cdc thanh
phﬁn cia G biét ring thanh phan thd ba cia né bing khong.

l

26. Tinh Ivu s8 cia truong F= (y +z)i_'+ (z +x)j_:- (x +y)?
doc theo cung tron nhdé nhit cia dudng tron lon cia mat ciu
x2 + y2 + z2 = 25 néi cac di€ém M(3, 4, 0) va N(0, 0, 5).

27. Tinh [ 2xy’zdx + 2x%yzdy + (xy? — 2z)dz, L la dusng
L

1
X = cost, y = %sinf, z = Esint huéng theo chiéu tang cua t.

28. Pat OM = r »# 0. Tim ham s6 f(r) thoa man diéu kién
f(1) = 1 sao cho trudng vecto f(r).O_I:ri ¢d thong lugng bao toan.
Tinh théong lugng cia trudng vects &y qua méat cdu S tam O
ban kinh R hudng ra ngoai. Cé thé 4p dung céng thdc
Ostrogradsky d€ tinh duge khéng ?

DAP SO

5 1 3 3+2V3
1.1)5;2)24,3)5(3\1'5—1+§lnT).
2. 1.

4a 4a 2a bz
20 (3 3) (0T T)
32
4.1 -3 2) 4.
17 4
5.1)1;2)1—’5-;3)5
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(4

Prs &

6‘1)4;2)3;3)~—;4)*2—.

8

7. Khéng néu dudong tich phan khdng cit Oy ; 1 + a.
8. Khong néu dudng tich phan khéng cidt cdc truc toa dé ;

(1% + 16)?
167

- 4

1 1
9. 1)5:13—:(23;2 +3x +§y3 + 3y +C;2)x2+yz——§-xly2 +2xy +C;

3) &Y +sinx -y) +2y+Cid) Xy +ex-y+1)]+C;

y2

1 2
5) Eln(x +y2) Y + C.

10.

11.

12.

13.

14.

15.

16.

17.

18.

192

m=1 u= %ln(x2 + yz) + arctg% + C.

Xy
a=b=-1u-= +C
x2+y2
ab
a=8=11= ———.
g 1 +a® +b?

+y +1
0. Biéu thic dudi ddu tich phan la -1 M
2 (x2 +y? +1)?

1) a2 ; 2) -—Jta4

1) 9 ; 2) 4¥61 ; 3) —a 2.

15
2n(1 +6V3)
T I

(o, 0, m(zm - 15)13)).

2 1278

1 15 b ;)

2
15° Dt
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19.

20.

22.

23.

24.

25.

26.
27. 0 (vecto (2xy’z, 2x%yz, x°y? - 22) la gradlén cia x2y%z - 22

Al bl 8
4) — (a‘-bz + b2l + cral) 5) §HR3(a +b +¢).
—Zﬂabz‘
1 127R’ ‘
1) e 2) 5 ; 3) 3a’.

De’lnix +y)+C; 2)xyzlx +y +2) +C
3) xy + y2 + zx + C.

3aR* B be ea  ab
1)?,2)3,3)231 4)4ﬂ<—_-+—b—+?)'
1
 (dung cong thie thd nhat bai 21).
1 = yz X2
A G = 2 2J
r! (x2+y2) 2+
-12.

con L la duang tron giao tuy&n cia mit ciu x? + y2 + 22
vadi mat phing y = V3z).

28. f(r) =

r

duge vi trudng vecto khéng xic dinh tai gée O.

)

=1

1
— ; ® = 4n. Khong dp dung cong thic Ostrogradsky
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Chuong V
PHUONG TRINH VI PHAN

Nguai ta goi phuong trinh vi phan 1a phuong trinh cd dang
F(x' y’ y’) y”’ b 4 y(n)) = 0’

trong d6 x la bién s6 d6c 1ap, y = y(x) 12 ham sé phai tim, y’,
¥’ ... Y™ 1a cdc dao ham cda nd.

C4p cao nhdt cua dao ham cia y c¢6 mat trong phuong trinh
dugc goi 1a edp cia phuong trinh. Chang han, y’ + xy? - 2y = &
1A phuong trinh vi phan cdp mét ; y”’ + 4y = 0 la phuong trinh
vi phan cfp hai.

Phuong trinh vi phAn duge goi 1A tuyén tinh néu F 1a bac
nh&t d6i véi y, y’, .., y™. Dang t8ng quéit cta phuong trinh
vi phan tuy&n tinh c&p n la '

y(™ + al(x)y(“‘l) +.. +a_,(x)y +a (xy =b®x);

trong d6 a(x), .., a,(x), b(x) 12 nhing ham 88 cho trudc.

Ngusi ta goi nghiém ciua phuong trinh vi phan 1A moi ham
s8 théa man phuong trinh £y, tic 12 moi ham s8 sao cho khi
th€ nd vao phudng trinh ta dugc mét d6ng nhdt thdc. Ching
han, céc ham s6 y = C cos2x + C,sin2x, trong d6 C,, C, la céc

hing sé tiy y, ddu la nghiém cia phuong trinh y”’ + 4y = 0.

Cho C,, C, nhitng gia tri khéc nhau, ta duge nhitng nghigm
khdc nhau cia phuong trinh dy, vy phuong trinh 8y eco vé
88 nghiém.

Xét phuong trinh

bl

y’ = cosx.
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Béng cach 18y nguyén ham hai vé& ta duge

y = 8inx + C
trong dé C la hing s6 tuy y. N&u dat diéu kién y c6 gid tri
bing 2 khi x = % thi bing cach th& didu kien 4y vao y ta
duge 2 = 1+ C = C =1 Viay y = sinx + 1 12 nghiém cia
phuong trinh thdéa man diéu kién da cho.

Gidi m6t phuong trinh vi phan 12 tim tdt cAd cdc nghiém cia
nd. Vé mat hinh hoc méi nghiém ciia phuong trinh vi phén xac
dinh mat dudng goi 1A duong tich phdn cia phuang trinh. Gidi
mét phuong trinh vi phan 1a tim t4t c4d cdc dudng tich phan
cia nd, cidc dudng gy duge xdc dinh hodc bdi phuong trinh
y =f(x), hogc bsi phuong trinh &(x, y) = 0, hoac bdi phuong
trinh tham s6 x = =x(t), y = y(t).

Trong gido trinh nay, ta chi xét nhitng phuong trinh vi phan
cdp 1 va cép 2.

5.1. PHUONG TRINH VI PHAN CAP MOT

5.1.1. Dai cuong vé phuong trinh vi phan cip mét
e Dang t8ng qudt clia phuong trinh vi phan cfp mét la
(5.1) Fix,y,y) =0.

Né&u giadi duge phuong trinh 4y d6i véi y’, phuong trinh sé
cd dang

(5.2) y = f(z, y).

Vi du : y + xy = xsinx, yy’ + x> + y? = 0 la nhing phuong
trinh vi ph&n c4p mdt, ma phuong trinh dfu la tuyé&n tinh.

® Djnh li 5.1 (su tdn tai va duy nhdt nghiém). Cho phuong
trinh vi phan cdp mét

(5.2) y' = f(x, y).
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Gia sz f(x, y) lién tuc trong mot mién D nao dé cua mat
phang Oxy va gid su (x_, y) la mét diém nao dé cia D. Khi
dé trong mét lan can nao dé cia diém x = x_, tén tqi it nhdt
me¢t nghiém y = y(x) cia phuong trinh (5.2), lay gid tri y_ khi

x=:c0‘

Néu ngoat ra g (%, y) cing lién tuc trong mi2n D thi nghiém
dy la duy rhat.
Ta thita nhan dinh li nay.
Diéu kitn y = y(x) ldy gia tri y  khi x = x_ duge goi la
didu kién ban ddu vi thudng dugc vist la
Vlxex, = Yo

Bai todn tim nghiém cua phuong trinh (5.2) théda méan diéu
kién ban ddu d6 dugc goi 13 bai todn Cauchy cia phuong
trinh (5.2).

Vé mat hinh hoc, dinh Ii trén khing dinh ring véi cic diéu
kién dd néu, trong mét lan can ndo dd cda di€m (x; y,) tén
tai mot dudng tich phan duy nh4t cta phuong trinh (5.2) di
qua diém £&y.

e Ngudi ta goi nghiém t6ng quét cia phuong trinh vi phin
cAp mét y' = f(x, y) 1a ham sd

y = o(x, ),
trong dé C 1a mét hing sé tuy ¢, thoa mian cdc diéu kién sau :

1) N6 thda mian phuong trinh vi phin véi moi gid tri cta C ;

2) Véi moi (x,, y,) 8 d6 cac diéu kién cia dinh i trén duoge
théa man, cé thé tim duge mét gia tri C = C, sao cho ham
s6y = px, CO) théa man diéu kién ban diu

Y|x=xo = y°'

Vé mit hinh hoc, nghiém tdng quat cia phuong trinh (5.2)
dugc bi€u dién bdi mot ho dusng tich phan y = ¢(x, C) phu
thudc mét tham sé.
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Do6i khi ta khong tim duge nghiém téng quat ctha phuong
trinh (5.2) dudi dang tusng minh y = ¢(x, C), ma tlm duge
mot hé thde co dang

&, y, C) = 0,
né xac dinh nghiém téng quat dudi dang 4n. Hé thdc &y duge
goi la tich phan téng quat cha phuong trinh (5.2).

Ngudi ta goi nghiém riéng cia phuong trinh (5.2) la moi
ham s6 y = p(x, C ) ma ta dugc bing cach cho C trong nghiém
tdng quat mot gid tri xdc dinh C_ . Hé thdic &(x, y, C) = 0
ma ta duge bing cdch cho C trong tich phin t8ng quit 18y gia
tri C_ duoc goi 1a tich phén riéng.

Phuong trinh (5.2) c¢d thé cé mét s6 nghiém khéng nim
trong ho nghiém téng quat, nhiing nghiém 4y duge goi 1a nghiém
ki di. Tai cic diém trén dudng tich phan tuong dng, diéu kién
duy nhat nghiém bi vi pham.

5.1.2. Phuong trinh khuyét
e Phuong trinh khuyét y : F(x, y') = 0
Ba truong hop thuédng gap 1a :

- Phuong trinh giai ra dudc d6i véi y’ cd dang y° = f(x).

Chi viéc 14y tich phan hai v€&, ta dugc
y = [fx)dx = F(x) + C,
trong d6 F(x) 12 mét nguyén ham cia f(x).

— Phuong trinh gidi ra duge déi v4i x ¢d dang x = f(y’).
Dat y’ = t, ta ¢ x = f(t), dx = f(t)dt, dy = tdx = tf’(t)dt,
do d6 y = JtP(thdt = tf(t) - [f(t)dt = tf(t) - F(t) + C, trong
dé F(t) 12 mét nguyén ham cia f(t). Ta duge phuong trinh tham
s8 cia dudng tich phan : .

x = f(t), y = tf(t) - F(t) + C
Vi du : Giai phuong trinh x = y'2 +y + 1.
Dat y’ = t, .suy ra x = t2 +t + 1, dx = (2t + D)dt,
2 1
dy = ydx = t(2t + )dt = (2t> + t)dt, y = §c3 +3 2 + C.
Phuong trinh tham 88 cia dudng tich phan la
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2 1
x=t2+t+1,y=§t3 +§t2+C.

- Phuong trinh ¢6 thé tham s8 hda : f(t), y' = g(t). Ta
co dy = y'dx = gt)€(t)dt, do dd y _[g(t)t‘(t)dt = h(t) + C,
trong 46 h(t) 12 mét nguyén ham céa g(t)f’(t). Ta dugc phuong
trinh tham sf cia dudng tich phan.

e Phuong trinh khuyét x : F(y, y’) =
Ba truong hop thudng gap la :
dy

RN
Ldy tich ph&n hai v& ta duge x = F(y) + C, F(y) 1a mét nguyén

him cba —

d
- Phuong trinh dang y' = f(y) = == = f(y) =

f(y)
- Phuong trinh dang y = f(y’). Dat y’ = t, suy ra y = f(t),
dy = f(t)dt. Mat khdc dy = tdx, vay dx = @dt,
f'(t
X = _r i)dt = F(t) + C, F(t) la mét nguyén ham cia —(—) ta

duge phuong trinh tham s6 cda dudng tich phan.
- Phuong trinh tham s6 héa cia F(y, y') = 0 dudi dang

y = f(t), y’ = g(t). Ta ¢d dy = £ (t)dt = g(t)dx, suy ra dx = —(—)dt

B(t)
r(t)
= dt = G@t) + C.
J‘8(1?)
Ay
Vi dy : Giai phuong trinh
v +yl=1
Tham s6 hda né bing cach 0
dat y = sint, y' = cost. Nha M/ 7/ —:
d M’
| rAng ¥y’ = E‘Y, ta duge dy = '
costdt = costdx. Co 2 trudng
hgp :
Hinh 5.1
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Néu cost # 0 thi dt = dx, t = x + C, y = sin(x + C), d6
la nghiém téng quéit.
Né&u cost = 0 ta cd t = (2k + 1)%, vay y = * 1. Hai

nghiém nay kh6ng ndm trong ho nghiém téng quit, dé 1a hai
nghiém ki di. Duang tich phan tuong dng la hinh bao ctia ho
duting tich phan t8ng quat (hinh 5.1).

5.1.3. Phuong trinh véi bién s6 phan ki
D6 1A phuong trinh c6 dang
(5.3) f(x)dx = gly)dy
L4y tich phan hai v&, ta duge
Jf(x)dx = _[g(y)dy
hay
F@x) = G(y) +C,

trong dé F(x) 1A mot nguyén ham cdia f(x), G(y) 12 mét nguyén
ham cba g(y).. ’

Vi du : Giai phuong trinh (1 + x)ydx + (1 - y)xdy = 0.
Né&u x = 0, y »# 0, c6 thé vist phuong trinh thanh

(f+1)ax=(1-7)e
Ldy tich phaAn hai vé& ta dudc
" Iln|z) +x=y-Inly] +C
hay
Injxyl +x -y =C

D6 1a tich phan t8ng quét cia phuang trinh. D& thAy ring
x = 0, y = 0 cing théa m#n phuong trinh, ching bi€u dién
hai duong tich phan ki di.

Chu thich. Nhing phuong trinh khuyét dang y' = f(x) va

y' = f(y) cing 12 nhing phuong trinh v6i bi€n sd phan li.
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5.14. Phuong trinh thuan nhat

Do la phuong trinh vi phian c¢é dang
= p (Y
(5.4) y =f£(%)

R& rang phuong trinh &y khéng d8i khi ta thay (x, y) bdi
(kx, ky) vai k 12 hing s8, tidc 1a né bat bi&n qua phép vi tu
tam O vdi ti s8 vi tu bat ki.

Dit y = ux, trong d6 u la mét hidm s§ cua x, suy ra

y =u+zxu = f(u) h:a.yx%;1 = f(u) - u.

Do do, néu f(u) —u = O
d_x _ du
x  f(u)~u

dd 12 mot phudng trinh véi bién s6 phan li.

Béng cich tich phan hai vé&, ta duge

du
In|x| = jf(u)_u = ®(u) + In|C|,
o1
trong dé @®(u) 1A mot nguyén ham cha m Do do
x = Ce®®, vay nghiém t8ng quit cia phudng trinh (5.4) la

x = Ce®0M)

Cing ¢6 thé vi€t phuong trinh tham s ctia dudng tich

phan t8ng quat 1a x = Ce®®, y = Cue®@, d6 1a mst ho dudng
vi tu.

Néu f(u) = u thi phuong trinh (5.4) c6 dang

» _ Y
y X’

nghiém t6ng qudt ctia nd la y = Cx.

Con néu f(u) = u tai u = u, thi co thé thi dé dang ring
ham s y = u_x ciing la nghiém ctia phuong trinh.
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Vi du 1 : Giai phuong trinh y’ = Y, ala hang so.

Do 1a phuong trinh thuidn nhit vi vé phai c6 thé duge viét

1+a(i->
la —  Pat y = ux, suy ra
oo (¥
(%)
+ 513_1+auh dx a-u
4TXY a-u Yy T 1tz

LAy tich phin hai v& ta dugc
In|x| = a.arctgu - %ln(l + u?) + In{ C|

hay

xV1 + u? = Cenrarctgu
do d6

e Cea.an?tg(%)l
-Né&u déi sang toa d6 cuc, dudng tich phan t8ng quit cd dang
r = Ce®, dd la ho cac dudng xoin 6c lagarit.
Vi du 2 : Giai phuong trinh x%y’2 - (x2 + y») = 0.
Do 1a phuang trinh thufin nhat vi c¢6 th& viét né dudi dang
y2- (3)* =1 '

Cé thé tham s6 hoa phuong trinh 4y bing cach dat

y' = cht, % = sht.

Suy ra dy= chtdx. Mat khac y = xsht, vay dy = shtdx +
xchtdt. De dg i
(cht - sht)dx = xchtdt.
Nhung cht - sht = ¢! # 0 Vt. Vay
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dx
— = e'chtdt = dt.
» X 2
Ldy tich phan hai v& ta dugc
20 4+ 9¢
In|x| = e + 1n| C|
) 4

o2t

Pat g(t) = — . ta duogc

x = Cef), y = Cshteg(‘),

ds 1a phuong trinh tham 6 cua ho dudng tich phan tng quit,
mot ho dudng vi tu.

Cht thich. Phudng trinh dang
P(x, y)dx + Q(x, y)dy = 0, .
trong dé P(x, y) va Q(x, y) la hai bam s8 thuin nh&t cung bac,

cing la phuong tninh thudn nhdt, vi ti =68 —Z— ¢d th& bi&u dién

dudi dang f (%) ChAng han, cdc phuang trinh
(2xy - 5y2)dx + (3y? - xy)dy = 0
y(x2 - 2y%)dx - (x3 + 4x%y)dy = 0

la nhing phudng trinh vi phan cp maot thudn nh4t.

5.1.S. Phuong trinh tuyén tinh
Dd la phuong trinh ¢ dang
(5.5) y +pxy = q(x),

trong 46 p(x), q(x) la nhitng ham s8 lién tpc. Phuong trinh
tuyén tinh dugc goi 1a thudn nhdt néu q(x) = 0, 1A khdng thuldn
nhdt néu q(x) # 0.

D& giAi phuong trinh (5.5), trudc hé&t ta gidi phuong trinh
thudn nhat tuong dng

(5.6) y +p@y = 0.
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Néu y # 0, c6 thé viét nd thanh
dy
— = -p(x)dx,
y p

d6 1a mat phuong trinh v8i bi&n s8 phan li. Suy ra
In|y|] = - _[p(x)d.x + In| C{,
C la hang s6 tuy y, do d¢6
(5.7) y = Ce™ /px)dx

d6 14 nghiém t8ng quat cda phuong trinh (5.6). Chu ¥ ring
y =0 cing lx mét nghiém cda (5.6) va 1a mét nghiém riéng
dng véi C = 0.

Bay giad xem C 12 mét ham 86, ta tim C d€ cho (5.7 thda
mén phuong trinh khéng thufin nhit (5.5). Ldy dao ham hai v&
cua (5.7), r6i th& vao (5.5), ta ducc

e~ IPC (x) — Clx)p(x)e™ P + p(x)Cx)e™ [MOX = qg(x)
hay
fp(dx

C
iz - q(x)e

Do dd
C = [qx)e/P®xix + K
trong dé K 1a mét hidng s§ tay y. Vay
(5.8) y = Ke- Ip0odx 4 e—fp(x)dx,fq(x)efp(x)cbux

12 nghiém t6ng'qudt cia phuong trinh (5.5).

Phuong phép gidi trén goi 1a phuong phap bién thién héng s6.

Ta nhan xét rang s8 hang thd hai trong v&€ phai ctia (5.8) la
mo6t nghiém riéng cia phuong trinh (5.5) dng v6i K = 0, con s
hang thd nhat la nghiém t8ng quidt cia phuong trinh (5.6). Co
thé€ ching minh mét cach t8ng quat ring : nghidm tdng quat ciia
phuong trinh tuyén tinh khong thudn nhat bing nghiém tong quat
cua phuong trinh thuan nhit tuong dng cong v8i modt nghiém
riéng nio dé ctta phuong trinh khéng thufn nhA4t.
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Vi du I : Tim nghiém ciia phuong trinh
2+ Dy +xy =1
thoa man didu kién y|,_, = 2

Phuong trinh thuin nhdt tuong dng la

dy x
(x*+ 1)y +xy=0hay — = ———~
y Y yy x2+1

Lay tich phin hai vé, ta duge

1
Infyl = -5l + 1) + n|C],
_ C
R
dd 12 nghiém tdng quat cia phuong trinh thuin nh4t. Bay gia

xem C la ham s8 ciha x, th€ vao phuong trinh khéng thuén
nhit, ta cd

1
VxZ+1C=1= C' = N areaing C = ln(x+\'x2+1)+K,

x“+1

K ]a hing s6 tuy y. Vay nghiém tdng quat cia phuong trinh
khong thuin nhat la

_Inx + VA1) +K .
Y= 'r
Tu diéu kién ban ddu y |, _, = 2, ta dugec K = 2. Vay nghiém

phai tim la
B ln(x+\jx2+1)+2

- \lxz+1

Vi du 2 : Giai phuong trinh (x* + 1)y’ + xy = -x.

Dé dang nhian thiy riang y = -1 la mét nghiém riéng cua
phuong trinh da cho, vi néu y = -1 thi y = 0. Vay chl cén
tim nghiém t8ng quat cia phuong trinh thuin nb4t tuong dng,

C
do la y = —\{—2,_‘_=1 (xem vi du 1). Vay nghiém t6ng quat cua
X
phuong trinh da cho la
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C
v = VxZ +1
Vi du 3 : Gidi phuong trinh e¥dx + (xe¢¥ - I)dy = 0

Né&u xem y la ham &8 phii tim cia bién sd x va viét phuong
trinh duéi dang

(xey - 1)y’ +e¥ =0

thi phuong trinh &y kh6ng thudc nhitng dang di xét. Néu xem
x 12 ham s6 phai tim cia y, ta dugc phudang trinh

- 1.

1
X +x =—,
ey
dx
trong dé x’ = iy D6 12 mot phuong trinh tuyén tinh cdp moét

d6i v6i ham =6 x(y).
Giai phuong trinh thudn nhit tuong dng ta duge

dx dx
' x = 0 hay — = —dy.dodd x = Ce?
dy ’ y X Ys ’

Cho hang s8 C bi&n thién d& tim nghiém t8ng quat cia phuong
trinh khéng thudn nhidt, ta dudc

CeVY=eV,dods C' =1, vayC =y + K
Suy ra nghiém t8ng quat la

x =(y + KeV = Ke™¥ + ye™.

5.1.6. Phuong trinh Bernoulli

D6 1a phuong trinh ed dang

(5.9) Y+ p)y = qx)y*,
trong do p(x), q(x) 12 nhing ham s8 lién tuc, o 12 mdt sé thue.
Phuong trinh 4y trd thianh phuong trinh tuyén tinh khi o = 0

hay ¢ = 1. Vi vay, ta gia thiét ¢ # O via = 1. Vaiy # 0,
chia hai v€&€ cua (5.9) cho y* ta dugc

Yy + pEy T = qx).

205



Dat z = y' 7% ta ¢d z’ = (1 —a)y %', phuong trinh trén
trd thanh

2’ + (1 - 2)p(x)z = (1 - a)q(x)
dé la mét phuong trinh vi phan tuy&én tinh cdp 1 d6i vdi z.

Vi : Giai phuong trinh y' + ily +(x + D} =

Né&u y = 0, chia hai v& cia phuong trinh cho y?, ta duoc
vy + +1y1+(x+1)3=0.

Dat y! = z, ta ¢c6 —y %’ = 2’, phuong trinh trd thanh

2
y = 3
2z T+1Z° (x + 1)3 )
d6 1a mét phuong trinh tuyén tinh. Phuong trinh thudn nh4t
tuong dng la

dz 2z dz 2dx
- 0hay7 =X+l

dx x+1

Do do
In|z| = 2In|x + 1] +In|C| hay z = C(x + 1)2,

Cho hang s6 C bié&n, thién, th€ vao phuong trinh khong thudn
nhdt ta duge

2
C’=x+1=0=% 7 Klahﬁngsétuyy
T 46 ta c6
x + 1) + K(x + 1)2 2

x +1)* +K(x +1)

Con y = 0 cing 1A mft nghiém cia phuong trinh, dé la
nghiém ki di.

5.1.7. Phuong trinh vi phin toan phan
DS 1a phuong trinh vi phin ¢6 dang
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(5.10) P(x, y)dx + Q(x, y)dy = 0,

trong dd P(x, y), Q(x, y) 12 nhilng ham s6 lién tuc cung véi
cdec dao ham riéng cdp mét cia ching trong mdt mién don lién
D théa man diéu kién
\ P aQ
(6.11) ay - =
Khi dé Pdx-+ Qdy la vi phan toan phén ciia mét ham s8 u(x, y)
nao dé. Néu D = RZ ham s6 u(x, y) duge cho bdi céng thic

x y
(5.12) ux, y) = [ Px,y)dx + [ Q(x, y)dy + K

X, Y,
hay
y X
(5.13) ux y) = [ Qx, y)dy + [ P(x, y)dx + K
Yo Xa

trong dd x_, y, 12 hai s6 ndo dd, K la h_éng- s6 tuy y (xem céng
thic (4.12) va (4.12’). Vay phuong trinh (5.10) cé thé& viét 1a

du(x, y) = 0.
Tich phan t6ng quat cia nd la
' ux, y) = C,

trong d6 u dugc tinh theo cdc cOng thde (5.12) hay (5. 13) Cla
hing s6 tuy y.

Vi du :@ Giai phuong trinh
(1 +x +y)e* + &]dx + [e* + xe¥ldy.
Ta cd P(x, y) = (1 +x + y)e + &, Qx, y) = & + xe'

ap Q.
=St =5

Vay Pdx + Qdy 12 vi phan toAn phdn cta ham s8 u(x, y).
Tioh u theo c6ng thic (5.12) véi x, = y = 0, ta dugc
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X y
ux y) = [ [(1 +x)e + 1]dx + | (¢ + xe¥)dy + K =

[¢] o
=xeftx+efy +xe¥-x+K=(x+ye +xe¥+ K
Tich phan t6ng quat cia phuoang trinh la
(x+ye+xe¥y =C
Chii thich. Gia st phuang trinh
(5.14) P(x, y)dx + Q(x, y)dy = 0
khong phai la phuong trinh vi phan toan phin. Né&u ta tim
dude moét ham sé a(x, y) sao cho

(5.15) alx, y)[P(x, y)dx + Q(x, y)dy] = 0

trd thanh phuong trinh vi phan toan phdn, tdc }a sao cho
i 0
(5.16) 3y (eP) = - (aQ)

thi a(x, y) duge goi 1a thica s6 tich phén cia phuong trinh (5.14).
Nghiém téng quat cda phuong trinh (5.15) trung v6i nghiém
tdng quat cua phuong trinh (5.14).

Vi du : Giai phuong trinh
(éxy2 - 8y3)dx + (7 - 3xy?)dy = 0
bing céch tim mét thia s§ tich phan a chi phu thusc y.
Diéu kién (5.16) cho ta
2’ (y)(2xy? - 8y3) + a(y)(4xy - 9y?) = -3yZa(y)
hay '
2ya(y)(2x - 3y) + y2a'(y)2x - 8y) = 0.
Véi diéu kién y = 0, 2x - 3y = 0, ta dugce
20 + y%;i =0=>a = %
Chon C = 1, ta dl.lqc phuong trinh vi phan toan phén
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(2x — 3y)dx+<-f; - 3x>dy = 0.

~

Dung céng thuc (5.12) véi x, = 0, y = 1, ta duge

O

X v
ux, y) = [ (2x - 3)ydx + (}—)72— —3x)dy =
0 I

2 ! 3xy + 7
= x- - — — 3x .
. y y
Vay nghiém tdng quat cia phuong trinh la
7
2 —
x¢ — — — 3xy = C,
y y
C la hing s6 tuy y. Dé kiém tra rdng y = 0 ciung la mot
2
nghiém cua phuong trinh, nhung y = ;x khéng ]la nghiém cua

3
phucng trinh.

5.1.8. Phuong trinh Clairaut
DS la phuong trinh c¢6 dang
(5.17 y = xy + f(y),

trong d6 f 14 mot ham sad kha vi.
Daty’ = t, ta ¢cd y = xt + f(t).. L&y dao ham hai v& d6i véi x,
ta dugce

R TN L
y = X& ()dx—
hay
dt ;
x + F(t)]a—; =0.
Suy ra :

dt
* " 0 = t la hang s3, ta duge ho dusng thing D, phu -

thudc tham s8 t c6 phuong trinh y = tx + {(t).
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o x = —f(t), y = -tf'(t) + {(t), d6 1a phuong trinh tham s6
cia dudng tich phan ki di E.

D& dang thdy rdng duidng E ti€p xidc véi moi dudng tich
phan D_. Th4t viy, phudng trinh duang tiép tuyén cia E tai
M(t) la

d .
Y -yt = o X - x(t)
hay '
' Y +tf(t) — f(t) = t(X + £(t)) hay Y = tX + f(t), .

d6 chinh 13 phuong-trinh cta D, Nhu vay E chinh 13 hinh bao
cia ho dudng thing D,.

Vi duy : Xét phuané trinh

) 1 1)
y =3y - 7y%

Do 14 phuong trinh Clairaut, nghiém t8ng quit cia nd la
y = Cx — %02, nd bi€u dién mét ho dudng thdng phu thuéc

mét tham sé. Cic dudng thdng khdng cé diém ki di, vAy né&u
khit C giita cdc phuong trinh

1
Cx - ZC2

1
X_EC

y

0

i

ta dugc phuong trinh ctia hinh bao cia ho dudng tich phan téng
quat 1a y = x2. Vay nghiém ki dj cia phudng trinh la y = x2.

5.1.9. Phuang trinh Lagrange

D6 1a phuong trinh cd dang

(5.18) y = xg(y') + £5'),
trong dé f va g 13 hai ham s8 kha vi.

Dat y’ = t, ta cd y = xg(t) -I: f(t). L&y dao ham hai v& déi
v6i x, ta duge
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dt
y = gt) + xg(t)d— + f’(t)Cl =t

Suy ra
dx
[gt) - g + £Wx + () =

DJ 1a mét phuong trinh tuyén tinh d6i véi x(t). N&u nghiém
téng quat cia no la x = Cp(t) + y(t), trong d6 C 1 hing =6
thy y thi y = [Cp(t) + y(t)lg(t) + f(t). Ta duge phuong trinh
tham 86 cia cdc dudng tich phan.

Vi du : Xét phuong trinh
y = xy’2 + y'z.
"Paty =t, tacdy = xt? + t2. Liy dao ham hai v& d8i véi
x, ta dugc
tz—t+2t(x+l)g—t-=0.
dx

Né&u t2 - t # O, tit phuong trinh trén suy ra
dx 2x 2

PSSl
Do 12 phuong trinh tuyén tinh d6i v6i x, nghiém t8ng quat

cia ndé la x = c 3 -1, C la hing 6 tuy ¥, do dd
(t—-1)
Ct? . . X :
y = © 1)2. Khu C gita hai phuong trinh d6 ta duge ‘nghiém

tdng quat cia phuong trinh da cho lay = (Vx + 1 + Cl)z, vai
C1 = yC.
Néu t2 - t = O, thi hodc t = 0, do d6 y = 0, hodic ¢

doddy =x+ 1.y = 0la nghitm ki di, con y = 2 + 1
nghiém riéng cda phuong trinh da cho.

1,
l1a

5.1.10. Quy dao tryc giao

Trong mit phdng Oxy cho mét ho duang (€) phu thuéc mot
tham s6 C ¢6 phuong trinh la

211



(5.19) F(x,y, C) = 0.
Nhirng duong cit tdt cA cdc dudng cia ho (€) dusi mot goc

a = % dugc goi la nhitng quy dao truc giao cia ho (€) (hinh 5.2).
Muén tim phuong trinh ciua cée
quy dao truc giao cia ho (&), truse bY

hét ta lap phuong trinh vi phan cia
ho & bang cdch khd C tit hai phuong

a
trinh oY)
Fx,y,C) =0
d F(x C)y=20 5 L
E 3 y) had . . / ~7
Ta s& dugc mét phuong trinh lién ﬁ/—
hé x, y va y’ Hinh 5.2
(5.20) I(x, y,y) = 0.

Dao ham y’ bi€u thi hé. s géc cha dudng ti€p tuyén vai
dudng cia ho (B) tai diém M(x, y). Vi quy dao truc giao cda

() di qua M cAt cic dudng cha (B) dusi géc a = %, nén hé

. 1
s6 géc cla ti€p tuyén cia né tai M la y, = - ?, do dd
1
y' = — —. Vay phuong trinh vi phan cia ho céc quy dao truc
¥ )

giao cua (8) chinh 13 phuong trinh (5.20), trong d6 ta da thay
1

> b3 -

y y.

1
. - =) =0.
. (5.21) f(x v~ )
Nghiém t8ng qudt cta (5.21) cho ta ho cic qui dao true giao.
Vi dyu 1 : Tim cédc qui dao tryc giao clia- ho dudng thing
y = Cx di qua g8c toa d6.

Khit C gita hai phuong trinh y = Cx, y’ = C, ta dugc phuong

trinh vi phén cta ho dudng thdng 1a y’ = f—‘. Do dd phuong
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trinh vi phan cta cdc quy dao truc giao cia ho dudng thang
lay = — 3, dé la mo6t phuong trinh véi bién s6 phan li. Tich

phan tdng quat cia nd la
x? + y* = K2, K ]1a hang s6 tuy y.
Vay cac quy dao truc giao phai tim la nhing dudng tron
déng tam va cd tAm & gbc toa do (hinh 5.3).

Y m

Hinh 5.3 Hinh 5.4

Vi du 2 : Tim cac quy dao tryc giao cia ho parabén y = Cx?.

Khit C giita hai phuong trinh y = Cx? y' = 2Cx, ta dugc
phuong trinh vi phan cia ho parabén la

Do do phuong trinh vi phan ctia ho cdc quy dao truc giao la

1 2 xdx °
—F:;hayydy— -
Tich phan téng qudt cua nd la
S :
—_— + - = -
4 2 .
Viy cdc quy dao truc giao phdi tim 1a nhiing dudng elip cd ban

truc 1a a = 2K, b = KV2 (hinh 5.4).
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Chii thich. Dudng cét moi dudng cia ho (©) dubi géc «
khéng dfi dugc goi 12 quy dao ddng nghiéng cia ho £Ly. Ban
doc hay chidng minh rdng phuong trinh vi phan cia cdc  -quy
dao déng nghiéng cta ho (£) la phuong trinh vi phan cia (£)

. Y —tga
trong d6 y’ dugc thay bing 1 +tgay’
y' —tgz \ _

(5.22) f(xa Y, 1+tga'y’) = 0.

Dung cbng thic do, ban doc hay tim cic quy dac dong nghiéng
cia ho dudng thdng y = Cx véi géc a = z

Z>
5.2. PHUONG TRINH VI PHAN CAP HAI

5.2.1. Dai cuong vé phuong trinh vi phan cip hai
o Phuong trinh vi phan cfp hai 14 phuong trinh c6 dang

(5.23) Fx,y,y,y") = 0.
Né&u gidi duge phuong trinh 4y d6i v6i y”, né ¢ dang
(5.24) y' =z 9.

Vi du : yy”° - y'? + yy’ + x2y? = 0, y”—2%=xc6m 1a
x

nhitng phuong trinh vi phdn c4p hai ; phuong trinh sau la

tuyén tinh.
e Dinh li 5.2 (sy tdn tqi va duy nhdt nghiém). Cho phiong trinh
(5.24) y’ =fx,y,¥).

of of .
Néu f(x, y, y), g(x, y, y) va B_y’(x’ y, ¥) lién tuc trong moét

midn D nao dé trong R3 va néu (X, Yo y’o) la mét diém thgo.c D

thi trong met lan can ndo d6 cia diém'x = x, £3n tgi mot nghiém
duy nhét y = y(x) cia phuong trinh (5.24) théa mdn céc didu kién
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&

(5.25) y =y,,Y =y,

X-_—Xo i X=X°
Ta thita nhan dinh i nay.

Bai todn tim nghiém cua phuong trinh (5.24) thda man cdc didu
kién (5.25) duge goi 1a bai toin Cauchy cua phuong trinh (5.24).

Vé mat hinh hoe, dinh i khang dinh ring néu (x, y_, y) €D
thi trong moét lan c4n ndo dé cya di€m (x,, y,) c6 mdt dudng
tich phan duy nh4t ctia phuong trinh.(5.24) di qua di€m £y, he
s6 géc cua ti€p tuyén clia nd tai di€m 4y bing y'O.

e Ngudi ta goi nghiém tdng quit cda phﬁang trinh (5.24)

la ham s6 y = p(x, C,, C,), trong dé C,, C, la nhitng hing sé
tuy ¥ théa man cdc diéu kién sau ;: °

1) NG théa man phuong trinh (5.24) véi moi gia tri cla C, C

2) Véi moi (x_, y_, y) & d6 cdc diéu kién cta dinh If tén tai
va duy nh&t nghiém duge théa man, cé thé tim duge cic gid
tri xdc dinh C, =C}, C,=Cg sao cho ham s§ y = p(x, C{, C)
théa man '

y |x=x° = yo’ y - yob

X=X
o

Hé thdic ®(x, y, C,, C,) = 0 x4c dinh nghiém tdng quat cia
phuong trinh (5.24) dué6i dang 4n dugc goi la tich phan téng
quit cia nd. N6 bi€u di€n mét ho dudng tich phan phu thuée
hai tham sd.

Ngusi ta goi nghiém riéng cua phuong trinh (5.24) 12 mét ham
86y = p(x, CJ, C9) ma ta duge bang cdch cho C, C, trong nghiém'

téng quat cdc gia tri xdc dinh C$, C3. Hé thic (b(x y, C}, CH) =0
duge goi 1a tich phan riéng.

5.1.2. Phuong trinh khuyét
e Phuong trinh khuyét y, y’ : F(x, y') = 0.
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bat y* = p, ta duge F(x, p’) = 0, d6 12 mot phuong trinh
cdp méot d6i v4i p. Néu nghiém tdng quit ctia phuong trinh Ay
la p = f(x, C)), thi y = g(x, C)) + C,, trong d6 g(x, C,) la mdt
nguyén ham nao dd cua f(x, C)).

Vi du : Giai phuong trinh x = y"*2 + y” + 1,

bit p = y’, ta dugc x = p?2 + p' + 1. Phuong trinh tham
g6 cta dudng tich phan t8ng quit cia nd la

2 1
— 42 _ 243 42
x =t +t+1,p—3t+2t +C1

(xem vi du muc 5.1.2). Do dé

y=fpdx={ (%9 +%t2 + c,) @2t + 1)dt =

J (%t‘* +§t3 + —;—tz +2Ct + C;) dt.

Phuang trinh tham s6 cta tich phan t8ng qusdt cua phuodng
trinh da cho la

4 5 1
= t2 = — 54 4443 2
X =tiHtrly=sTEt ottt ettt +Cpt +C,t+C,.
e Phuong trinh khuyét y : Fix, y', y’) = 0.

Dat p = y’, ta duge F(x, p, p’) = 0, d6 1a mdt phuong trinh
cdp mot ddi vaéi p. ’

Vi dy : Tim mét nghiém riéng cda phudng trinh
(1 - XZ)yn _ Xy) = 2 ’
théa man cdc diéu kién y =0y = 0.

x=0 x=0
Pit y' = p, ta c6 y’ = p’, vay ta cd
(1-x%)p -xp =2

D46 1A mot phuong trinh c4p mét, tuyén tinh déi v6i p. Phuong
trinh thuidn nh4t tuong dng la
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dp dp xdx
— %%y — — = — =
1 - x9 3 xp = 0 hay P [
Suy ra
In| p| I lln 1 2y + In|K| h
= - - — X = .
Pl="3 ( ) y P = m——

Cho bi&n thién hing s6 K, th& vao phuong trinh khong thuin
nhdt, ta duge

K = ﬁ: K = 2arcsinx + C,,
C, 12 hang s6 tuy y. Do dd
2arcsinx + C,
P T
Vay
2arcsimx +C,
y = T._Zx—dx = (arcsinx)? + C,arcsinx + C,.

DG la nghiém t8ng quit cia phuang trinh da cho. Diéu kién
y = 0 cho ta C, =0, diéu kién y’ | = 0 cho ta C, = 0.

x=0 x=0

Viy nghiém riéng phai tim 1a y = (arcsinx)2.

e Phuong trinh khuyét x : F(y, y', y’') = 0.

v . . _ 9p _ dp dy dp .
Daty' = p, tacoy = i = dy‘dx-p.dy,dodotaxem .
d
F(y, P pa§> = 0. DS cling 12 mdt phuong trinh cdp mét dé6i
véi p. .

Vi du 1 : Giai phuong trinh 2yy” = y'%2 + 1.
: d
Dat y’ = p, y" = pd—§‘,> ta duge phuong trinh

d 4 2
2ypd—§=p2+1hay?y=%.
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D6 1a’ phuong trinh cfp mot d6i véi p, cé bi€n s8 phan ly.
L4y tich phan hai vé& ta dudc

. In|y| = In(1 +p? +In|C,| hayy = C,(1 +p?).
Tu d6, ta cé

dx
= 2C, q

Vay nghiém t8ng quit cua phuong trinh la

(x +2C,C,)?
- X 2 = =Y
y_cl[(zcl+cz) +1]_cl+ ic, :
Dat 2C,C, = -a, 2C, = p, nghiém t6ng quéit cia phuong
trinh la

2p< —g) = (x - a)?

né bi€u dién mét ho dudng parabén phu thuéc hai tham s6 ¢
dudng chugn la truc x.

Vi du 2 : Bai todn vé vén téc vii tru cip hai : xdc dinh vén
t6c nhé nh&t ma ta phai phéng moét vat thing dding lén trén
sao cho vat khéng trd lai qua d&t. Suc can cta khéng khi xem
nhu khéng dang ké&.

Goi khdi lugng cia qua dit 1a M, clha vat phéng lén la m,
khoang cdch gita tAm qua ddt va trong tAm cta vat phong la r.
Theo dinh luat hdp din cia Newton, lue hidt tdc dung len vat

M i
Ia f = k.-}, k 12 hing s6 hap din.
Phuong trinh chuyén déng cia vat 1a
L Mm
dt? 2
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wee'de
2
5

. hay

\ d?r M
5.26) — = —k—.
{ dt? r?
Ta s6 tim mot nghiém riéng cia (6.26) thda man céc diéu kien'
_r J _
r|t=0_ > dt (=o_v"

trong d6 R la ban kinh quA dit, v la van téc phdng.
Phuong trinh (5.26) 12 mot phuong trinh cdp hai cua r(t)

. dr d’r dv dv dr dv
khuyét t. Dit v =

a'ta‘:o@:E:E'E:vd_r'Thé
‘vao phuong trinh (5.26) ta duge
dv M kM

V-(; = —k;hayvdv: —-;d!\

L&y tich phan hai v& ta duge
2 1
(5.27) = kM= +C,-
. 2 r 1

Tu diéu kién v A hay v er = Vo ta duge

o KM Vi M

7 =R tTCbayC =5 -5

Th& vao (5.27), ta duoce

v UM% kM
2 r ( 2 R )
Vi vat phai chuy&n déng nén van téc v phai duong, do dd
w2
7 phai duong. Nhung s6 hang ddu cia v€ phai ddn t6i 0 khi
r din tdi vd cung, nén ta phai cd

2
—o--—k%ZOhayvo; %

2 R
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"Do dd van t6c nhé nhit ma ta phai phéng vat lén la

’ 2kM >
v, =\ &, trong dd k = 6,68.107!! — R = 63.10°m.
R- kg.s

Tren mat dat, tdc 12 khi r = R, gia t6c ctia trong truong la
2

R
g = 9,8lm/s:. T (5.26) suy ra M = gT. Vay

v, = V2gR = V2 (9,81).63.105 = 11,2.10° m/s =
= 11,2 km/s.
DS 1a van téc via tru cdp hai.

Chi thich. Nhitng phuang trinh cdp 2 khuy&t con duge goi
la nhitng phuong trinh gidm cdp duoc, vi co th& d& dang dua
ching vé nhitng phudng trinh cip 1.

5.2.3. Phuong trinh tuyén tinh
D6 12 phuong trinh vi phan ed dang
(5.28) y” + pR)Y + qx)y = f(x)

trong do p(x), q(x), f(x) la nhitng ham sé lién tyc. Phuang trinh
dudgc goi 1a thuin nh4t néu f(x) = 0, 13 khéng thudn nhit néu
f(z) 2 0.

e Phuong trink vi phan tuyén tinh thudn nhdt

(5.29) y’ +px)y +qx)y =0-

Dinh li 5.3. Néu y,(x) va y,(x) la hai nghiém cia phuong
trinh (5.29) thi C,y,(x) + Cayz(x), trong do C, va C2 la hai hang
86, cung la nghiém ciia phuong trinh dé.

That vay, vi y,(x) va y,(x) 12 nghiém cia phuong trinh (5.29) nén

yt P(x) Y’l + q(x)y'l 0
V2 + Py, + qx)y, = 0.

Nhan dong trén vdi C,, nhan donz dudi véi C, rii cong lai,

ta dugc

(Cyy, + Czyzﬁ” + p(x)(Cyy, + C,y,)" + q(x}(Cyy, + C,y,) = 0,
vay Cy, + C,y, la nghiém cda ph rong trinh (5.29). B

1
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Dinh nghia 1. Hai ham s6 y,(x), y,(x) dugc goi 1& déc lap
y5(x)

¥ (%)

dé. Trong truong hop trai lai, hai ham s6 dy duge goi 1a phu

thuéc tuyén tinh.

tuyén tinh trén doan [(a, b] néu ti sé

# hang s6 trén doan

Hai ham s6 sinx va cosx déc lap tuyén tinh trén R vi

z:;i = tgx # hang s6 trén R ; hai ham sé 2e3" va 5e°* phu
. . 26 2
thudc tuyén tinh vl s T 5
Dinh nghia 2. Cho hai ham s8 yl(x), y,(%). Dinh thdc
i Y2 ‘ .
Yy Y =YY T YN

dugc goi 1A dinh thic Wransky cia y,, y, va duge ki higu la
W(y,, y,) hay vin tit 12 W néu khOng sg nhdm lin.

Dinh li 5.4. Néu hai ham s6 ¥,(x) va y,(x) phy thuéc tuyén
tinh tren [a, b] thi W(yl, ¥y, = 0 trén dogn dé.

That vay, vi y, = ky, véi k la hing s§ nén y, = ky’}, do
do
i Y2 y; ky Yw N o o
i 2| [n Yivi| m
Dinh Ui 55. Néu dinh thic Wronsky W(y,, y,) cua hai ngh:ém Yp
y, cua phuong trinh tuyén tinh thuln nhdt (6.29) khéc khéng

tai mot gid tri x = x, nao dé cua dogn [a, b], trén dé cic hé
86 p(x), q(x) lién tuc, thi né khac khéng véi moi x trén doan do.

W(Y]_) yﬂ =

Chiung minh. Vi ¥,(x), y,(x) la nghiém cia (5.29), ta c6
yi + PX)y, + a®x)y, = 0,5, + p(x)y, + q®)y, = 0.

Nhén ding thdc ddu véi —y-z, ding thic sau v6i y, réi cong
lai, ta dugc
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(5.30) VY, ~ Y¥) + D)@Y, ~ ¥ayy) = 0.
Nhung

Vi — Yy = W,

W =y, 9y -y TNy = VY T v
Vay hé thdc (5.30) co th€ viét la

W + p(x)W = 0 hay —(-1% = —~p(x)dx.

Tich phan hai v&, ta duge

X X
w
In|W| = - | p(x)dx + In|C| hay In I —6, = — [ px)ax.
xo X,
Do d¢
—IP(X)dx
(5.31) W = Cex

Thé = = x  vao hai vé, ta dudc W(xo)‘= C. Vay

'I p()ax
(56.32) Wx) = W(x) e

Vi W(x_) = O theo gid thi&t, nén W(x) # 0, Vx € [a, bl | |

Céng thic (5.32) ciing ching td ring néu W(y,, y,) bing khéng
tai mot gid tri x_  nao dé cua doan [a, bl thi nd d6ng nhit
bang khéng trén doan dy.

Dinh Ii 5.6. Néu céc nghiém y,, y, cia phuong trinh (5.29)
la déc I@p tuyén tinh trén doagn [a, b] thi dinh thiic Wronsky
W(y, y, khéc khéng tgi moi diém cia dogn &y.

That vay, gid st W = 0 tai mét di€m nao do cia doan [a, b].
Theo dinh i 55, W = 0 trén doan gy, tuc la ylyl2 - yzy'l = 0,
vx € [a, b]. Tai nhiing di€m ctia doan {a, b] & d6 y, ® 0, ta cd
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y
Vay tai nhitng di€ém 4y ;3 = k, k 12 hing s6. Ngusi ta cang
1

y
chiing minh duge ring y_2 12 hing s6 cA tai nhiing diém & dd
1

y, = 0. Diéu nay mau thuén véi gia thi€t yll va y, déc lap
tuyén tinh. Vay W = 0, Vx € [a, b]. I

Dinh Ii 57. Néu y,(x), y,(x) la hai nghiém déc lop tuyén
tinh ciia phuong trinh (5.29) thi nghiém téng quét cua (5.29) la
trong dé6 C,, C, la nhizng hdng s6 tiy y. = \

Ching minh. Theo dinh li 53, y = Cy, + C,y, 12 nghiém
cia (5.29). Ta cdn ching minh rAng vdi moi diéu kién ban diu
cho truée, y =y,,y =y, c6 thé tim dugc nhitng

X

=X X=X
hing 56 C,, C, d¢ nghiém C,y, + C,y, tuong ing thda man cdc
didu kién dy.

Th& cdc didu kién ban diu vao (5.33), ta duogc
Yo = Ci¥io * Cy¥ag

(5.34) N . .
Yo = Ci¥16 + C¥yy,

trong dd v, =vi|__ Y20 =Y2|,_ 1 Yie=¥| xoy 1 Y20 V2| x=x,

° xzxo

(5.34) 1a mdt hé hai phuong trinh dai s6 tuyén tinh dé&i véi
Cl’ Cz, dinh thdc cua hé 4y la
Yo Y2
y)lo y’lo
dd chinh la gid trj cia dinh thic Wronsky W(y,, y,) tai x = x,

né khdc khéng vi y,, y, doc 1ap tuyén tinh. Viy cé th€ xéc
dinh duge C,, C, dé C,y, + C,y, théa man cic diéu kién ban
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diu cho trude, do dé (5.33) 1a nghiém téng quit ctia phudng
trinh (5.29). A

Vi du : Phuong trinh y° + y = 0 cé 2 nghiém riéng la
y; = cosx, y, = sinx, hai nghiém 4y ddc lap tuyén tinh, vay
nghiém t8ng quat cia phuong trinh la y = C,cosx + C, sinx,
C, va C, la hai héng s tuy y.

Chu thich 1. Néu y,(x) va y,(x) la hai nghiém phu thudc
tuyén tinh ciia phudng trinh (5.29), ta cd y,(x) = K y,(x) véi K
12 mét hing s6 nao dd. Do dg, biéu thic y = Cy,(x) + C,y,(x),
C, va C, 1a hai hang s6 tuy ¥, co thé viét lay = (C,K + C,) y,(x),
ndé thue su chi phu thuéc mdt hing sé tuy y nén khéng la
nghiém tdng quat cda phuong trinh (5.29).

Chii thich 2. Dinh li 5.7 cho thdy muén tim nghiém t8ng quat
cia phuong trinh tuy&n tinh thusn nh&t (5.29), chl cén tim 2
nghiém riéng doc lap tuyén tinh cda né. Nhu ching ta sé thiy
0 dudi, cé phuong phiap d€ tim duoe 2 nghiém riéng doc lap
tuyén tinh ctia phuong trinh tuyén tinh thudn nhat véi hé sd
khang d8i. Nhung d& v6i phuong trinh tuy&n tinh thuin nhit
c6 hé s8 bi&n thién, khéng cé phuong phap téng quat d&€ gidi
quy&t vdn dé& do. Tuy nhién, dinh ) sau day cho ta cdch tim
nghiém t8ng quit cha phuong trinh tuyén tinh thudn nhit vai
hé ¢6 bi&n thién n&u ta bi&t mot nghiém riéng khdc 0 chaa nd.

Dinh ly 58. Néu da bist moét nghiém riéng y,(x) # 0 cia
phuong trinh tuyén tinh thudn nhé: (5.29), ta cé thé tim duocc

mét nghiém riéng y,(x) cia phuong trinh ds, déc ldp fuyén tinh

- Udi y,(x), ¢6 dang y,(x) = y,(x).ulx).

Chitng minh. Dat y = y (x).u(x). Ta cdn tim u(x) sao cho y
théa man phudang trinh (5,29). Ta c6

y =yutyw;y’ =y’ u+2y vty
Thé& vao phuong trinh (5.29), ta dugc

yu’ + 2y’ +pypu’ + 7 +py’, tqy)u = 0.
Nhung y”, + py’; + qy, = 0, vi y, la mét nghi¢m cua (5.29).
Vay ta duge phuong trinh cép 2 d6i véi u, khuyét u :

y,u”’ + 2y, +py)u’ = 0
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Dat u’ = v, ta duge bhuong trinh cép 1 d6i véi v
yv' +(2y', + py)v = 0
hay ’
2y’
% = —(-;1-1— + p)dx
L4y tich phan hai v€& _
In|v| = -2In |y,| - [p(x)dx = ~2In| ¥, | +¢(x)Hnl| C, |,

p(x) 12 mot nguyén ham nao dé cha -p(z), vay

e?(x) C ( ) véi g( ) e¢(x)
v = — = C, g(x), x) = .
1‘ Yf 1 y%
Do d¢ .
u o= leg(x)dx = CIG(x) + C,,

trong dé G(x) la moét nguyén ham cta g. Th duge
y = [C,G(x) + C,l y, = Cyy,G(x) + C,y,.

Chon C, = 0, C, = 1, ta dugc y, = y,G(x), d6 ]2 mdt nghiém
cia (5.29), doc lap tuyén tinh véi y,, vi

(y—l)=G(x)—g(x)—y%¢0.

Vi du : Tim nghiém téng quét cda phuong trinh
(1 - x2)y” + 2xy’ - 2y = 0.

Dé thdy rdng y, = x 1a mét nghiém riéng. Ta tim m4t nghi¢m
riéng khde, cé dang y, = x.u(x). Th& viao phuong trinh da cho,
ta dugc

. w x(1 -x3)+20’ =0-
Dat v’ = v, ta c¢
vz(l - x2) +2v =0
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hay
dv 2dx
v x(1 — x?) ‘
Ldy tich phan hai vé& ta duge
1 — x2
1 %2

v=K =K1(i2—1)
X

1
K, 1a hing s8 tuy §. Chon K, = -1 ta dugc v = 1 - s do

1 i

Y u = + — . = = -
dé u X x+K2 Chon K, 0, ta dugc u x+x vy
y, = xu = x? + 1. Hai nghiém Y, =%y, = x2 + 1 1a déc
lap tuyén tinh, nén nghiém t8ng quédt cta phuong trinh la

y=Cpx+ C:,'(x2 + 1),

C,, Cz 12 hai haing s6 tuy y.

Chi thich. Cing c6 thé tim y, tit cong thic (5.31). Chia hai
v€ cua cédng thic Ay cho yf, ta dugce

iy, — vy
in_] _ 1 Ce—Jp(x)dx )
¥ v}
.. d )2
Nhung v& trai la = <y1 ), vay
Y2

J L celmomay + x
¥y ¥y

Chon C = 1, K = 0, ta duge .

(535) y2 = yl J-é . e_.[P(X)dxdx Lt
1

Nhu vay néu phuong trinh (5.29) ¢ mét nghiém riéng la
y(x) thi nghiém tong quit cha nd la
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' 1
(56.36) y = Cy; + Cyy, f ;’Z . e_-[P(x)d’ﬁix .
1

Trd lai‘ vi du trén. Phuong trinh (1 - x2)y” + 2xy’ - 2y = 0
cd mft nghiém riéng 1a y, = x. Chia hai v€ clia phuong trinh

2X | 3o 46

cho (1 - x?), ta thdy p(x) = )

— x2

—fp(x)dx = f 22]( dx = In(x? — 1).
x- —1

. -
vay | —;Ze‘.[_p(X)dde=f iz 0 =1) gy =fx 5 1dX“X+%-

; x x -
Theo cong thdc (5.36) ta dugc
1
y=Cx+Cx(x + 2= Cx + Cy(x2 + 1),

e Phuong trinh vi phon tuyén tinh khéng thulin nhdt
(5.28) Yy’ +p@y + gy = f(x).

Dinh li 5.9. Nghiém téng quat ciia phuong trinh khéng thudn
nhét (5.28) bang tBng cia nghiém téng qudt cia phuong trinh
thudn nhdt tuong ing (5.29) voi mot nghiém riéng nao dé cia
phuong trinh khéng thudn nhdt (5.28).

Thay vay, goi y 1a nghiém t8ng quit cia phuong trinh (5.29),
Y la mét nghiém riéng ndo dd cha phuong trinh (5.28). Dat
y=5+Y Thedy =5 +Y,y" =5+ YY" Thé vao phuong
trinh (5.28), ta dugc

Y'Hp@®)y +qx)y =y’ + Y +px) §F+Y) +qE)@F +Y)
- =0t pEY tq®y] + Y +pkx) Y +q(x) Y]
Nhung theo gid thiét
y'+tpEy +qx)y = 0
Y’ +px) Y +qx) Y = fix),
do do
y' + p(x)y’ + qx)y = f(x).
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Vay y = y + Y cing 12 nghiém cta phuang trinh (5.28). Vi
¥ phu thuéc hai hdng s6 tuy y nény = y + Y ciing phu thuéc hai
héng 8 tuy ¥, do d6 ¢ thé ching minh nd )a nghiém tdng qust
cia phuong trinh (5.28) nhu trong ching minh dinh 1i 5.7. H

Dinh li 510. (Nguyén i chéng nghiém). Cho phuong trinh
'+ paly’ +qly = f,(x) + £,0x).
Néu y,(x) la mét nghiém riéng cia phuong trinh
y’ +px) ¥y +q)y = f,(x),
Yo(r) la mét nghiém riéng cia phuong trinh
Yy’ +p@ y +q@)y = (x)

thi y = yi(x) + y,(x) la mot nghiém rieng cia phuong trinh
da cho. ’

‘That vay, ta co
y' +p(®)y +q@)y = (ty)"” +p) (ytyy)’ +alx) () +yy) =

Iy, + p@)y, + q®y, + s, + pE)Y, + a@y,] = *

f,(x) + £,(x).

Vay y = y,(2) + y,(x) la mét nghiém riéng cia phuong trinh
da cho.

Phuong phap bién thién hdng s6. Gia si da bist nghiém téng
quét cia phuong trinh tuyén tinh thudn nhAt (5.29) la

trong d6 C,, C, la hai hdng =6 tuy y. Bay gid xem C,, C, la
bhai ham 8§, ta tim C;, C, d€ cho (5.37) 1A mét nghiém cia
. phuang trinh khéng thuadn nhit (5.28). Ta c6

n

¥ =Cy, +C,y, + Ciy, +Cyy, .
Chon Cl, 02 sao cho '
Cy, + C‘zy2 =0.

228



Khi do
| y = Cy, + Gy
y = C]y'l‘ + Czy; + C'ly'1 + C'zy'z.
Thé& vao phuong trinh (5.28), ta duagc
Cilyy, + P, + q@)y)) + Cy(y; +p®y, + q®)y,) +
+Cly, + Gy, = f(x).
Viy,, ¥, 1a hai nghiém cda phuong trinh thuin nhit (5.29) nén
cdc bi€u thuc trong dfu ngodc cia v& trii bing khéng, ta duge
Ci y'l + C‘zy'2 = {(x).

Vay ham s6 (5.37) 12 nghiém cta phuong trinh (5. 28) néu
C,, C, théa man hé phuong trinh

Cly1 + C2y2 =0
Cly1 + Czy2 = f(x)

Dinh thdc cia hé phuong trinh &y chinh 1a dinh thdc Wronsky
cda hai nghiém d6c l4p tuyé&n tinh cta phuong trinh thudn nhAt
(5.29), nd ludn khac 0. Vi vay hé phuong trinh trén c6 mét nghiém

duy nhét. Gia sit C, = ¢,(x), C; = p,(x). Ldy tich phan, ta duge
C, = ®® +K, G =dp +K,
trong dd @, (x) 12 mdt nguyén hdm cia ¢, (x), P, (x) la mét
nguyén ham cda ¢, (x) ; K;, K, 1a hai hdng s6 tuy y. Véy
nghiém téng qudt cta phuong trinh (5.28) l1a
y =Ky Ky, + )(x) -y, + Py(x) . ¥,
Vi du :@ Giii phuong trinh
(1 - x2)y” +2xy’ - 2y = 1 - %2,
Né&u x # + 1, phuong trinh c6 thé viét la
2x . 2

(56.38)
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Ta da bi&t nghiém téng quait cia phubng trinh thuin nhét tuong
dng la

y = Clx + Cz(xz + 1),

trong dé C,, C, 1a cac hang s8 tuy y (xem vidy trang 225). Bigu
thic 4y 1a nghlém cia phuong trlnh khong thudn nhé&t da cho
n&u C,, C, I nhiing ham sé théa man hé

Cx + 02(1(2 +1)=20
Ci + C'2 2x =1.
Giai hé do ta duge

2 4+ 2
Cl=_z2—1_f(1+x2—1)’
Clzzxzx—l
Do dé
C]=—(x+ln|§;;|) +Iq,02=%lnlx2—ll+K2,

trong d6 K,, K, la nhitng hing s6 tuy y. Vay nghiém t8ng quat
phai tim la .

y=—x(x+1n|§;:

1 A
|) +5 @ + Diple? — 1] +Kx +K,( + 1),

5§.2.4. Phuong trinh tuyén tinh c¢6 hé s6 khong doi

. Phuané trinh thudn nhdt. Chd phudng trinh

(5.39) y’'+py +qy =6
trong dé p, q 12 hai hing s6. Ta B}t ring muén tim nghiém
t8ng qudt cia nd, chi cdn tim hai nghiém riéng déc 14p tuyén
tinh. Ta sé tim nghiém riéng ciua nd duéi dang

(5.40) y = e ,
trong dd k 13 mét hing s6 nao dé ma ta sé tim. Ta cé y’' = ke
y” = k%%, The& vao phuong trinh (5.39), ta duge

e (k2 + pk + q) =

bl
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Vi e = 0, ta ¢6
(5.41) k2 +pk+q=0.

Vay néu k théa man phuong trinh (5.41) thi ham s6 y = &
12 mé6t nghiém cia phuong trinh (5.39). Phuong trinh (5.41)
dude goi 1a phuong trinh dic trung cia phuong trinh vi phan (5.39).
Dé 1a mot phuong trinh bac hai, nd cd hai nghiém k, k, thye
hay phdc. C6 th€ xdy ra ba trudng hop :

1) Hai s6 k,, k, thuc va khic nhou. Khi &y phuong trinh
(6.839) cd hai nghiém

- f
.

y .
Hai nghiém 4y doc lap tuyén tinh vi ;,—1- = elk ~ K # hing
2 <.
s8. Do d6 nghiém téng qudt cia phuong trinh (5.39) la

y = C,elﬁx + Czek-z",
C,y C, la hai hing s8 tuy y.
Vi du : Tim nghiém cda phuong trinh
Yy’ +y -2y =0
thda min cac diéu kién .
Y‘x=0 =0, Y’|x=o = 1

Phuong trinh dic trung cia phuong trinh d3 cho 1a K2+ k-
- 2 = 0, né ¢6 2 nghiém phén biet k, = 1, ky, = -2.
Vay nghiém téng quit cia phuong trinh da cho 1a
y = Cie"+ Cpe ™
Do dd
y = CpeX - 2C e
Tid cdc didu kién ban dau ta duge

¢, +C, =0
[CI ~2C, =1
i 1 1 . . =
Do d6 C, = 3’ C,= - 35 vy nghiém riéng phai tim la
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0 0*”
*Peg,

1 , 1
y=ge¢ —3e

2) %, va k, la hai 86 thuc trung nhau k|, = k, Ta dé cé mét

=2x

nghiém riéng cta phuong trinh (5.39) lay, = '™ Ta s& tim mot
nghiém riéng y, doc lap tuyén tinh véi y, duéi dang y, = y,.u(x)

=u(x)e1 Ta co

, KX k.x
y, =u.e’ + kue'

y, = wek® + 2k, et + k? ue'r™.

Thé vao phuang trinh (5.39), ta duge
X [u” + 2k, + py’ + (k3 + pk+g)u]l = 0.
V1 k; 12 nghiém kép cia phuong trinh dic trung nén ta cd

K +pk +q=0 k = -2 hay2k +p=0

2

Do d6 ta duoc &Ny = 0 hay u” = 0. Suy ra u = Ax + B,
trong d6 A, B la nhilng hing s§ tuy y. Chon A = 1, B = 0,

ta duge u = x, vy y,(x) = xe"™. Nhu vay hai nghidm doc lap

tuyén tinh cda (5.39) 1a .y‘l(x) = &~ , Yo(x) = xe o Vay nghiém
tdng quit cua phuong trinh (5.39) 1a
y = e (C, + Cpm),
Vi . Giai phucng trinh
_ y' -6y’ +9y = 0.
Phuong trinh dic trung cia né 12 k> - 6k + 9 = 0, né c6
mét nghiem kép k = 3, vdy nghiém tdng qusdt cua no la
y =e* (Cx+C,). |
3) &, va k, la hai 86 phic lien hop : k, = a +if, k, = a - if.
Hai nghiém rieng cia phuong trinh (5.39) 1a
v, = pld ¥ B _ gox ifx
5, = e* 7 B _ e
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Dung cong thic Euler

e = cosBx + isinBx, e X = cogfx — isinfx,
ta duge

Y1 "X (cos fx + i sin fx)
Y2
Néu ¥,, ¥, 1a hai nghiém cia phuong trinh (5.39) thi

e™ (cos fx - i sin fBx).

i] + iz 9! - iZ \
y, = 5 = e™cosfx, y, = 5 = e™ sinfx

cing 13 nghiém cua phuong trinh fy. Hai nghiém 4y lai déc

y
lap tuyén tinh vi -y—l = cotgfx khac hadng s6. Vay nghiém t8ng
2

qué.t cha phuong trinh (5.39) la

(Clcosﬂx + C, sinBx).
Vi du : Giai phuong trinh y” - 2y’ + 5y =
Phuong trinh dac trung cia nd 1a k2 - 2k + 5 = 0, né cé
hai nghiém phdc lién hop k, = 1 + 2i, k, = 1 - 2i. Vay nghiém
téng qudt ctia né la
y = & (C, cos2x + C, sin2x).

Chi thich. D8i véi phuong trinh tuyé&n tinh thudn nhdt cd
hé 88 khéng d8i cdp cao hon hai, phuong phdp giai cing tudng
tu nhu d8i v6i phuong trinh cdp hai.

Vi du 1 : Gidi phuong trinh y”’ - 4y’ = 0.

. Ehucng trinh dac trung cta no la K3 - 4k = 0, né cd ba
nghtém lak =0,k =2 k = -2 Do do nghiém t8ng quat cta
phl.wng trinh da cho 1a

y=C,+ Cze + C3e
vi du 2 : Giai phuong trinh y*) + 2y” +y = 0.

Phuong trinh dac trung k* + 2k + 1= 0 hay (k2 + 1)2 = 0
cd bgi nghiem kép k = i va k = -i. Do dé nghiém t8ng quat
_cba phuong trinh da cho la
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$i
3
y = (C; + C,x) eosx + (C; + C x)sinx.
o Phuong trinh khéng thuan nhét. Cho phudng trinh
(5.40) v’ +py +aqy = fx), '

trong d6 p, q 1a nhing hing s6. O trén, ta 43 tim ' duoe
nghiém tdng qudt ciia phuong trinh thusn nh4t tuong ing (5:39).
Vay chi viéc ap dung phuong phép bi&n thién hing s6 d€ tim
nghiém tong quit cia phuong trinh khéng thuin nhdt (5.40).
Nhung d6i v4i moét =6 dang dac biét cia v€ phai f(x), ¢6 thé
tim dugc mét nghiém riéng cia phuong trinh (5.40) ma khéng
cin mot phép tinh tich phan nao. Chi cin cOng nghiém riéng
fy vao nghiém téng quit cia phuang trinh thuén nhédt tuong
dng (5.39), ta sgduge nghiém téng quit cia (5.40).

Ta 88 tim nghiém riéng cta (5.40) trong hai truong hgp sau :

o Truong hop 1 : f(x) = e™ . P (z), trong d6 P;(x) 12 mot
da thyc bic n, o« la mot hiang s6.

Néu o khéng phadi 1a nghiém cta phuong trinh dic trung
cia (5.39), ta tim mot nghiém riéng cia (5.40) ed dang

(5.41) Y = e Q (%), . .

trong d6 Q (x) la mét da thdc béc n, (n+ 1) hé 88 cia no sé
duge xdc dimrh nhu sau. Ta cé :

Y = aQ (x)e™ + Q’n(x);"" )
Y' = a2Q (x)e™ + 2aQ;(x)e™ + Q (X)e™ .
Thé vao (20), ta dugc -
eQ(x) + (22 + P)Q,(x) + (* + pa + q)Q,(¥)] = P (x).
Suy ra :
(542) Q) + (2a + PQE + (@ + pa + YQy(x) = P ).

Vi a khong 12 nghiém cita phuong trinh dac trung cia (5.39),
nén a’ + pa + q # 0, do d6 vé& trdi cia ding thuc (5.42) cing
12 mét da thic bic n, cung bac vdi da thde & v& phai.
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‘ Béng ciach déng nh4t hé s6 cda ciac s6 hang cung bac ¢ hai
vE cua ding thdc (5.42), ta duge (n + 1) phuong trinh bac nhit
cia (n+1) 4n la cdc hé s8 cia Q (x). Phuong phip tim cdc heé

s8 cua Q_(x) néu trén dugce goi la phudng phdp hé s6 bt dinh.
Néu a la nghiém don cia phuong trinh dac trung thi

a? +pa+q =0, 2a + p) = 0. Khi d6 v& trai cta ding
thic (5.42) 12 mo6t da thitc bac (n — 1). Ta ndng bic cia nd lén
mot don vi ma khéng ting sé cdc hé s6 cia nd, mudn vay chi
viéc thay Q (x) bai xQ (x). Do dd, trong trudng hop nay, ta sé
tim moét nghiém riéng cua (5.40) cé dang

(5.43) Y = xemQ (x).

" Né&u a 1a nghiém kép cta phuong trinh dic trung thi
a’+ pa+q=0 2a¢a +p = 0. V&trii cia ding thic (5.42) la
mét da thic bac (n-2). Lap luan tuong tu nhu trén, ta thdy
ring phadi tim mét nghiém riéng cla (5.40) cd dang

(5.44) - Y = x2%™Q ().

Vi du 1 : Gidi phuong trinh y” + 3y’ - 4y =

Phuong trinh déc trung 2 + 8r - 4 = 0 ¢6 hai nghiem don

= 1, r = - 4. Viy nghiém t8ng quat cta phuong trinh thuan
nhédt tuong ing la y = Ce* + Cze_“x. V& phai cia phuong trinh
co dang e™ P (x), trong d6 @ = 0, P,(x) =

a = 0 khong 1a nghiém cua phuong trinh dic trung, vy ta '
tim nghiém riéng cia phuong trinh da cho c6 dang

Y = Ax + B.
Th€& vao phuong trinh trén, ta duge

~4Ax + 3A - 4B =x.

Suyra:-4A =1,3A-4B =0=> A=~ B=—-——=

™

3
Y = 4" 16 . Nghiém tdng quit phél tim la
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K “’o‘;}:.
Seg,.

x _ 3,
4 16
Vi du 2 : Tim nghiém t8ng quat cta phuong trinh
y' -y =@+ 1), .
Phuong trinh dac trung ¥ -~ r = 0 ¢ hai nghiém r = 0,
r = 1. Vaiy nghiém téng quat cia phuong trinh thudn nh#t
tuong dung la y = C, + C,e" V& phii cia phuong trinh da cho
¢é dang e“xPl(x), vii ¢ = 1 1a mét nghiém don cda phuong

trinh dic trung, vay ta tlm mét nghiém riéng cta phuong trinh
d3 cho cd dang

Y = xeX(Ax + B) = eX(Ax? + Bx).

y = Ce& + Cpe™™ —

Ta cd

Y’ = &(Ax? + Bx) + ¢ (2Ax + B)

Y” = eX(Ax? + Bx) + 2¢%(2Ax + B) + &5 2A.
Thé& vaoc phuong trinh da cho, ta dugc

e (2Ax + B + 2A) = (x + 1).

Dod62A=l,B+2A=1==-A=1B=O=>Y=

> x2eX.

(I

Nghiém tdng quat phai tim la

y = C, + Ce* + %xze".

Vi du 3 : Giai phuong trinh y” ~ 6y’ + 9y = xe™,

Phuang trinh dic trung cd nghiém kép r = 3, nghiém t8ng quat
cia phuong trinh thudn nhit tuong dng la y = (Cx + C,)e™
Ta tim mot nghiém riéng cta phdong trinh di cho ¢6 dang

Y = x%2¥*(Ax + B) = &¥*(Ax} + Bx?).
Ta co
Y = 3e™ (Ax? + Bx?) + ™ (3Ax? - 2Bx),
Y” = 9% (Ax® + Bx?) + 6e™(3Ax’ + 2Bx) + ¢™(6Ax + 2B).
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Q*
2+ "Q‘Q

Thé& vao phuong trinh da cho, ta dugc
e [(6A - 10B) x + 2B] = xe3*.
Suy ra 6A - 10B = 1, B_0=>A—E,B 0= 36—e3X.
Nghiém téng quat cia phuong trinh da cho la

3
y = (Cx + Cz)e3x + % e*

e Truimg hop 2 : f(x) = P (x) cogfx + P (x) sinfx, trong dd
P (x) P (x) ]a nhitng da thic bac mn;fSla héng s8.

Ngudi ta ching minh duge ring

Néu + if -khong 12 nghiém cba phuong trinh dac trung thi
cé thé tlm mdt nghiém riéng cia phuong trinh(5.40) cd dang

(5.45) Y = Q (x)cosfx + R, (x)singx,
trong 46 Qx), Ry(x) 1a r;hfmg da thdc bgac I = max (m,n).

Néu + if 12 nghiém cua phuong trinh dac tnmg thi cd thé
tim mot nghlém riéng cia phuong trinh (5.40) cd dang

(5.46) = x[Q, (x) cogfx + R, (x)sinfx].

Vi duy 1 : Gidi phuong trinh y”’ +y = x sinx.
Phuong trinh dac trung r* + 1 = 0 c6 nghiém + i. Nghiém

~ téng qudt cda phuaong trinh thufin nhét tuong dnglay = C,cosx +

+ C, sinx. V& phai ctia phuong trinh da cho ¢d dang R,(x) singx,
trong 46 R,(x) = x, 8 = 1, nhung + i = % i 12 nghiém cda
phuong trinh dac trung, nén ta tim mot nghiém riéng cda
phuong trinh 44 cho cé dang

Y = x {(Ax + B) cosx + (Ax +B)) sinx]:

Tinh Y’, Y r8i th€ vao phudng trinh da cho, ta duge
[4A;x + 2(A + B))] cosx + [-4Ax + 2(A; =~ B)] sinx = xsinx.
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Dodd4A]=0,A+Bl=0,—4A=1,A1-B=0.Suyra
1 1
vy B1=Z>

Vay nghiém t8ng quit cia phuong trinh da cho la :

A = A =0,B =0 Vgy Y = % (sinx — xcosx).

. X .
y = Ccosx + C,sinx + i (sinx — xcosx).

Vi du 2 : Giai phuong trinh y” - y° = 2cos*x.

Phuong trinh dac trung r2 — r = 0 ¢6 hai nghiém r = 0,
r = 1. Nghiém ctta phuong trinh thuin nh&t tuong dng la
y =C, + Cpg* V& phai. cia phuong trinh d4 cho Ia
f(x) = 2cos’x = 1 + cos2x. Theo nguyén ly chéng nghiém, ta
tim moét nghiém riéng cia phuang trinh da cho duéi dang téng
Y, + Y, Y, la nghiém riéng cia phudng trinh véi v& phai
- fi(x) = 1, Y, la nghiém riéng cia phuong trinh v6i v€ phai
£,(x) = cos2x. Vi f(x) = 1 = e** v8i @ = 0 12 nghiém cia phuong
trinh dic trung nén Y, cé dang Ax. Thé vao phuong trinh, ta dudc
A=-1 vy Y, = -x Vi f(x) = cos2x, ma +2i khéng la
nghiém cda phduong trinh déc trung nén Y, = Bcos2x + Csin2x.

1
Th& vao phuong trinh, ta duge B = ~10° C = 10’ vay
2 1
Y, = —ﬁcost - Esinzx. Vay nghiém t8ng quat phai tim la

2 |
y=C, +Cp* ~-x - ﬁcost - —1651n2x.

Chu thich 1. Né&u f(x) = &= (P_ (x)cospx + P_(x)sinfx], ta c6
th€ dua vé phuong trinh véi v€ phdi ¢6 dang da xét & trén
bing cdch dat y = e™.z.

Vi duy : Giai phuong trinh y” + 2y’ + 2y = xe *sinx.

Dat y = e *z. Ta cd
VY =eX2 —eXz, ¥y = e X2’ - 2%’ +e %z,

Thé& vao phuong trinh, ta duge

z"’ + 2z = xsinx.
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Nghiém t8ng quit ciia phuong trinh nay la
z = Ccox + Cysinx + % (sinx — xcosx)

(xem vi du 1). V4y nghiém tdng quat ctia phuong trinh da cho la
y=e* [Clcom + C,sinx + = (smx - xcom)]

Chu thich 2. D6i v6i phuong trinh tuyé’n tinh khéng thuin
nhdt, cé hé s6 khéng d8i, cdp cao hon hai, cing cd thé tim
nghiém riéng tuong tu nhu d8i véi phuong trinh c4p hai.

Vi du : Giai phuong trinh y® + 2y” +y = cosx.

O trén ta da thdy nghiém tdng quit cia phuong trinh
thudn nhit tuong dng la y = (C, + C,x) cosx + (C, + C,x) sinx,
vi phuong trinh dic trl.mg (k4 + 2k22+ 1) = 0 cd hsu nghiém
kép k = i va k = —-i. V& phai cia phuong trinh da cho 1a cosx,
do d6 ta tim nghiém riéng ctia phuong trinh khdng thudn nhat
¢6 dang

y = x?(Acosxz + Bsinx).
Thay vao phuong trinh da cho, ta tim duoc
1
A=- g) B =
Vay nghiém tdng quat cua phuong trinh da cho 1a

1
y = (C; + Cx)cosx + (C; + Cgxsinx - 3 x? cosx.

5.2.5. Phuong trinh Euler
Dd 1a phuong trinh tuyén tinh c¢6 hé sé bién thién dang
(5.47) x2y” + axy’ + by = 0,
trong dé a, b 13 nhitng hing s8. Thuc hién phép d8i bién sd
" |x|{ = e hay t = In|x|

ta co
Y S & T a T ax
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o4 dy 1y 1dy 14d
y_dx(dt'x>_ x2 dt  x dt
Thé vao phudng trinh (5.47), ta

d%y

(3

duce

dy-
(5.48) ﬁ+(a—1)-d-£+by—0,

e
I

=

dy dy
< (E_dt)'

N

dd 12 mét phuong trinh tuy&n tinh cd hé s6 khéng déi.
Vi du : Giii phuong trinh x2%y? + 2xy’ - 6y = 0.
Bing phép d8i bién s6 x = e!, phuong trinh duge dua vé dang

dy dy
+ =2
dt? dt

— 6y = 0.

Phuong trinh dac trung cta phuang trinh nay t2 +r - 6 = 0

¢6 hai nghiém r = 2, r = -8, vay
y = Cie? + C e

Vay nghiém téng quét cia phuong trinh d

X c,
y=0Cx‘+—.
1 <3

5.2.6.' Phuong trinh dao d¢ng

4 cho la

GiA st ¢c6 mot vat ed khéi lvgng M duge dat trén mét-1d xo

“dan héi (hinh 6.5). Chon truc Oy
thAng ding hudng ti trén xudng,
g6c O dat & trong tAm cia vAt & vi
trl cAn bing. Goi y 1a d6 doi tinh
t¥ vj tri can bang Giad si lyc kéo
vat vé vi tri cAn bAng ty l& v6i 4o
doi, nghia 12 bidng -ky, k 1a he sé
dan h8i cia 16 xo, con lyc cdn hudng
ngugc chifu chuyén déng va ty le
vii vAn t6c cia vAt, nghia 1a bing
dy

- TR 2 12 hang 86 duong.
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e
&

Theo dinh luat Newton, phuong trinh chuyén déng cua vat
trén 16 xo la

dy dy
M El? = —ky — 4 e
k
h&y, né&u dat p = —;1, q = —M,

(5.49) v +py +qy = 0.
Phuong trinh déc trung cia nd k2 + pk + q = 0 ¢6 hai nghiém la
2 2
S P _ = P _ LB _
kh=-3*Vi 1:k="3 7 T
2
Néu % > q thi k,, k, la hai s6 Am. Nghiém téng quit cta
phuong trinh (5.49) l1a
y = Clekll + Czek2!.
Do d6, v6i moi diéu kién ban ddu, d6 ddi y — 0 khi t — +ew.
Trong trudng hgp nay, khong c6 dao dong, vi luc cAn qui 16n.
2
Néu % = qthlk = k, = - g. Nghiém t8ng quét clia (5.49) 12
_E',
y = (C, + Ctye 2
Trong trudng hop nay, dé doi y cing ddn dén O khi t — +=,
nhung khong nhanh nhu trudng hop truée.
P’ ' P
Né’uz< qthlk, =a+if, k, =a - i, trongdda = — 3

2)
2 N
B = \/ q - % . Nghiém t8ng qudt cta phuong trinh (5.49) 1a

y = ™ (CjcosBt + Csinbt).

bat C;, = Asing, C, = Acosp, ta c6 A = JC% + sz,
C

p, = arctg C—; Theé C,, C, vao bfu thic cha y, ta>duqc bi&u

thdc cia nghiém tdng quét cua phuong trinh (5.49) la
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y = e* Asin (Bt + p).

Trong trudng hop nay vat y
dao dong vdi bién da Ae™ phu
thudéc vao thai gian. Vi by

N A

a = —% < 0, nén bien do /\§<y—Ae sin(Bt+P,)
dén dén 0 khi t — +w. Vay e
chuyén déng cua vat 1a mét o _}-—’/" t
dao dong tat ddn. D48 thi cha s

dao dong tidt ddn dugc bi€u [
dién trén hinh 5.6.

Dac biét néu p = 0, tdc
la vat chuyén déng khing
bi luc can thi nghiém tdng qudt cia. phudng trinh (5.49) 1a
y = C,cogft + C,sinft = Asin(ft + ¢ ). Chuyén dong ctia vit

2
la mét dao doéng diéu hoa c6 chu ky T = 7{

Hinh 5.6

5.2.7. Nghié¢m Kkhai trién dugc thanh chubi liy thia

Gia st ta muén tim nghiém khai tri€n duoe dusi dang chudi
liy thita cia phuong trinh tuyén tinh thufn nhét

(5.29) y’ + px)y’ +q@x)y = 0-

bat

(56.50) y=a +taxtax+. . +tax"+. = 2 ax".
n=0

Liy dao ham y tiing a8 hang mét cach hinh thdc hai ldn,
th& vao phuang trinh (5.29), ta duge mét chudi liy thita déng
nhit bing khéng. Cho cdc hé s$6 cia chubi liy th¥a nay bing
khéng, ta xde dinh dudc cac hé s6 trong (5.50). N&u chuébi lay
thita (5.50) véi cdc hé s6 di dugc xac dinh nhu viy hoi tu
trong mét khodng nao do thi né 13 nghiém cta phuong trinh
(5.50) trong khoang 4y, vi co th€ ldy dao ham tung s6 hang
mot chudi iy théa trong khoang hoi tu cia nd.
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0

Vi du 1 : Tim néhiem khai tri€n duge thanh chudi liy thua
cua phuong trinh
xy' + 2y +xy = 0.
Dat
y=a +tax +ax?+ .. +ax"+ .
Ta co

y = a + 2a,x + 3a3x2 + .. +nax"! 4+
y" = 2a, + 28a;x + 34ax? + .. + (n - Dnax" "2 + .,

Thé& vao phuong trinh trén, rit gon cdc s hang déng dang,
ta duge .

2a, + (68, +a)x + (128, +a,)x? + .. +[(n2 +n)a, +a _,lx""1+
+...=0

a, a4y -2
a1=0,a2=—?,33=——1-§=0,“.,ah=-m n > 2.
Vayné’un=2k+1thian= 0 ; nfu n = 2k thi

__ k-2 ek N S
%= T3k +1) &-27 T (2k—4)(Zk-3) M~ T15

N S G ) L
2277337 % T 2k +1) o
Do do
x2 x4 x5 x2K

= I - - —1yk &
y=a (logrtyg g+t D gyt )

a, 1a mot hing 86 tuy y. CS thé tinh dugc dé dang ban kinh
héi tu cua chuéi liy thua nay bang =, do qd nd théa min
phuong trinh da cho véi moi x.

Chu y rang chudi liy thita trong ddu ngoac 13 khai tri€n cua
SI—:{. Vay nghiém da tim duge la y = a| -3-1;5,
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Vi du 2 : Tim nghiém khai trién duge thanh chuéi lay thua
cia phuong trinh
(1-x)y” -~ xy +4y = 0.
Cing nhu trén, th& (5.50) vio phuong trinh da. cho, ta dugc
(1a_ + 22)) + (3a, + 6a)x + 122,37 + (202, ~ 5a,)x> + ...

+[n+2) @+ a,,-(n2-4alz"+.. =0
Do 44

1 "1
8y = -2a, ay = Tof8p 4 T 0, a5 = 1%
n—2

42 T paq B

n =234, ..
Vay , '
ay = Ovbik >2
1 3 2k -3
a5 =3 = 68 A+ T T Bk-p

Suy ra

135..(2k - 3) (2k — 31!
fk+1 =" 346,20 - @on k=2
trong d6 (2k) ! = 2.4.6.. (2k), 2k - 3) !! = 1.3.5... 2k - 3).
Vay nghiém khai trién duge thanh chudi liy thita phai tim 1a

xs _ @R kv _
2724 @R )

trong dd a, a, 1a nhiing hing s6 tuy y.

D€ tinh bin kinh h8i tu ciia chudi liy thira; ta tinh
. k-1 2! . 2k-1

p=lm Gevayn @-an - My = b

k—

Vay ban kinh héi tu cda chudi l1a R = % = 1. Vay chudi lay

thita héi tu trong khodng -1 < x < 1. Ban doc hiy xét sy hai
tu cia chufi tai cic mit x = + 1. :

D& dang thdy riing y,(x) = 1 — 2x” 1a mot nghiém rieng cia
phuong trinh da cho.

Chi thich. Céc phuong trinh trong nhing vi du trén déu la
phuong trinh véi hé s6 bi€n thién.
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5.3. HE PHUONG TRINH VI PHAN

5§.3.1. Dai cuong

e Ngudi ta goi hé phuong trmh vi phan chudn téc cdp mot
13 hé c6 dang

Y1 = f] (x) yp y2v ey yn)
Y}_ = fz (x9 y]) yza =y Yn)

Vo= L&Y ¥ -0 ¥p)
trong dd x 1a bién &6 doc 18p, y,, ¥,, - ¥, 12 edc ham 86 phai tim.

e Dinh Ii 5.11. (Su tdn tgi va duy nhdt nghiém). Cho h¢

phuong trinh vi phon (5.51). Gid sit cde ham 86 f(x, ¥, Yo ..o ¥p)
of;

citng vei cc dao ham néng € Yy Yo o yhi=142 .,n;
J

j=1,2 .. n lien tuc trong mot midn D trong R** 1.
" Gid sz (x,, ¥, ¥5, v Yp) la mot diém thuge D. Khi dé trong
mét lan can ndo dé cia diém x = x, c6 mét nghiém duy nhdt

cia heé (5.51) théa mén cic didu kién
v | =¥p ¥

Dinh { nay ta khéng ching minh.
V& mat binh hoc, dinh I khidng dinh rdng v6i céc diéu kién’
da néu trong mét lan cAn ndo d6 cia diém (x, ¥}, ¥, - ¥;)
tén tai mét duamg tich phan duy nh&t cla hé di qua diém &y.
o Ngudi ta goi nghiém téng qudét cia hé (5.51) 12 b6 n ham sd
Vi=¢,(xC,C,, ..,C),i=12 .,n
trong d6 C,, C,, ..., C 1a cdc hing s8 tizy ¥, théa man céc diéu sau :
1) N6 théa méan hé (5.51) véi moi gid tri cla Cl' Cz, v, C

n ’
2) V&i moi diém (x, y}, ¥5, .., ¥p) & d6 céc dibu kién cua
dinh If t8n tai vaA duy nh4t nghiém dugc thda man, cé thé tim

(6:51)

=B ¥ |y =

X=X X"=X X=X°
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duge mot bo gid tri C| = C‘l‘, c, =20Cy ., C, = C, sao cho cac
ham s6 y, = ¢ (x, C, CY, ., C‘I;) théa man cac diéu kién ban dau
/I yhLi=12 .,n

Ngusi ta goi nghiém riéng cia hé (5.51) 12 nghiém ma cé duge

bang ciach cho C|, C,, .., C_ trong nghiém tdng quit cac gia

tri xac dinh C, = C}, C, = C3, ., C_ = C.

o Duang dong cua truong vects. Gia su
trong mién D C R" xdc dinh mét trudng vecto
F (M) cd cic thanh phan F (M), F,(M), .., F_(M).
Nguoi ta goi dudng dong cia truong la mot /¢
dudng cong C ma tiép tuyén tai méi di€m
cia no déng phudng vdi vectd cua trudng tai
diém &y (hinh 5.7). Ching han, cdc dudng
sdc trong tu truong hay dién trudng la céc

dubng dbng cua chﬁng. Hinh 5.7

Néu phuong trinh tham s cha dudng dong la

X, = xl(t), X, = X(t), .., x = x (D),
thi ti€p tuyén cia nd tai mbi di€m M(x,(t), x,(t), ..., x (t)) c6
hé¢ s6 chi phuong 1a x’((t), x’,(t), .., X’ (t). Vi tiép tuy&n Ly
déng .phuong vdi vectd F cta truong tai M, nén ta cd

X)) X,(t) %' (t) '

FM) - FM) T 7T F M)
hay

ax ax ax,

FM) ~ F,M) ~ 7 = F M)y

Do la hé phuong trinh vi phan cua ho dUt‘]Dg‘ dong.

5.3.2. Cach giai
Moi phuong trinh vi phan cip n dang

y(n) = f(x’ y’ y" ey y(n- ]))
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déu ¢6 thé dua vé mét hé phuong trinh vi phan chudn tac
cdp mot.

That vay, dat y = y,, ¥’ = yy, .., y" 7D =y ta duoe hé

Yi=Y

Y, = ¥;

y‘n—l = yn

ly’n = f(x, Yo Yo oo yn)-

Dao lai, m4t hé phuong trinh vi phan cdp mdt chuin tic co
thé duge dua vé mot phuong trinh vi phan cdp cao d6i véi mot
ham s6 chua bist bing cdach khit nhitng ham s6 chua biét con
lai t nhilng phuong trinh cda hé. Gidi phuong trinh vi phan
cip cao dd, r8i tim nhitng ham s6 chua biét con lai. Phuong
phap giai hé phuong trinh vi phian dé duoc goi 1a phuong
phiap khu.

Vi du 1 : Giai hé phuong trinh

y' = by + 4z
z’ = 4y + bz

Ldy dao ham hai vé phuong trinh d4u, ta duge
y" = by’ + 4z’

J

Thay z’ bdi v€ phai cua phuong trinh sau, ta duge
y® = by’ + 16y + 20z.

Nhung tu phuong trinh d4u suy ra z = - (y° — 5y). Th& vao

| -

phuong trinh trén, ta duoc
y" - 10y’ + 9y = 0.
Nghiém tong quit cia né la
y=Ce+ Cze9".
Tinh y’, r6i th& vao phuong trinh dau, ta duge
z = -Ce*+ Czeg".
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Vi du 2 : Giai hé phuong trinh

y|

z

y + 2
y +z + x

Dao ham hai v&€ phuong’ trinh dAu, ta duge
y’' =y +2z.

Thay z' bdi v& phdi cda phuong trinh sau, ta cd
y'=y +y+z+x

Nhung y + z = y°, nén ta duge
y’ -2 =x.

Nghiém t8ng quit cia né la

x2  x
y=Cl+Czez"—z—Z.
Tinh y’ r6i th€ vao phuong trinh ddu, ta duge

x2 x 1

4 4 4
Chi y ring néu trit hai phuong trinh cia hé ting v€ mot ta duge

z= —C, +C,e™ +

2
2 -y =x=z-y=5+K
K 1a h3ng s6 tuy y. ThE z nit tit dd6 vao phudng trinh ddu, ta duge
) .
X
Yy - 2%y=5 +K

dé 12 mot phuong trinth cdp mét d6i véi y. Tim dugc y, tinh y’
r6i th&€ vao phuong trinh ddu cia hé, ta sé duge z.

Vi du 3 : Giai hé phuong trinh vi phan

y,=ﬁ

z
. 1
Z=§y.

Pao ham hai v& phuong trinh sau, ta duge
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EY ) 1 [
2" = 5y
Thé y’ bdi v€ phai cia phuong trinh dfu, ta cd
L1y
T2z
Nhung do phuong trinh sau y? = 4z2, vay
22" = 22’2,

b6 l1a mét phuong trinh cSp hai d6i véi z, khuy& x. Dat

d
2> = p tacé z’ =p d_IzJ’ phuong trinh trén duge vigt thanh

d
zpd—:=2p2.
Néu p = 0, ta ducc
dp  2dz dz
P Tz TP Om g = O
1 1
w—;:Clx+Cz=az= —W‘

Viy = 22’ = 20122, nén ta duge
_ 2C, )
y= (Cx + Cz)z'
Néup = 0, tic 1a 2 = 0, ta thdy z = C (= 0), y = 0 clng
]2 mét nghiém cia he. ’

Chi thich. Trong mét s8 trudng hop, ¢ thé€ t8 hop cdc phuong
trinh cia hé lai d€ dugc mot phuong trinh vi phan dé giai.

Vi du 1 : Giai hé phuong trinh

y =1z2,2 =y.

Céng hai phuong trinh ciia hé ting v& mét, ta duge
’ s _ d(y+2) —
y +z _y~4-z=>—y_‘_z —.dx=by+z—Clex.
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Tru hai phuong trinh cia hé ting v& moét, ta dugc

d —_
y’—|2'=—(‘/’*2)=%zi)= —dx=>y-z=C,e*

Tu hai ké’t qua 4y, suy ra
1 1
y = 5 (Cle" + Cze_x), zZ = 5 (Cle" - Cze_x).

Vi du 2 : Giai hé phudng trinh

$]

=y2+yz

<

b

N

= yz + 72
Chia hai phuong trinh cua hé ting v&€ méot, ta duge

3

z’
-;:;Qz:Cly,

Coéong hai phuong trinh cua hé ting v&€ mot, ta duge

d(y +1z) 1
s ’ 2 7 = = —
yt+z =(y+z)=> z)z—dx==»y+z x+C,
Td hai k&t quid trén suy ra
1 C,

y = z =

T (1+CHx+Cy’ T @+C)x+C,)

5.3.3. Hé phuong trinh vi phan tuyén tinh thuin nhit
c6 hé s6 khong ddéi
DS 1a hé phuong trinh vi phan ¢6 dang

(dyl
Ix A T Ay, ot ayy,
dy,

(5.52) Ji; = ayyp tayy, * .. tayy,
dyn
{E =AYy + a2 o4 ZnY'n

trong dd cdc hé sé ay 12 nhiing hang s8.
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Néu y,, y3 -+ ¥, 1& nghiém cia hé¢ (5.52), ta ding ky hiéu
vectd Y c6 cac thanh phan y,, y,;, ..., ¥y, d€ chi nghiem dy. Vi
hé (5.52) 1a hé phuong trinh tuy_é;n t{nh thufin nh4t, nén cd thé
chting minh dugc ring néu Y,, o Y la nhitng nghiém cia

hé (5.52) thi moi t8 hdp tuyé&n tinh cia ching dang
C,Y1 + CZY2 + ..+ CmYm
cing 12 nghiém cua hé Ay.
Cé thé giai hé (5.52) ma khong cdn dua nd vé phuang trinh
vi phan cip cao. Ta &é tim nghiém cda hé (5.52) ¢d dang
(5.53) yi = Pleﬂ"g y; = pze’lxa <5 ¥Yn = By x,

trong d6 p,, P, --» P, 4 I2 nhilng s ma ta sé xdc dinh. Th&
cdc biéu thdc (5.53) vao hé (5.52), ta dugc hé phuong trinh dai
88 tuyén tinh sau day d6i v6i p;, py, b P, -

(@), — A)pl +ta,p, +..+ a, p, = 0
(5.54) 2Py + (8 ~ APy + o+ ayp, = 0

apy tap, +..+@, —p,=0.

D6 1a mét hé phuong trinh dai 86 tuyén tinh thuin nhit,
né phai cd nghiém khac khéng, do dé6 dinh thdc cia ma tran
cdc hé s8 cla nd phai bing khéng

a,, — A a, 2,
-1 ...
(5.55) 221 22 %2n =0.
a, 8, o a., - A

Phuong trinh (5.55) duge goi la phuong trinh ddc frung cva
hé (5.52), né 1a mot phuong trinh dai s6 bc n d6i vai A. Nghlém
cia nd-.duge goi 1a gia tri riéng cha heé.

Gia st phuong trinh (5.55) ¢6 n nghiém thuc phan biét
Ap Ay oy A, Ung véi méi gis tri rieng A, tit he (5.54) ta xac
dinh dugc n s8 : py,, Pys 0 Py K = 1, 2, .., n. Vecto
(Pygr Py - Ppy) 12 vectd néng ung v&i A,. Khi §y hé phuong
trinh vi phan (5.52) ¢6 n nghiém
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e,

Ynu = l:)lle,l'x’ Yn = Pz]ell’% AN pmeﬂl"
Yiz = P17 Y22 = Pl s Ypg = P

Yin = plne)-“x’ Yo = l:’Zr\(:!;“’x’ s ¥Yan & pnnei"x-

Hé nghiém fly dugc goi 1a hé nghiém co ban. Khi d6 nghiém
téng quit cia he (5.52) la

yy = Cyyy + Cyp + 0 + Cyy,
¥, = Ciyyy + Cyyy + .. +Cpyy,

In = clynl + CZynZ + . +-Crryn.n .

N&u phuong trinh diac trung (5.55) ¢d cdac nghiém thuc
Ap Ay ooy A, 180 lugt bOI L, L, o, L (G H L+ o+ L = n),

ta tim nghiem cia he (5.52) duéi dang
y, = p“(x)eﬂn" + pu(x)e‘lzx + ... + pls(x)el."
Y2 = Py (x)eh® + pyy(x)X + .+ py (X)X

Yo = Py (x)ET + po@elT + ..+ p_(x)etX

trong d6 p, (x) la,cic da thic bac -1 (k =1, 2, .,8;1i =
1, 2, .., n), cdc hé s8 cha da thdéc nay phu thuéc n hiing =6
tay y C,, C,, .., C. Dua vao hé phuong trinh (5.52), c6 thé
tim duge cac hé s6 d6 bAng phuong phdp hé s6 b4t dinh.

Né&u phuong trinh dac trung (5.56) cd cdc nghiém phic, mubn
dugc nghiém tdng quit cia hé phuong trinh (5.52) duéi dang
thyc thi tuong ty nhu khi gidi cdc phuong trinh vi phan tuyén
tinh thuin nhdt c4p hai c6 hé s6 khong d6i ta dung cbng thic
Euler va 1y cic nghiém riéng la phdn thyc va phén.do cia
nghiém riéng phic tuong dng.

Vi du 1 : Giai he

Yy =y + 22
= 4y + 3z
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Phuong trinh dac trung la

1-2 2
4 3-2 _

N6 cd hai nghiém 1, = 5, 1, = -1. Ung véi 1, = 5, h& phuong
trinh d€ xdc dinh vectu riéng

[(1 = 5)p, +2p, =0

|4p, + @ = 5)p, = O

thuc chdt chi gém cé mét phuong trinh 1a 4p, - 2p, = 0. Cd

thé 18y p, = 1, p, = 2. Vay vecto riéng dng véi 1, = 5 la
(1, 2). Tuong tu ta tim dugc vecto riéng dng véi 1, = -1 la
(1, -1). Do dd6 hé nghidm cd ban la

=0hay 12 -41 -5 = 0.

y, = ¥ z, = 2e%
y, = e* z, = —e’¥.

" Vay nghiém t8ng qudt cia hé phuong trinh da cho 1a
y= Cle5" + CpeX

z = 2C % - Cpe™,
Vi du 2 : Giai he
[y =y — 52

z = 2y — z.
Phuong trinh dic trung la

1-42 -5

= 2 =
g 4 | =obayrz+e=o0

cé nghiém 1, = 3i, 4, = -3i. Vecto riéng uing vé4i 4, = 3i 12
(5, 1 - 3i). Do 46 ta cés nghiém

y; = 5 = 5cos3x + i5sin3x

z, =(1- 3i)e’X = (cos3x + 3sin3x) + i(sin3x - 3cosdx).
Vay nghiém t8ng quat cia hé di cho la
5C, cos3x + 5C, sin3x
Cl (cosdx + 3sindx) + G, (sindx ~ 3cosdx).

y
z
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Vi du 3 : Giai hé

y =y -z

z =y + 3z,
Phuong trinh dac trung la

1 -1 |
1 3 -1

cé nghiém kép 1, = 4, = 2. Do d¢ ta tim nghiém cda hé c6 dang
y = (ax + b)eX
z = (cx + d)e.
Thé vao hé phuong trinh, ta duge

2ax + 2b +a =(a —c)x +b ~d
12cx + 2d + ¢ = (a + 3e)x + (b + 3d).

Déng nh4t hé sd cda cdc s6 hang ciung bae, ta dude

=O0Ohayl12-41+4 =0

22 = a —¢
2b +a= b —a4d
] 2c = a + 3¢

2d +c=b + 34 .

Choa = Cl, b= Cz) C,, C2 tuy y, ta dugc ¢ = -Cl, d = —(Cl +Cz)~
Vay nghiém t8ng quéat la

y=(Cx+ Cz)ez"
z —(Clx +C, + Cz)ez".

.

]

I

TOM TAT CHUONG V
Phuong trinh vi phan cép mét fx, y, y’) = 0

o Phuong trinh bién sd phan ly : f(x)dx = f(y)dy
"~ CA4ch giai : 14y tich phan hai v&

o Phuong trinh thudn nhat : y’' = f(%)

bit y = ux, duge mot phuong trinh bién s6 phan ly d€ tim u
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e Phuong trinh tuyén tinh y’ + p(x)y = q(x) (1)
Trudc hét giai phuong trinh y’ + p(x)y = 0 - (2)

Nghiém tdng quat cia né la y = Cy,(x). R6i xem C 13 ham
s6 cua x, tim C(x) dé€ y = C(x). y,(x) 1a nghiém cva (1).

Nghiém tdng quat ctua (1) bing nghiém t8ng qudt cda (2)
cong mot nghiém riéng cuaa (1).

e Phuong trinh Bernoulli : y' + p(x)y = q(x)y*

Chia hai v& cho y~, dit z = yl_a' dugc mét phuong trinh
tuyén tinh d€ tim z.

e Phuogng trinh vi phé&n toan phin : P(x, y)dx + Q(x, y)dy = 0,

P
trong dd o % Nghiém tdng qust la u(x, y) = C, trong dé

X y
ux, y) = [ P(x, y)dx + [ Qx, y)dy
XD yo

hay

y x
ux, y) = [ Qx, vy + [ P(x, y)dx,
yo xo

X, ¥, 12 hai 86 nao do. .
® Phuang trinh Clairaut : y = xy’ + f(y")-

bat y' = t, ta dugec ho dudng tich phin tdng quit la ho,
dudng thing y = xC + f(C) vA dudng tich phan ky di 1a hinh
bao cia ho trén.

o Phuong trinh Lagrange : y = xg(y') + £(y°).

Dat y' = t, th€ vao phuong trinh, 1dy dao ham hai v& d6i
véi x, dugc mét phudng trinh tuyé&n tinh d&i véi x.

e Quy dao tryc giao cia ho duong F(x, y, C) = 0. Khtt C

d -
ti hai phuong trinh F(x, y, C) = 0, = F(x, y, C) = 0, duge
phuong trinh f(x, y, y’) = 0, 1a phuang trinh vi phan cia ho.
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Thay trong d6 y’ bai o ta dugc phuong trinh vi phan caa

ho quy dao truc giao f(x, Yy, —}17) = 0.

Phuong trinh vi phan c8p hai f(x,.y, y’, ') = 0.
e Phuong trinh khuyét

- Né&u phuong trinh khuyét y va y’ : f(x, y’) = 0, dat y’ = p,
ta duge phuong trinh cdp mét f(x, p') = 0.

- Né&u phuong trinh khuyét y : f(x, y’, y'’) = 0, dat y’ = p,
ta dugc phuang trinh cdp mot f(x, p, p’) = 0.

- Né&u phuong trinh khuyét x : f(y, y’, y”’) = 0, dat ¥y’ = p,

: d
ta dugc phudng trinh cdp mot f(y, p, p'ag) = 0.

e Phuong trinh tuyén tinh : y” + p(x)y’ + q®)y = f(x) (3)
- Hay %ét phuong trinh thudn nh&t y” + p(x)y’ + q(x)y = 0 (4)

Néu y,(x), y,(x) 12 hai nghiém riéng dfc lap tuyén tinh cia
(4) thl y = Cy,(x) + Cy,(x) 12 nghitm t8ng quéit cda nd.

Néu bhi&t mot mghiém riéng cia (4) 1a y = y,(x), cd thé
tim mo4t nghiém doc lap tuyén tinh véi né bing cach dat
y,(x) = y,(x) . ulx).

- Xét phuong trinh khéng thufin nhat (3)

Nghig¢m t8ng quait cia phuong trinh (3) bAng nghiém téng quit
cia phuong trinh (4) c6ng mot nghiém ridng cia phuong trinh (3).

Néu nghiém tng quat cia phuong trinh (4) lay = Cy,(x) +
+ C2y2(x) thi ¢S th€ cho C,, C2 bién thién vA tim ching d€
y = C,(@y,® + C,(™y,(x) théa mén phuong trinh (3). Muén
vy C,(z), C',(x) phai thda man hé

Cy, +Cy, =0
Cy, +Cy¥, = ()
e Phudng trinh tuyén tinh thufn nh8t c6 hé 88 khéng ddi
y'+py tqy =0
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Xét phuong trinh dac trung k* + pk + q = 0 (8)

Né&u (5) cd hai.nghiém thyc phan biét k = k|, k = k,,; nghiém
tdng quat la y = Clekl" + Czeki‘. '

Né&u (8) co ﬁ\(_’)t nghiém kép k, = k,, nghiém tdng quat la
y=(Cx + C2)ek1x.

Néu (5) c6 hai nghiém phdc lien hgp k = « * i, nghiém
tdng quat 1a y = ™ (C cogfix + Csinfx). '

e Phuong trinh tuyén tinh khong thuin nhdt cd hé sd
khong d8i

y’ +py +qy = f(x)

Trong hai trudng hgp sau, c¢6 thé€ tim mét nghiém riéng
cia nd :

1) f(x) = ¢™ P (x), P (x) la mét da thdic bac n. Ta tim mét
nghiém riéng cia phuong trinh c¢d dang
Y = e™Q (x) néu a khdng 12 nghiém cda phuong trinh (5)

Y = xe™Q (x) néu a ]a nghiém don ciua phuong trinh (5)
Y = xZe™ Q,(x) néu  la nghiém kép cia phuong trinh (5),

Q,(x) 1a mét da thic bac n, cdc hé s6 cia né dugc xdc dinh
bang phuong phap hé s8 bdt dinh.

2) f(x) = Pm(x)cosﬂx + P_(x)sinfx, P ), P (x) )a nhitng
da thic bac m, n. Ta tim mét nghiém riéng cia phuong trinh
co dang

Y = Q/(x) cofx + Ry(x)sinSx néu % i khéng 1a nghiém cda (5)

Y = x[Q(x) cesBx + R/(x)sinfx] néu * if la nghidém cia (5).
Q)(x), R(x) 1a nhiing da thdc bie ! = max (m, n).

Trong trudng hop t8ng qudt, dung phudng phdp bién thién
hang s6.
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1. Giai cic phuong trinh vi phan co bi€n sd pl:u‘an ly -
DA+xyde+(1-yxdy=20
2) (x2 - yxd)y +y? +xy? =0
3) y'cos2y - siny = 0
4)y +sin(x+y) =sin(x -y
' cosy — siny — 1

5y = Ccom — sinx + 1 _
6)y =cos(x-y)
Ny =x242xy-1+y?

1
S)Y’Zx*‘_—y"i'l.

2. Tim nghiém riéng cua pht;ong trinh vi phan thda mén
diéu kién ban d4u :

DxVI +y¥dx +yViI + xfdy = 0, y =1

x=0

2) (1 + eX)y2dy = eXdx, y |x_0 =0
3) sinx dy - y Iny dx =0,y| 0 = 1

X=
4)(x2+l)y’=y2+4,y| 1=2.

X=
3. Giai cac phuong trinh vi phan ding cdp cfp mét :

DN(y-x)dx+(y+x)dy =0
2) xdy — ydx = Vx% + yZdx
3 xyy +x2-2y2=0
4) (3x2 +yAy + (y2 - xD)xy’ = 0
5) 2(x + yy)2 = yX1 + y'z)

6) xcus%(ydx + xdy) = ysin%(xdy - ydx)
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K

,_va-i-l
Ny =3y3y+3

. _ y +2 2
8>y_2<x+y—l>‘

4. Tim nhilng dudng cong théa man diéu kién sau day : doan
cua tryc Oy cit bdi dudng phap tuyén cia duong cong tai diém
M bing khoang cich OM.

5. Giai cdc phuong trinh vi phan tuyén tinh cdp mét :
D 2xx -1y +2x-1ly+1=0
2) x(1 +x%)y - (x2 -1y +2x =0
3y + 2xy = xe™
4) (1 + x2)y" + 2xy = (1 +x?)?

b2y _ 3 _ 1
5y (x+1)‘(“+1)’y|x=o‘2

6)(1+x2)y’+xy=1,y- 0=0
X =
7) 2ydx + (y2 - 6x) dy = 0
8) xy’ -y = x’arctgx
2
v _ Y _ = &
9)y xlnx — XInx'y XxX=e 2

10) (x3 + x)y’ + 3x%y = VxZ + 1.

6. Ching minh ring phuong trinh x(x? + 1)y’ - (2x2 + 3)y = 3
c¢6 mét nghidm 12 moét tam thide bac hai. Gidi phuong trinh 4y.
. X 1
7. Ching minh ring ham sé y = xf e! dt ]a nghiém cua
1

phuogng trinh xy’' —y = xze{_ Tim nghiém riéng cia phuong
trinh &y théa man diéu kién y = 1.

x=1
8. Giai cdc phuong trinh vi phan :-
Dxy!+x¥(x+1D)yy+3x-5=0

259



2) y +xy = 2%y}
"3) (ylnx - 2) ydx = xdy

X

, = 9
4y +y = e’ vyl =3

5) ydx + (x + x%y) dy = 0

d
6) 3 (x% + xy) = 1.

9. Ching minh ring phuong trinh (3 - 1)y’ = y? + x%y - 2x
c6 moét nghiém riéng dang y, = x* Tim nghiém tdng quit cia
phuong trinh &y bang cich dat y = y, + 2.

10. Tim duang cong di qua diém (1, %) biét ring doan cua
truc tung cdt bdi dudng ti€p tuyén cda dudng cong tai moi di€ém
bang binh phuong ctia tung d6 cta di€ém 4y.

11. Giai cdc phuong trinh vi ph&n toin phdn :

DEx+y+)dzs+x-y2+3)dy =0
2) 2 (3xy? + 2x3) dx + 3(2x2y +y) dy = 0
2

1 1
[ fs - a2 E a0
x-y? = y o (x-y)
+ +
7 xdx + (2x + y)dy -0
x + y)?
1 X y y X _
5)(; n;—;ws—+1)dx+(—cos——;sm;+—2)dy—0

6) 3x* (1 + Iny)dx ~ (2y ~ x;) dy = 0.

12. 1) Giai phuong trinh (2xy +x%y + % ydz + (x2 +y)dy = 0
bing cich tim thita s8 tich phan dang a(x). I
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2) Giai phuang trinh y(1 + xy) dx - xdy = 0 bing cach tim
thua sé tich phan dang a(y).

3) Giai phuong trinh xdy + ydx - xyllnxdx = 0 bing cdch
tim thita 88 tich phan dang a(xy).

13. Giai cac phuong trinh vi phén :

Dy - o = 5%

2)xy' =y — XCOSZ§

,_ 2y -y

3)y = "4 ou3

x4 — 2xy?
Hx =y +y3
Sy = xy + —

By = xy + —
)y y y

1
Dy +y3 -y =0.

14. Tim quy dao truc giao cia cdc ho dudng cong phu thudc
tham s6 C : :

1) y? = 2p(x -~ C)
N x2-y2=C
3) x2 +y2 = 2Cx
1) (x? +y2)? = (x? - yHC2.
15. Cho phuong trinh vi phan (1 - )y -y + xzy +2x = 0.
1) Tim mét nghiém riéng cia phuong trinh ¢6 dang
y;x) = ax", a € R, n € N.

-1
2) Giai phuong trinh bang cich daty = y_ + 7
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16. Giai cAc phuong trinh cidp hai khuyét :
1) xyn - y1 = xzex

"o y — — = '= ’ = -
Ay -y T - D =0y =Ly =
vy 1 s 1
4) xy" -y = x%nx _ -2 = -1
y' -y =x »ylle— oY |, ., =

5) yyn _ y)z +yo3 = 0
6) y'2 +y'2 = a?
b2) 1
Dy’ = %"
17. Giai cdc phuong trinh vi phan :
1) x*(nx - 1) y° - xy’ + y = 0, biét ring né cé moét
nghiém iiéng dang y,(x) = x*, « € R
2) 2x + 1)y’ 4+ (4x - 2) y - 8 = 0, bi6t ring né cd
mdt nghiém rieng dang y,(x) = ¥, a € R '
. 32 -1y’ -6y =0, bict rdng né c6 mbt nghiém riéng
y,(x) cé dang da thic

H (X -y +xX-Dy+201-xy =0,y x=1=o,

Y- = 1 biét ring né c6 mot nghiém riéng y,(x) = e*.

18. Giai phuong trinh (2x ~ x%) y”" +2(x - 1) y’ - 2y = -2
bi€t rAng nd cd hai nghiém riéng 1a y,(x) = 1, y,(x) = x.

18. Giai phuong trinh

x(x + 1)y’ + (x+2)y —y=x+

[

biét rang pbhuang trinh thudn nhdt tuong dng cia né c¢d mat
nghiém riéng dang da thiec.
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20. Giii ciac phudng trinh :

e*
e+ 1

2)y”+2y’+y=3e"‘\lx+_1
3y’ ty = tex

1)y))_y=

1
4)y”’ + 5y’ + 6y =
)y y Y= 17 ex
AU S
y y_0052x\h:oa2x'

21. GiAi cic phuong trinh :
1) y” - 7y’ + 6y = sinx
2) y + 9y = 6eX™
Hy’ -3y =2-6x
4)y” -2y’ + 3y = e Xcosx
5) ¥y + 4y = 2sin2x
6) y' +2y' +y = 47X
7 y” - 9y’ + 20y = x2e™
8) y" + 4y’ - 5y = 2&&
9) y” + 2y’ + 5y = 2xe * cos2x
10) y* +y = x2cosx
1)y’ -3y = e - 18x

3

12) y*’ +y = cos'x

13) y” - 4y’ + 4y = e cosZx

14)y” - 2y’ + (1 +ady = (1 +4a?) cosax, y 0= Y o= 0
x= x=

15) ¥’ + 6y’ + 9y = xe™
1)y - (m+ 1)y’ +my = ¥ -x - 1.
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22. Giii phuong trinh x%y” + xy' - 4y = x’Inx bing céch
d8i bién s6 x = e'. ‘

23. Giai phuong trinh y”* — y° = e cose* bing cach d8i bién
s6 t = e~
&y 2z
?+1 @ +1)

céchdﬁibié’nsdx=tgt,~%<t<g_

25. Giai phuong trinh (1 + x%)y” + xy’ - y = 0 bing cdch
d8i bién 86 x = sht.

26. Giai phucngl trinh x%” - 2xzy’ + (2 - x%)y = O bing

24. Giai phuong trinh (x* + 1)y” + 2xy’ + bing

phép d8i ham =8 phai tim z =

M |

1
27. Giai phuong trinh %" + 4xy’ + (x> + 2y = bang

phép bi&n d8i y = -liz
X

28. Dat r = Vx? + y° + z2. Tim bham s6 ¢(r) d&€ cho ham
86 u(x, y, z) = ﬂri) théa min phuong trinh

2u  0%u  9%u
— +

w e o
29. Dat r = Vx2 + y2. Tim ham s6 p(r) d€ cho ham &6
2w
oxdy o

= 4u.

u(x, y) = ¢(r) thda man phuong trinh

"

30. Ngudi ta goi phuong trinh c6 dang F(x, %» y?) =01la

phuong trinh- vi phan thufin nhat c4p hai. Ching minh ring cd
thé dua né vé& phuong trinh vi phin cfp mét bing phép bién

déi y; = z. Giai phudng trinh
yyn _ yoz +yy) +x2y2 - 0
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31. Tim nghiém khai trién dugc thanh chudi liy thua cuda
phuong trinh vi phan
(1 -xH)y” - 2xy’ +2y = 0

théa man diéu kién y 0= 0,y = 1. TY do tim nghiém
X = = K

tdng quat cia phuong trinh.

32. Tim nghiém khai tri€n duge thanh chudi lay thita cda
phaong trinh

1
(1 — x2y” —xy + ~y =0

4
tho an dié ‘k'é =1y =1
6a man diéu 1_py‘x:0- Y |x:0_ 5
33. Giai cac hé phuong trinh vi phan :
y =4y — 22 y =3y — 2z
1){z’=y+z 2){2’=2y—‘z
yly=yre+e o y =y+z-3, Y| xwo =0
2 =2 +z+ e X 2 = =2y +3z +1, z‘x=0=D
[, 1 Y
y=1-7 Y =9oy+3z" Y|x=0=1
5) ; 1 6) -
. y z Z| o = 2
z' = 2= ——
{ y—-x 2y + 3z
[ _ ¥ e X
nl’ 7 ol 7
)‘ s 1 z’—.i
=3y =7
'[(z—y)zy'=z dx dy dz
10) = = .
l(z—y)zz’=y y+z z+x x+y
34. Giai cdc hé phuong trinh :
y=z-y y =4y —3z
D {z’=—y—3z 2 z’' = 3y +4z2
265
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d oyt o+
at - xTyTE Jlae=x*TY
dy dy
3)-dt—x—y+z 4)‘E——x+2y+z
= _ .- =z __ .
a-xTyT? e~ *TE
DAP SO
l‘l)lnlxi-l‘-x- =C 2)214-11:-! = C
. y y=C . e |x =

3)x=1n|tg§| + 2coay + C 4)2sinx+1n|tg§| =C

5) tg =C (:’g%n) _(1—tg§) 6) x +cotgx%y =C .

1 .
Ny=g—5 % 8 (x-y?=-2x+C.
4

2 DT F +VT F37 = V2 + 1 2)y3=3arct@"-%

3) Mgi nghi¢m déu théa man diéu kién &y

3. 1>y2+2§y—x2=02 2)1+2Qy-C7-x‘2=0
3y =+ 1 +CH Hxx2+y?) -Cly =0
5)x2+y?-20x-C2 =0 6)xycos%=c
Nxt-2zy-y +2x-6y=CDatx=X+1,y=Y+2)

y+2 ¥
~2arctg 3
8) e 73 = Cy + 2).
4.x2 = C(2y +C).
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c 1n(x—%+'4xz—x)

8.1)y= - néux < Oholicx > 1;
x“=-x 2.4?—x
y= c +arcsm(2x—1). néu 0 <x <.
Jx-_—? 2.N\Nx ~-
y=Cet1+0) ). * Hyeer(c+l
)y=Cx+(1+C)_ ; Yy =e™ ( )

2 'Y 1,
4)y=(1+x)(x+C). By = (x + 1)2 (—+x+2)
In(x +¥x% +1) -
8y = e 7) y* - 2x = Cy” (gidi x theo y)

8) y = Cx +x’arctgx —-é-ln(xz 1), 9y = %lenx

2
100y = @2 + 1) ¥? (% + In|z| + C).
Cxd
V22 +1

7.y =x( +f dt)
1

8.1 #=C(14+] )2+6(" ‘)

8.y= + (2x2 - 1),

x’ 2)y‘(x2+1+ce}")=1,

3) y(%lnx+'z+0xz) = ] i 4)y=e* (%e‘ + 1)

1
1 1 ——y2 '
5)x=ya y_'_c)(yﬂxtheoy)jﬁ)-;ac_el -y +2.
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e"(CICOS\Ex + Czsin\rz- X) + Tl—(5cosx — 4sinx)

il

4) y
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1)y = C + Cpe*+ §xe3" + 3x2 + 2x

. 1 3x |
12) y = Cycoxx + C,simx — ﬁcosﬁx + g Sinx
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