NGUYEN BINH TR (chdl bién)
TA VAN DINH - NGUYEN HO QUYNH

TOAN HOC CAO CAP

TAP HAI
PHEP TiNH GIAI TiCH MOT BIEN SO

(Tdi ban lan thie mudi)

NHA XUAT BAN GIAO DUC



Chuong 1
S0 THUC

Chuong nay sé& nhac lai cdc khai niém vé tap hop, dnh xa va giai
thich chi tiét tap hop cic s¢ thuc.

1.1. Tap hop

Tap hgp 12 mér khdi niém cg ban cla toan hoc. Ching ta di biét
tAp hgp cac s6 wr nhién N, tap hgp cac s6 nguyén Z, tap hgp cdc sé
hitu ti Q... Ta ciing c6 thé néi 1ap hop cac diém cba mét doan thang,
tp hop cdc duding thang vuong goc véi mot duong thing cho trudc...

Khi néi dén mét tap hop ta nghi dong thdi dén cac phdn 1 cla tap
d6 ; dé chi a 1 phan tir clia tap hop A ta viét a € A va doc [a a thuoc A ;
dé chi b khong 1a phan tir ciia t4p hop A ta viét b ¢ A va doc 1a
b khong thuoc A.

Pé chitng 18 ring tap hop X (goi tat 1a tap X gém cac phin tir
X.V,7,..,taviét

X:=1{x,v,2, ...}

va nhu thé, trong biéu thirc trén, & vé phai ta di liét ké danh sich cic
phan tir cha X. Viéc liet ke d6 c6 thé 1a triet dé (liat ke hét 14t ca phdn
tr ciia X) néu s¢ phdn tlr ciia X khong qua 1dn ; viéc liét ké ciing c6
thé khong triet dé (khong liét ké ra hét moi phan af cia X) néu s§
phan tir cia X qua 1dn, hodc X ¢6 vo s8 phan tir, khi do ta phai dbng
dau "..." mién la khong gay hiéu nham.



Do do nhing trudng hop khong thé liét ké ra hét tat ca cdc phén tir
clia mot tap hgp, ngudi ta dung cdch sau : Dé chi tap hop A gém tat
ca cdc phan ur ¢é thuéc :inh o (tinh chat dé xdc dinh mét phén tir
thudc hay khong thudc tap A) ngudi ta viét :

A = {a|acé thudc tinh c}.

TAap con

Cho hai tap hop A va B ; né€u mbi phdn 1 cha A 12 phdn tir cia B
thi ta ndi rang A 2 mot tdp con clia B va vi€t 1a A < B ; néu A 1a tap
con cta B va tap B c¢6 it nhaAt mét phin tir khong 12 phan tir cua A thi
ta néi ring A 1a tdp con thic sy cia Bva viétla A c B.

Cho A, B ia hai tap, noi ring tap A bdng tip B va vi€t 1a A = B néu
AcBvaiBcgA.

Tap rong

Theo quan niém thong thudng, mot tap cin cé phin tif tao nén tap
dé ; tuy nhién, trong toan hoc, d€ tién cho viéc l1ap ludn ngudi ta chdp
nhan khai niém tdp réng viét 1a &, 1a tap khong chifa phin tlr nao.
Ngudi ta quy udc & la tap con clia bat ki tap A ndo, & ¢ A. Cin phan
bict & = (D).

Cic ki hié¢u logic

Dé dién dat thuan loi cac 1ap luan todn hoc ngudi ta hay sir dung
cac ki hieu logic, & day ching ta cing néu mot sé ki higu thuong
dung va don gian nhat.

Néu ta khong dé y dé€n noi dung clia modt ménh dé nao d6 ma chi
chid y dén méi lién quan clia né véi cdc ménh dé khac thi ta cé thé ki
hiéu ménh dé dé bsi mét chir. Chang haa, ki hieu "a = B dugc hiéu
la "tir ménh dé o suy ra ménh dé ", ki hieu "a < B" duge hiéu la
“tir ménh dé a suy ra ménh dé 8 va nguoc lai, tir ménh d& 8 suy ra
ménh dé «” hay néi khéc di "ménh dé o va ménh dé B tuong duong
vdi nhau”.
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Bay gio, gta sir A 12 mot tap va t 1a mét tinh chat niao do cia
nhitng phan tlr cita A. Goi C(t) la tap t4t ca nhimg phan 1 clia A ¢6
tinh chit t, nghia la

C(t) ;= {x € A | x c6 tinh chat t}.
Khi dé, néu

« C(t) = A thi moi phén tir ciia A déu cd tinh chat t, vi ta ndi ring
"Véi moi X € A, x ¢6 tinh char t” va ta viet Vx € A : t(x) ; ki hieu V
goi 1a ki hiéu phd bién (d6 la chir A viét nguoc, i chir All (ti€ng Anh)).

¢ C(1) # O thi ¢4 it nhit mot phén tlr x coa A ¢6 tinh chat t ; ta noi
rang "Tén tai mot phin tir x € A, x c6 tinh chit 1" va viét 3x € A :
t(x), ki hiéu 3 goi 1a ki hiéu tdn tai (d6 la chir E- viét nguoc, tir chir
EXISTENCE (tiéng Anh)).

Giao cuia hai tap

Cho A, B 12 hai tap, goi giao ciia A va B, viét la A ~ B va doc 1a
"A giao B", la tip dinh nghia bdi :

ANB:={x]xe Avaxe B}
Hop ciia hai tap

Goi /igp ciia tip A va tap B, viét ]a A U B va doc 12 "A hgp B” 1a
tap dinh nghia bai -

A UB:=[x}x e A hoic x € B}.

B3 sung

Goi b sung cia B trong A (B < A), viét 1a C,B 12 tap dinh nghia
bai :
CaB:={x|xeAvax ¢ B}
Phép giao, hop va bé sung thoa céc tinh chét sau :

(ANBYNC=ANnBNO



(AUB)UC=AuU(BUC)
(ANBuUC=(AuC)n(BUO
(AuB)NnC=(ANC)uBNO
CA(B; U By) =C,B; nCy,B,

CA(BI m B2) = CABI U CAB2
Tich Pecdc

Cho hai tap A, B khong réng, véimbi a € A vambi b € B, ta lap
cap (a, b) goi |a mot cap sip thit tu (viét phin tif a € A trudc va phén tir
b € Bsan) ; tich Décac cha A va B, ki hiéu 12 A x B va doc 1a "A tich
Décdc B", la tap dugc dinh nghia bdi A x B:= {(a,b):a € A; b € B}.

Tap nghiém

Mot ménh dé thuéc leai "... 1a thi dé nude Viét Nam” duge goi la
mot ménh dé mo. Ménh dé nay khong ding ma cing khéng sai.
Trong ménh dé trén, néu 1a dién vao chd trong cac or "Ha Noi" thi
duoc mét ménh dé ding ; con néu dién vio chd tréng cic tur "Hai
Phong” thi dugc mot ménh dé sai.

Néi chung, trong todn hoc, cic ménh dé ma c6 dang cidc phuong
trinh hay bit phuong trinh. Chang han, ménh dé

X+3=9
[a mot ménh dé mad, dugc goi 1a phuong rrinh, va ménh dé
, x+3<9

ciing la mot ménh dé md, duge goi 1a mot bdt phuong trinh. Trong
moi ménh dé trén, chir x 12 mot ki hiéu chi mot s6 chua dinh 16 va néu
thay X b&i mot s8 cu thé niao d6 cé thé lam cho ménh dé diing hodc sai.
Ki hiéu x dugc goi la mot bién (dn). Tap moi gid tri cha bién sao cho
khi thay céc gid tri dé vao phuong trinh hodc bt phuong trinh thi céc
phuong trinh d6, bit phuong trinh dé cé nghia, duge goi 1a mién clia
bién. Tdp nghiém cha mot phuong irinh hay bit phuong trinh 12 tap
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moi phdn tlr cha mién ctia bi€n khi thay vao ménh dé md thi ménh dé
d6 ding. Ching han néu mién cia bi€n x 12 tap cic sé nguyén duong
thi tap nghiém cua phuong trinh

X+3=9
la tap {6}, con tap nghiém cua phuong trinh
x+3=2

1a tap réng 0.

Bay gio, néu 13y mién cha bién 1a tip cdc s6 nguyén thi tap {6} 14
tap nghiém cua phuong trinh x + 3 =9, con tap {-1} la tap nghiém
cla phuong trinh x + 3 = 2. Nhu th€ tap nghiém ca mot ménh dé ma
phu thuoc vao tap mién bi€n va cliing moét ménh dé ma cé thé cé
nhiéu mién bién khac nhau.

Anh xa

Cho hai tap E va F ; ta goi mot dnh xa f iir E sang F va viét 1a
f: E — F, 12 mér quy tdc 1am ing méi phan nr cia E v6i mét phdn ni
xde dinh cha F, E duge goi 1a tdp gdc (hodc tap ngudn) va F dugce goi
12 tdp dnh (hoac tap dich) ; phan try € F iing v&i phan tr x € E dugc
goi 1a dnh clia x qua dnh xa f va viét y = f(x), ciing doc la y = f(x), va
dé chi rd quy tic 1am Ung x vGi y ta Vit X - f(x).

Anh xa f dugc goi 12 don dnh néu phuong trinh f(x) = y c6 nhiéu
nhat mot nghiém x € E, védimoi y € F.

Anh xa f duge goi 12 roan dnh néu phuong trinh f(x) = y ¢6 it nhat
mot nghiém x € Evédimol y € F.

Anh xa f duoc goi 1a song dnh n€u phuong trinh f(x) = y c6 mét
nghiém duy nhdt x € E v8i moi y € F. Mot song dnh la mot 4nh xa
vira 1a don dnh vira la toan dnh.

Hai tap A va B dugce goi 1a rwong duong vai nhau, viét 1a “A<aB"

néu tén tai mot song anh f : A > B.
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Chotap I:={l, 2, ..., n}, bat ki mét tap X ndo tvong duong vai 1
ciing duoc goi 1a mot tap hitu han (c6 s6 phan ti 13 hiru han va bang
n), khi d6 ta viét card (X) = n. Goi N 1a tap cic s6 ty nhién, bat ki
mot tap X nao tuong duong vdi N ciing goi 12 mot tap dém dugc, ta
viét card (N) = card (X) ; (c6 thé hiéu 12 s6 cdc phan tr cha X bing
$6 cac phdn tir coa N).

1.2. Tap céc so thyc

Chiing ta da biét tap cic s6 tu nhién N :

N:=1{0,1,2,..,n,..)}

Dé ma rong 16p nghiém phrong trinh x + n =0, n € N, ta dua
thém tip cic s6 nguyén Z :

Z:={0,£1,%22,..,%n,..}
Pé mé rong 18p nghiém phuong trinh mx + n=0; m, n € Z dugc
dua thém tap cic s6 hitu ti Q :

m . S
Q:={x:x=—;n#0;m,n e Z; m,nchicé udc chung 12 + 1}
n

va d1 nhién ta c6 bao ham thitc kép
NcZcQ

Tuy nhién ngudi ta cé thé chitng minh dugc ring Z ~N; Q ~ N ;
nghia la ca Z, 1dn Q déu 1a nhitng tap dém duoc.

Bay gidy d€ ching td ring tap cdc s6 hitu ti cling con qué hep, ta
xét nghiém duong cva phuong trinh x2=2,vitaco x=+2 ;56 2
khong phai 12 ¢6 mot s& hiru t'. Ta chimg minh diéu n2y bang phan
chimg. That vay, gia sir v2 12 mot s& hifu ti ; khi dé V2 ¢6 dang :

\/5=E:m,neN:
n

v&i m va n chi cé udc s6 chung la 1 va —}.
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Vi cé hai v€ cha phuong trinh trén déu duong nén suy ra phuong
trinh tuong duong m” = 2n%. Do d6 m’ chia hét cho 2 ; vi thé m chia
hét cho 2, va ta c6 thé viét m = 2p ; do d6 4p° = 2n°, nghia 1a n’ = 2p°.
Ciing lap luan nhu trén n ciing chia hét cho 2 va nhu thé m va n cing
6 udc s6 chung la 2 va didu dé mau thuin véi gia thiét, vay V2
khong thé 13 mét s6 hiru ti, ta néi ring V2 1a mot s6 vo ti. Hon nira,
¢6 thé chitng minh duge ring néu n 1a mét s6 nguyén duong, Khong la
s0 chinh phuong. nghia 12 n khoéng 1a binh phuong clla mot so nguyeén
k nio thi vn ciing 12 mét s6 vo ti. Ching han v3,V5,V7, ... Ia
nhimg s& vo ti. Tap cédc s6 hitu ti va cac s& vo ti duoc got 1a tap cic s6
thuc va ki hiéu 1a R.

Dé dé phan biét s vé ti va s& hitu ti ching ta dua thém khai niém
vé s6 thap phan.

1.2.1. $5"thdp phdn

Xét cdc s6 hitu ti % i— ; ta ¢d thé viét cdc s d6 dudi dang s6
thap phan
1
—=0,333..
3
-1—=0.25
4

Va ta noi ring sé hir ti -}; duoc biéu dién dudi dang mét s6 thap phan
hitu han va s6 hitu ti % dugc biéu dién dudi dang s6 thap phan
v6 han tudn hoan. Noi ring :lt- I s6 thap phan hifu han vi khi biéu

| L E e s . o S N .
dién 2 =(,25 ta cd thé két thic ngay 0 56 3 ; trong khi 3 1a moét s0
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thap phin v6 han tudn hoan vi khi biéu dién 1. 0,333... ta c6 thé viét

Y

1

L3

thém bao nhiéu s6 3 nita vin chua biéu dién ding hin duge s6

nhung néu muén kéo dai con s6 3 dé&n bao nhiéu ciling viét duoc.
Ciing nhur thé, ¢6 thé viét

%: 0,1428571...

G day, sau con s6 | (s6 sau d&u phay thit 7) ta vi&t ddu “..." vi néu
mudn viét thém bao nhiéu sd sau ddu phdy ciing dugc, ching han c6
thé viét :

%= 0,14285714285714...

va nhu thé trong biéu dién dang thap phan cia —;— cic s8 142857

duge lap lai theo thif ty d6 bao nhiéu 14n (y y... va néu ta mudn diung
lai & s6 may ciing dugc mién la d3 biéu dién diy di cdc 58 142857 vi
biét diy di 6 con s6 ndy tic 1 bi€t quy tdc tudn hoan cla s6 thap

phan vo han tudn hoan 0,1428571...= .;_

Ngudi ta ¢d thé chitng minh ring bdr ki mér 56 hizu tf nao ciing c6
thé bidu dién dudi dang s6 thap phan hitu han hay vé han tudn hoan.
Véi s6 v ti thi khong nhu thé&, ngudi ta ciing chimg minh duge ring
bit ki mot s8 vo ti ndo ciing biéu dién dudi dang s6 thap phin vé han
khong tudn hoan. Chang han khi ta viét :

J2=1.41...

thi ta khéng thé tir biéu dién thap phan ndy ma c6 thé viét thém cic s6 sau
dau phdy mét cich wy tién vi khong c6 quy tdc tudn hoan ; néu viét :

V2 =1,41421...
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thi ta chi c6 thé biét dudc rang d6 13 bidu dién xdp xi N2 véi 5 con
s6 sau d&u phdy va tir nam con s6 dé khong thé suy dién dé viét tigp
nhirng con sd thap phan khic vi 2 13 s6 v ti, c¢6 biéu dién thap
phan v6 han khong tuan hoan.

Ngoai ra nhu dinh nghia & trén, tap cdc s6 thuc R gém céc sG hiru
ti va s6 vo ti, do viy ta ¢é bao ham thic

NcZcQcR
Ta ciing di biét ring cic tp Z, Q twrong duong véi N va ca 3 tap
déd : tap cdc s6 ty nhién, tap cdc s nguyén va tap cdc s6 hidu ti la
nhiing tap vo han, dém duge ; tap s8 thuc R khong phai 12 tap dé€m
dugc, va ta néi rang card (R) 13 continum.
1.2.2. Truong s6 thuc
Bay gig ching ta dinh nghia tip cdc s8 thuc R nhu mot 1ap hop
cac phan 11, trong d6 xdc dinh dugc mot s phép toan va quan heé cé
cdc tinh chat duge mo ta trong mot s& tién dé ma chiing ta thira nhan.

Cac tién dé 4y, trir tién dé can trén diing, phin dnh nhimg tinh chat
quen thudc ciia s6 thuc ma ban doc da biét tir trudng trung hoc.

& o a’ » N *
Tién dé vé cdu tric tru'ang( )

Trong R xdy dung duoc hai luit hop thanh trong 1a phép cong (+)
va phép nhan (.). thod min céc tinh chat sau :

1) Phép cong va phép nhan cé tinh giao hodn :
a+b=Db+a

V(a, b) € R’
a.b=b.a
2) Phép cong va phép nhan cé tinh két hop :

(a+b)y+c=a+(b+c)

3
(a.b).c=a_(b_c) V(a.b,c)eR

(¥) V& cdu tric tredng va quan hé thit ty, ban doc cé thé xem thém & chuong 2 va
chuong I quyén Toin hoc cao cdp Tap mot.
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3) Phép nhan c6 tinh phan b6 d8i véi phép cong :
a(b+c)=a.b+a.c
(a+b).c=a.c+b.c

V(a, b, c) e R®
4) Phép cong ¢6 phdn ur trung hoa, ki hieu [a 0 :
a+0=a Vae R
Phép nhan c6 phan i trung hoa, ki hiéula 1 :
a.l=a Va e R
5) Moi phan tr a € R déu c6 phin tr d6i, ki hiev 1a —a ;
a+(-a)=0 Va e R
Moi phan tira € R — {0} déu cé phan tr nghich dao, ki hiéu ]a at
a. a_l =1
Tién dé vé quan hé thir tu toan pha“nm

Trong R xay dung dugc quan hé thif tu todn phan <, tuong thich
vdi cau tric truong, nghia la

x>ytuongduong vdix +azy +a VaeR

.. |ax=ay nfua>0
X 2 y tuong duong véi i
ax<aynéua<0

Tién dé cdn trén dung (vé tinh day cua R)

Tap hop Q cic $6 hiu ti cing thod man tién dé vé ciu tnic trudng
va tién dé vé quan hé thit tu toan phdn, tidc 12 Q 12 moét trudng dugce
sap tht . Ta cing biét rang gira hai s& hitu ti a, b, t4n tai mot s6

. . a+b - L L L A e
hitu u thit ba, chang han , do d6 gira hai s& hiu t1 bat ki ton tai

(*) Vé c&u tric trudng va quan hé thd wr, ban doc c6 thé xem them & chuong 2 va
chuong 1 gquyén Toan hoc cao cip Tip mdt.
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vo s6 s6 hiru ti khdc. Tuy nhién Q 12 mot trudng sap thit tu khéng

day, nhu ta s& thay ¢ dudi. Do vay tap R cdc s6 thuc con thod mah

tién dé vé tinh sap thi ty ddy ctia nd, do 12 tién dé can trén ding.
Truéc hét ta dua vio mot s6 dinh nghia.

Pinh nghia 1. S6 thuc x duge goi 12 cdn trén cha tap hgp A < R
néu Va € A, a < x. Khi d6 ta néi tap hop A bi chdn trén. x dugc goi
1a can duwoi ciia A n€u Va € A, a > x. Kht d6 ta néi tap hop A bi chdn
duegi. Tap hop A dugc goi 1a bi chdn néu né vira bi chan trén, vira bi
chan dudi.

Dinh nghta 2. Can trén bé nhit ciia tap hop A, néu ¢é, duge goi la
cdn trén ding cua A, ki hiéu sup A. Can dudi 16n nhét ctia A, néu cé.
duogc got 12 can duoi diing cta A. Ki{ hiéu inf A.

sup A va inf A ¢6 thé thudc A, ciing c6 thé khong thuéc A. Né&u
sup A € A, thi sup A 1a phdn nr Ion nhdt cta A. Ki hitu max A. Néu
inf A € A thiinf A 1a phdn tir bé nhdt cia A. Ki hiéu min A.

Bay gio ta xét iap hopA={xeQ: x> < 2}. Tap hop 4y khong
réng, vi 1 € A, bi chan trén vi Vx € A, x < 2. Nhung tap hgp A
khong c6 can tren ding thude Q, dé thdy ring sup A=+2, ma
2 eQ. Vsi ¥ nghia 4y, ta néi rang Q 12 mot trudng sap thi ur
khong day.

Tién dé can trén ding : Moi tap hop A < R khéng réng, bi chan
trén déu ¢6 can trén dang thuoe R.

Tir tién dé d6, dé dang suy ra ring : Mét tip hop A < R khong
rong, bi chan dudi déu ¢6 can dusi ding thuoce R.

1.2.3. Tri s0 tuyét déi cua mot 56 thuc

Ngudi ta goi tri s6 tuyét d6i cua s6 thyc x 1a s6 thuc duge ki hieu
|x], xac dinh nhu sau :

X néu x >0
(1.1 le-—-{

-X néu x<0
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Tur d6 dé dang suy ra céc tinh chat sau :

(1.2) la.b| = Jal.Jb]

(1.3) 2 =:-E% v6i b 0.
(1.4) la + b| < fal + [b]
(1.5) la — bl > {la] - {bff

That vay, chéﬁg han ta chiing minh (1.4). Ta cé
—|a] < a < |a]
—|b] <b < |b|

Cong hai bat ding thic kép &y timg v& mot, ta duge
- (la] + [b}) <a + b < (a| + |bj

Tir dé suy ra (1.4). D€ chimg minh (1.5) ta viét
laj=la—b+bl <|a-b]+|b

Do dé

la| - |bf < |a - b
Tuong tu

lbl - la| < |b-a]=|a—b]. W
1.2.4. Truc s6 thuc

Pé biéu dién hinh hoc tap hgp céc sé thuc R, ta xét truc Ox, véi O
1 diém gdc. Mbi diém M trén truc Ox duoc ¥mg voi 56 thuc x sao cho
OM =x. Mdi 6 thuc x duge tng véi diém M trén truc Ox sao cho
OM=x.Dé la mot song anh gifta tap hop R va truc Ox. Ngudi ta goi
truc Ox 12 dudng thang thuc hay truc sé thuc.

> . . 3 1 3
Anh cna cac s6 -3, -2, _5' -1, 0, 7 Z 1, 2, 3 trén Ox duoc
cho 0 hinh 1.1.
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AlTi jl 1 4411_11J_1= 1 1 |_+________‘___>

-3 -2 -1 01 31 2 %
4 3

Hinh 1.1
Hinh 1.2 minh hoa c4ch str dung dinh i Pythagore d€ xic dinh anh
ciia s6 vo 11 /2 trén truc Ox.

Hink 1.2. Didm A g véi s6 \2
* Ta dua vao cic ki hiéu sau :
R,={xeR:x20},R.={xe R:x=0)},
R =R-({0). R} =R, -{0}, R_=R_-{0}, N =N- (0)

Vai(a, b) € R2. a <b, tacé cic khoang sau :

(a,b)={xeR:a<x<b} [a,b]={x e R:a<x<b)
(a,bl]={x e R:a<x<b} [a.b)={xeR:a<x<b}
(-o,a)={x e R:x<a) (-o,a]={xe R:x<a)

(a,+0)={x € R:x>a} [a, +0) =[x € R: x> a]}

(—0, +0) =R

* Trén truc s6 thyc ldy hai diém x|, x,. Ngudi ta goi khodng cdch
giita hai diém 4y 12 s6, ki hi¢u d(x. X,) dugc xac dinh bdi
(1.6) d(x;. Xp) = ixy — x5l
15
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Nhu vay x| chinh ]a khoang céch gitta x va O :
x| = d(x, 0)
- Dung céc tinh chit cla tri s tuyét d6i cua s6 thuc, ¢é thé suy ra

céc tinh chat sau day cia khoang céch :
1) d(x, )20, V(x, x') € R
J dix, xY=0eex=x", V(x,.x) e R2
2)d(x, xY=d(x’', x), V(x, x) e R?
3) d(x. x') S d(x, x")+d(x", X"), V(x, X", x")e R

.7

* Lay diém a trén truc s, r ta mot s duong. Ngudi ta goi r — 1an
can cha diém a 13 khoang ki hiéu v(a, r) dugc xdc dinh bai

(1.8) via,r)={xeR:|x-a|<r}

1.2.5. Nguyén li Archiméde

Dinh li 1.1. (Archimede). V61 moi € > 0 cho trude, véi moi x > 0
¢ho truée, 1uon ton tai moét s6 nguyén duong k sao cho ke > x.

Chitng minh. Ta sé& dung lap luan phan ching. Gia sir diéu khing
dinh cda dinh )i khong ding, nghia la Vn € N*, ne < x. Khi dé tap

hopE = (ne: n e N} 12 mot t4p hop trong R. khong réng va bi chan
trén. Theo tién @€ can trén diing, tdntaib=supE. Vib-e<b,b-¢
khong 12 can trén cua E, do d6 tén tai n, € N" sao cho ne>b-¢

hay (n, + 1)e > b, diéu nay mau thuin véi dinh nghia can trén ding
cua b. Dinh 1i duge chimg minh. W

Hé qud. Voi moi x € R, 16n tai k € Z sao cho
k<x<k+1
Ban doc hiy tu chitng minh hé qua nay.
S6 k trong hé qua Ay dugc goi 1a phan nyuyén cua x, ki hiéu E(x).
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Dinh li 1.2. Giita hai s6 thuc badt ki luon ton rai mot sé hitu .

Chitng minh. Gia sir ¢, d 1a hai s6 thuc vdic <d. Vid - ¢ >0 nén

theo dinh 11 1.1, t6n tai q € N sao cho 1 < (d — ¢)q hay

(1.9)

cqg+ 1 <dq.

Mait khdc, theo hé qua clia dinh 1i 1.1, ton tai p € Z sao cho

(1.10)

pLeq+i<p+1

Tir (1.9), (1.10) suy ra

p-l<cq<p<cq+1<dq

Tircq < p < dqg, ta duoe

c<£<d,EEQ. n
q q

Hé qud. Giita hai s6 thuc bdt ki cé vo6 s6 s6 hitu 11,

1.2.6. Tdp s6 thuc mo rong

Ta thém vao tap R hat phan (o, ki hiéu 1a —o, +w0, dit

R=Ru [—o0, + ) va mo rong cac luat hop thanh trong +, . va quan

hé thd 1u < vao R nhu sau:

(LD

Vx € R, X + (+0) = (+0) + X = +m, X + (—0) = (—0) + X =-
= —00, (400) + (+00) = 400, (—0) + (—®) = —w©

Vx e R:' X.(+0) = (+00).X = 400, X.(—=0) = (~®0).X = —0

VX e R:. X.(+0) = (4+0).X = -0, X.(—®0) = (=0).X = + ®©

(+e0).(+w0) = (~00).(—0) = +0, (+00).(=00) = (~0).(+®) = —©
VX € R, —00 < X < +©

R duoc goi 1a tdp s6 thuc mo réng hay dudng thdng thuc mo rong.

Pinh li 1.3. Moi tdp hop A khéng réng cua R déu c6 cdn trén ding
(sup A c6 thé bang yoo) va can dudi ding (inf A cé thé bang —).

2 THCC-Tap 2
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1.3. Day so6 thuc
1.3.1. Cdc dinh nghia

Dinh nghia 1. Mét day sé thue (néi ngdn gon la day s6) 12 mét dnh
xarN vao R :

N 3n>x,eR
Ngudi ta thudng ding ki hiéu (x,}, n= 1,2, ..., dé chi mot day 6.
Thi du.

v Xp =,

I 1
(@) {Xo) s X, =— 1 xy=1; Xp3==
n 2 n

(b) [xp} s xg=lix =1 x9=0;.., x,=1 ..

(i dxgh s Xg =(-D" 2 xy==1 1 x3=1 ... x5=(=D", ...

2

(D) Ixgd s xg=n" : xy=1, x3=4, ..., x5 =n",

1Y 9 1Y
(e) {xpt i Xq =1 1+~ ;x1=2;x2=z‘ vy Xp = 1+— 4

n n
Ta hay néu mot vai nhan xét ma ddu veé cdc thi du trén.

* Trong thi du (a) gid tri cda day |x,} luon duong va giam dan khi
n ting ddn va cé khuynh hudng giam vé s6 khong (?)

*» Trong thi du (b) gia tri cla day {x,} luon khong déi.

* Trong thi du (c) gid tri cua {x,} chi ldy hai gid tri -} hodc +1
tuy theo n 1é hay chan.

* Trong thi du (d) gid tri cua {x,} luén duong va tang dan theo n.

¢ Trong thi du (e) gid tri cla n tang dén theo n : x,,; >x,. That
vay, dung cong thic khai trién nhi thic c6 :

18



Cgep Lynm=D L n(m-Dn-2) 1

n 12 p? 1.2.3 n3

. nn-1.(n—k+1) L+ +n(n—1),..(n—n+l)l 1

12..k ak T 12..n an

tic 1a :

Xn =l+l+~l—(l—i]+—l~[l—l)(1—2'—]+”.+
2! n 3t n, n
+-1~(1—lj(1—3]...(1—k_']+
k! n n n
+...+l[1—l][1—3]...[1-“‘1}
n! n n n
trong dé : n! :

:=1.2.3 ... (n - )n va doc 1a n giai thira.

Tir hé thirc trén, thay n boi (n + 1) ta cé :

1 n+]
X =|li+— =
n+l [ n+1]
1
=1+1+L[1_ 1 ]+_[1_ ! ][1_ 2 ]+...+
2! n+l 3 n+l n+l
o, _
+L(l— ! }[l- = ]...[1—1( l}+...+
k! n+l n+l n+l
/ —_—
+i[1— ! Jl——2—-]...[1—“ l)+ 1 [1— ! ]x
n! n+1/0 n+l n+l/ (n+!

n+1i

19



So sdnh x,, va X, trong hai khai trién trén te thay rang khai trién

cha X,y nhiéu hon khai trién ca x,, mot s6 hang, déng thoi tir s0

| . 1
hang thu ba tra di thi vi —> nén | -—<1-
n n+l n n+1

nén cic s6 hang
cha X, bé thua 56 hang tuong dng cla xp,,(, dovay X, >x,. Vn. B

Qua nhimg thi du trén ta nhan thady mot day s6 {x,} cé thé c¢o hai
kha nang : hoidc a cac gid tri ¢6 "khuynh hudng"” tap trung gan mot s6 o
nao dé (thi du (a) thi o = 0 ; thi du (b) : a = 1...) hoac 1a khong ¢6 mot

s6 o no dé cdc gid tri (x4} tap trung quanh né (thi du (c) va (d)).

Dinh nghia 2. D3y s6 {x,} duoc goi la hoi ru néu ton tai 2 € R
Y . N * Y .
sao cho v6t moi £ > 0, tim dugc n, e N sao cho véi mo1 n2n, ta

b |xn —a|<5.

Ta cling noi rang day {x,} hoi tu d&€n a hay a la gidi han cia diy
{x,} va viet x, —a khin — o, hay lim x, =a.
n-—ot
Vi ‘xn —a‘<s tuong duong voi a—e<x, <a+¢g, nén fa con co
thé phdt biéu nhir sau : Diy {x,} hoi tu dé€n a néu moi € — lan can cla

"a déu chita moi phin tir clia day trir mot s6 hiru han phan tir dau tién
(hinh 1.3)

{ Xn _Xno-‘l \ X_A J.‘s )51
{ + ) + —

v

a—¢ ateg
Hinh { 3
Néu day {x,} khong hoi tu, ta néi rang nd phdn ki.
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Thidu.

Trd tar thi dy (a) & muc trén, ta thady lim x, =0, vi chi c4n chon
n—oo

| .
n,>—, tacé Vn 2 n,
€

|xn _O|:

1
i—O|=ls~—<~5
n n n,

" Trong thi du (b), ta thay hién nhién lim x, =1

n—ox
Trong thi du (c), day {x,} phan ki.
Trong thi du (d), day {x,} ciing phan ki, x, Idn lén vé clng khi n

tang vo han. Ta viét x; — +o0 khi n — e,

Trong thi dy (e). day (x,} ciing tang theo n, nhung hién nay
chiing ta chua du diéu kién dé két luan. Ching ta s& nghién ctu chi
tiét day nay sau.

1.3.2. Cdc tinh chat ciia day s6 héi ru.
Dinh Ii 1.4.(1) Néu day sé {x )} hoi nethi gion han cua né 1a duy nhat.

(2) Néu ddy so" {x,} hor tu thi né gioi noi, uee la 1én tai mor

khodng (b, c) chita moi phan nr x,.

Cluing minh. (1) Gia su im x; =a, lm x, =b, £ la mot s6
n->x n—Hxr

duong bt ki. Khi d6 16n tai n; e N* va np e N” sa0 cho

n2n,:>]x —a)<-€-
" 2
n2ny = |xn—bj_<E
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Dat n, = max(n;, ny). V4i n2n,, ca hai bat dang thic trén duge
thoa man. Do d¢
£
2
B4t ding thic d5 ding vdi moi € >0, dods |a—b| =0, tdclaa=b.

|a_b|s|a-x,,|+|x,,-b|<§+ —¢

va e . . e. s . *
(2) Gida st lim x;, =a. Kh1 d6 t6n tai nyeN sao cho n2n,
n—w

= \xn —a|<1, nghlalaa—1< x, <a+ 1. Goib, c 14n lugt 12 s& bé
nhat va 1on nhat cla tap hira han {a - 1, x;, ..., X, _1, a+ 1}. Hién
nhién ta cé b<x, <c, Vn. Vay day [x,]} gidi noi.

Pinh 1i 1.5. Cho hai ddy s6 hoi (x5}, (yp}, lim x, =x,

n—a

limy, =y. Khido

Nn-—-x
(1) lim(x, +y,)=%X+y
n—»0

(2) lim(Cx,)=Cx, lIm(C+x,)=C+x, v6iC la hdng s¢
-0 n—a

(3) hm (XpY,)=xy
n—xo

@) lim (i]=l Vi y, #0, y # 0
n—w yn y

(5) tim ["—"]J véi y, #0, y#0.
n-—mo yn y

Chimg minh. (1) Vi x; > X, y, =y, nén véi € > 0 cho trudc tim

£
duwgc njeN*, npeN*¥ saochon 2 n = ]xn—x|<5. nn,

= |Yn 'Y|<§‘ bat ny = max(n, np). Khidétacé ¥Vn2 n,
xq + ¥ — (X + )< |xq — x| +|yn -y <
Vay x, +y, 2 x+y

22
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(2) Cich ching minh that don giin (d€ nghi coi 1a bai tap).
(3) Cac day {x,}. {y,} hor tu nén chiing gidi ndi theo dinh li
1.4 (2), nghia [a t6n tai s6 M > 0 sao cho Ixnls M, |yn|S M, Vn. Vi

po N * - P
£ > 0 cho trudce, tim duge n, € N sao cho vét n2n, ta co

Pt = x| < [va -yl <

M | oM

Vay vdi n2n,,
'xnyn _XY|='(Xn ‘X)Yn +X(Yn —y)l < lxn —XNYnl“" x“Yn _YIS
S-S M+M - =¢
2M 2M
Do d6 Xpyq = XY

(@ Viy, > y=0, nénly,|>|y|>0. Vay tim duoe n, e N sao cho

n>n = |yn|>-;—|y|4 Vay véi n > n,

1 , ‘YH yl Z'Yn Y!
Ya y |Yn||Y| |y|2

Cing vi y, >y nén vdi € > 0, tim dugc n, e N* sao cho n>n,

= lyn _y‘<£_;,'__ Dé.t nO :max(nl, nz), tﬂ.dUOCVéi nZnn

VézlyL%i
Yo Y
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(5)lahé quaclia (3)va(4). B
Pinh 1i 1.6. (1) Cho hai ddy s6 {x,} va {y,}. Néu x, >y,, Vn,

lim x, =a, limy,=bthiaz2b.
n-—->"s n—<

(2) Cho ba day s (x,), {yq) va lz,}). Néu x, <y, <z,.Vn,

lim x, = lim z, =a. thi imy, =a.
n—x n—aC n—»oc

Chitng minh. (1) Ta ching minh bing phan ching. Gia sira < b.
Khi dé t6n tai s6 r sao cho a < r <bh. Vi x, = a, a <r nén ton tui

*® N .
n; e N sao cho n2n; = x, <r. Tuong ty, tén tai ny e N* sao cho
nzny = y, >r. Dat n; =max(n;, ny). Tacéovéin2 n,

Xp <r<yp.

diéu nay mau thuan véi gia thié€t x, 2y,.

(2) Vi x,; = a nén véi £ > 0 cho trudc, tim duge n, e N’ sao cho
nzn = [x,-a|<e nghia A a — ¢ < x, < a + ¢ Tuong tw, vi
7, = a, nén tim dugc nzeN* sasochon2 ny > a-£< 2z, <a+¢&
'Dat n, = max(n;, np). Tacé vdi n2n,
Aa-E< X, Sy, Sz,<a+te
suy ra |yn —a|<8, nghiala y, »a I

1.3.3. Ddy don diéu

Dinh nghia. Day {x,} dugc goi la tdng néu x, <x,4. Vn, 12
gidm néu xg 2 X1, Vn. Dy tang hay day giam dugc goi 1a day don
diéu. D3y {x,} duoc goi la bi chdn trén néu t6n 1ai sé thyc ¢ sao cho

Xn £¢, Vn, bi chdn dudi néu ton tai s6 thyc d sao cho x; 2d, Vn.
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Thi du.
(a) Day {x,} vé1 x, =— la day giam, bi chan duét bai s6 0. bj
n

chin trén bdi s 1.

(b) Day {x,} v&i x, =(-1)" khong don diéu, bi chan dusi bat ~1.
bi chan trén boi 1.

(c) Ddy [x,) v6i x, =n>la diy 1ang, bi chan dugi bdi 0, nhung

khong bi chan trén, né khong bi chan.

R :
(d) Day {x,} véi x, =[l +—J la day tang nhu ta da ching minh
n

o trén. N6 bi chan dudi bai 2. Ta sé chimg minh rang né bi chin trén.
That vay, & trén ta da tinh duoc

|
Xy =1 +1+L[1 ——1—)+—1—(1 ——W[l-3]+ o
2! n 3t n, n
7/
+—]-[1—l](1—3].”[1~-k—l]+“.+ltl-l]...(1 _n-1 ]
k! n n n n! n

n

I 1 1
Yo =2+—+—+..+—,
2 3 n!

dé& thay rang x, <y,. Laivi

1 1 1 | 1 1
—_—m—l— =, .., — <,
31 23 22 927 p! ond
ta duoc
<2+1+—17+ -+ ll
2 2"

I

Sty tet— 1A mot cAp 56 nhan ¢6 s6 hang diu 1a l cong boi
2 22 0l 2

> 16ng clia né bé hon 1, do dé y, <3, vay x, <3.
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Dinhli 1.7. (1) Néu ddy sé" (x,} tang va bi chdn trén thi né héi tu.

(2} Néu ddy sd' {x,} gidm va bj chan dudi thi né hoi tu.

Chitng minh. (1) Vi day {x,} bi chan trén, theo tién dé can trén
ding, ton tai / = sup{x,. neN*}. V3&i moi € > 0 cho trudc ! — €
khong 12 can trén ding cua tap dy, do dé ton tai n, € N* sao cho

Xp, > 1-¢

Véi moi n2ng, tacéd

l-e<x, <x,<!
Do dé

Xy —/| <€ ¥n2n,
Viay xp — L
(2) Suy tu (1) bang cich xét day {—x,}. B
Thi du ap dung dinh Ii.

_ Y -
Diay {x,} voi x,, = [l +—j 12 mot diy tang va bi chan trén nhu ta
n

da thay & trén, do d6 n6 hoi ty. Goi e 1a gidi han cla diy dy, ta duoc

1 1}
Iim (1 + —] —e.
1—>0 n .

Sau day 1a moét 6 gid tri cua day (x,} :

Py 1)
X =[1+I] =2‘ Xy =[1+5] =2,25,

13 1 (00
X3 =(l+§] =2,3703..., ... Xypg =(1+E] =2,7048 .., ..

trong khi gid tri cla s6 e viét vdi 15 chil s6 c6 nghia san dau phay Ja :
e=2,71828 18284 59054...
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Nhu thé day {[1 +—1—] } hoi u vé s8 e rat cham. Sau nay chiing ta sé
n
dung biéu dién khac cua s6 e d€ tinh gia tri x4p xi cha s6 € nhanh hon.
O chuong 3, ching ta s& chitng minh ¢ 12 mot s6 vo ti (dinh 1f 3.3).

Dinh Ii 1.8 (Cantor). Cho hai day sé {ap}. (b,} sao cho

vneN,a, <b,.{a,,;. by 1c(a,. by)
(.12) lim (b, —2,)=0
n—w

Khi dé ton tai mot s6 thuc duy nhdt c €la,, b,] vai moi n.
Chumng minh. Chon mét s6 nguyén duong n c¢6 dinh bat ki. Ta ¢é
aj<a; £..fay <..<hy.
Day {ay] tang va bl chin trén nén hoi tu theo dinh 1i 1.7,
Gia sty c:klin a. Vi ap <b,, Vk, nén c<b,. Vic = supfay}
@

nén a, <c. Viay a; <c<b,, Vn,ticla cela,, byl Vn.

DPiém c 1a duy nhat, vi néu d ciing la diém cHung cla moi doan
[a,, b,] thitacé

lc-di<b, -a,. ¥n

Nhung tim (b, -a,)=0, néntrdésuyrac=d. W

n-—o

Dinh nghia. Day cac doan {{a,. b,]} thod man diéu kién (1.12)
duoc goi la ddy cdc doan bao nhau.

1.3.4. Day 56 gioi noi

Xét day {x,} v6i xp =(=1)". D6 12 mot diy s6 gidi néi, né khong
hoi tu. Day (x,) vdi n = 2k la day {1, 1, ..., 1, ...} dugc goi 12 mot
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day con cua day {x,},day con d6 hoi tu va cé gidi hz_in bang t. Cing
nhu viy, day con {x,} vdin=2k + 1 laday (-1,-1...., -1, ...}, nd
co gidi han bang 1.

Thi du don gian nay dan ta dén mot dinh i quan trong. Trudc hét
ta ¢6 dinh nghia sau.

Dinh nghia. Cho day s6 {x,}. Tirdo trich ra day x, :

Xy s Xg s e

véi cdc chi 8 13 nhing s6 nguyén duong thoa man diéu kién
n <np<..<ny <..

(3 day vai trd thir tr trong ddy 1a k). Day (xy,} duoc goi la day con

duoc trich ra tir day {x,}.

Trong thi du md dau, ta da trich ra hai day con {x, } v6i ny =2k
va Ny = 2k + |.

Dinh li 1.9 (Bolzano — Weierstrass). Tit moi ddy s6 giol néi ta déu
cé thé trich ra mot ddy con héi tu.

Chimg minh. Ta dung phuong phip chia doi. Day |x,} gidi noi

L S o . 2,+Db
nén ton fai hai s6 a,, b, sao cho a, <x, <b,, Vn. Diém >—=

. +b +b
chia doan [a,,b,] thanh hai doan [am %o 5 °], [3‘3 3 U,bo]

mor trong hat doan d6 phai chita vo s6 phan o cla {x,}, goi doan dé
b

la [a,‘b,]. Ta cob [a,.bl]c[ao’ bo] va b1—3| — o ~ 4o

. Lai chia

s e s +b .
doan [a;, b;] lam hai bdi diéem 2 5 L mot trong hat doan

[al‘ & ;b‘ } [a‘ ’;b‘ .b|] phii chifa v6 s6 diém ciia diy (x,,). Goi
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doan dé 1a [ay, by] vata o 1i€p tuc nhu vay. Ta s€ duge mot ddy cic
doan thing bao nhau :
(a5, bo] (2. by I[85, byl .. Dlay. byl
_aD

lim (by —a, )= lim L:
k—ox koo 2

0.

Theo dinh 1 Cantor, ton tai mot s6 thuc duy nhat ce{ay, by ], Vk.
Vi méi doan [ay, b, ] déu chia vo s6 phin tr cha day {x,), ta cé thé
1y trong méi doan [a,. by ] mot diém Xp, claday (x4} sao cho cdc
phin tf Xn, &{Xn s Xays o Xp, , |- DAY {x,, ] (2 mot day con cba

day {x,}. Ta s& ching minh ring lim Xp, = ¢
koo

That vay, hai s& Xp, VAC déu ciing thudc doan [a, by ], do dé

bo_ao

!xnk —c|£bk -3 =

Vay lim |xnk —c'z 0. N

k—y0
1.3.5. Tiéu chudn héi tu Cauchy
Dinh nghta. Day s6 {x,} dugc goi 1a day Cauchy (hay ddy co bdn)

. e . . R * . N
néu vd moti £ > 0 cho trudc, tim duge n, e N saocho khi m=2n, va

n=n, taco |xm —xn|<t;
B6 dé. Day Cauchy la mor day giéi néi.
Chumg minh. Gia st {x,} 1a mot diy Cauchy. Khi dé 16n tai

A M Z
n, €N saochokhi m>n,, n2n, tacé |x, —x,|<l.
Pac biet, ta co ‘xn - Xq l<1, Vn 2n,

Nhung Ixn ~xn“|>|x“|—|xn"|, do d6 ]xn§<|xnul+l
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Pat M = max{ixll, X2 s s ‘xn,‘ - ll, |xnul+ l}, Tacé
[Xo|< M, Vn. B
Dinh 1i 1.10 (Tiéu chuin Cauchy).

Diéu kién cdan va di dé day s6 thic {x,} hoi tu la né la mot day
Cauchy.

Chimg minh. Gia st day {x,} hoi tu, lim x, =/ Khi dé véi moi

=300
e > 0, ton tai n,eN" sa0 cho nxn, = |x, —1]<§. Khi dé véi
m2n,, n2n,
lxm_Xn|5lxm‘1|+|"an<§+§=6-
Vay (x,} 12 day Cauchy.

Dio lai, gia sir {x,} 12 ddy Cauchy. Theo bs dé, né 1a mot day gidi
n6i. Theo dinh 1i 1.9, c6 thé trich ra mot day con hoi t {x,, }.

Gia st im x, =/ Tas& ching minh rang lim x, =/. That vay,
koo n—x

ta cé -
Xn =1 <{xq ~Xn, | *{%n, ~1]

. . . *
Vi X, — 1 nén véi moi € > 0, tim dugc v; éN sao cho ny 2v) =
£ -
|xnk —Il<5. Vi {x,} la day Cauchy nén t6n tai v, eN" sao cho n=v,,
3 P
ng vy = lxn —xnk!<~2-. bat v, =max(vy, v3). Tacovai n2 v,
£ €
x, <+ E e,
2 2
Vay lim x, =/. B

n—ax
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Chii thich. Qua chimg minh trén ta thiy rang moi day hoi t déu 1a
diy Cauchy. Nhung dio lai moi diy Cauchy trong trudng hop téng
quét chua chic da la diy hai ty. Phin dao cha dinh If 1.10 khing dinh
ring moi day s6 thurc 1a diy Cauchy déu héi tu trong R. N6 ciing biéu
hién tinh day cta tap hop R.

Ngudi ta ciing c6 thé dinh nghia tap hop R 12 tap hop thoa min tién
dé vé cdu triic tnrong, tien dé vé quan hé thir tr toan phén va tién dé vé
tinh day cioa Cauchy. Moi diy s6 thuc ta diy Cauchy déu hoi tu trén R.

1.3.6. V6 cung bé va vé cung lon

Diy {x,} dugc goi 1a mot vé cing bé (viét tat 12 VCB) néu

. . R o L . N *
lim x, =0, «ic 14 néu v&i moi € > 0, tim dugc n, €N sao cho
N=->00

n>n, = |x,|<e.

Néu lim x, =/ thi {x, —/} la mot VCB.

n—ox
Day Ix,} dugc goi la mot vo clung 16n (viét tit 1a VCL) néu vdi

.o . *
moi 86 A > 0, tim dudc ny € N sao cho nzn, = [x,|>A.

. .- L . * . <
Néu vt moi 56 A > 0, fim duoc ny € N sao cho khi n2ng tacé

Xq >0, |x,[> A, ta viét

lim x,, =+
n-—»o

2 o . 9 ~ * . 2
Néu vé1 moi s6 A > 0, tim duge n, € N sao cho khi n2n, tacé

Xn <0,|x,|> A, 1a viet

lim x, =-o
n—ao

1.3.7. Chii y cuéi cang vé day so thuc
Trong cdc vi du trede, day {x,) dugc xdc dinh bdi cong thic
X, =f(n)
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D6 1a cich xdc dinh hién (hay tuong minh) mét day sé. Theo cach
xdc dinh ay, ta ¢é thé tinh ngay x, khi biét n.

Bay gid xét day $6 {x,} duoc xdc dinh nhu sau :

trong truang hop nay ta khong biét duge x,. néu khong biét x,_, -..
Néu muon tinh x3, ta phai xuat phdt tt x5 tinh xj, tir x; tinh x,,
réi 1l x5 tinh x3. Ngudi ta goi day la cdch xdc dinh dn bay xdc dinh
theo quy nap mot diy s6. Hiy xét chi tiét hon day dé. Vi

5
_ Xp-172 .
Xp =Xpo] ——a——— VOI1 X, =2
Xa-1
2
Xp—1 — 2
nén Xp = Xqoy ==
2%
X2 +2
hoic n-l
2%

Suy ra day |x,} gidm dan va x, >0, Vn, do dé {x,) hot tu va hoi’
tu dén nghiém duong cua phuong trinh bac hai x? -2 =0, wc la hoi
tu dén V2 (ru ¢ ring V2 = 1,414213562 va x3 = 1,41421).

Ching ta khéng ban chi tiét vé wu, nhuoc diém cla cdc cach xic
dinh didy, cling khong ban vé sy hai tu ciia diy an ; ching ta chi luu y
ring tuy v€ hinh thiic cdch cho day dudi dang quy nap khong tién
tinh todn, nhung nd rat thuc t€ ; vi nhimg day 4n nay sinh tlr viéc tim
diy ho1 w vé mot s6 nao do (thudng la khong biét trude) ; chang han
diy An nay sinh tir thh tuc phan doi (xem 3.7 chuong 3) va thi tuc
Newton (xem 5.2.7 chuong 5).
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TOM TAT CHUGNG |
*Tap hop

Tap hop cdc s6 v nhién duge ki hiéu la N, tap hop cdc s nguyén
1a Z, tap hop cic s6 hitu ti 12 Q.

C6 thé mo ta mot 1ap hop theo hai cach : hoac liét ke t4t ca cic
phan tir cha 1ap hgp d6, hoic néu tinh chat dac trung chia tap hop dé.

Cic ki hiéu thuong ding :
= kéo theo hoidc suy ra
& tuong duang
V véi moi
3 t6n tai
., | sao cho
€ thuodc
€ (€) khéng thuoce
& tap rbng
Tap con, bao ham :
AcB&exe A=xeB
Bing nhau: A = B & A tring v4i B,
A=Bo AgBvaiBcA.
Hop:xe AUB& X e Ahoac x € B.
Giao:x e AnBexe Avaxe B
B& sung clia B trong A : CoB
xe Cn\B&oxe Avaxe B
Tich Deécic
AxB=1{(a,b)lae A,be B}

3-THCC-Tép 2 33
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* Anh xa
Mot anh xa f tr E sang F, viét 14 f: E > F la mo6t quy tac lam img
méi phan tir x € E v3i mot va chi mot phdn try € F.

f 12 don 4nh néu phuong trinh f(X) = y ¢6 nhiéu nh4t mot nghiém
x€e E,VyeF.

f 12 toan dnh néu phuong trinh f(x) = y ¢6 it nhit mdt nghiém x € E,
Vy e F.

f 1a song 4nh néu phuong trinh f(x) = y ¢6 mét nghiém duy nhat
xe E;VyeF.

Hai tap A va B duoc goi la trong duong vdi nhau néiu; 16n tai mét
song anh f: A —» B. Mot tap X wuong duong véi tap cac s6 tu nhién N
dugce goi 1a mot tap dém dugce, viét 1a card (X) = card (N).

» Tdp cdc s6 thuc

S8 hitu ti duge biéu dién dudi dang mot s6 thap phan hiru han hay
v6 han tuan hoan.

S6 vo ti duge biéu dién dudi dang mot 8 thap phan v han khong
tudn hoan. Tap s6 thuc-R Ia tap gbém cac s& hiru ti va s§ vo ti. Gitta
tap cac s ty nhién N, cdc s& nguyén Z, cic s6 him ti Q va cic s8
thuc R ¢ bao ham thic :

NcZcQcR

Tap cic s6 thuc R 12 mot trudng sip thir tr ddy, nghia 1a thoa min
cdc tien dé sau : )

Tien dé vé cau triic trudng
Tién dé vé quan hé thd r toan phin
Tién dé can trén ding (biéu hién tinh ddy cia R).

Moi tap hop A c R khoéng réng, bi chin trén déu c6 c4n trén diing
thuoc R.

Tap s6 thuc md rong duge ki hiéu R 1a tap R va duge b6 sung
thém hai ki hiéu —w va +o,
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* Day so thuc
Day s6 thuc 1a mot 4nh xa, 4nh xa N sang R :
n- x,€R.

Mot day s6 thuc {x,} dugc goi 1a hoi tu d&n a, hay {x,} c6 gidi

han la a va viét 12 lim x, =a néu véi bit ki &€ > 0 cho truée, tim
n~»x0

duocN>0saocho  n>N= |x, —a|<e.

Khi dé, ta cing néi rang day {x,} hoéi tn. N&u mot diy (x,]
khong héi tu thi ta néi ring day (x,} phan ki.

Céc tinh chit cia diy hoity :

X, —a, tdc la lim x, =a, thi a la duy nh4t.
ni—w

X, = a < mdi 1an cn cba a chifa moi X, trit mot s6 hiu han céc x,,.
(Xn) hoi ty thi c6 mét khoang hitu han (b, ¢) chira moi x,; v néi
rang x, gidi néi.
Néu x, > x ; y, =y th

lim(x, +y,)=x+y

n—a
lim (Cx,)=Cx, C |2 hang s6
n—xo
lim (C+x,)=C+x, Clahang s6
n—>aw
. . ) |
Iim (X,y,) =Xy, lim (——] =— véiy,#0,y#0
n—-o n—ol Y, Yy

lim [—’-‘L\J——-i viiy,#0,y=0.
y

n—o\ Y,

Néu x, 2y, Vnvax, >a,y,—>bthiazbh.
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Néux,<y,<2z,Vnvax, »>a z,—>athiy, - a.

Cac dinh 1i co ban vé day 8 :

Day s6 {x,} dugc goi 12 tang (gidm) néu X, < Xpi( (Xg = Xg4q), VN
Diy s6 {x,} dugc goi 12 bi chan trén (dudi) néu tdn tai s6 c (d) sao
cho x, <¢.(x, > d), Vn.

* Néu day s {x,} tang (giam) va bi chan trén (dudi) thi né hoi tu.

* Cho hai day s6 {a,], {b,) sao cho

Vn e N, a; <bg, [ap41. basr < [2,. 0,1, lim (b, —a,)=0.
nN—a

Khi d6 ton tai duy nhat ¢ € [a,, b,], Vn.

* T moi day s& gidi noi ta déu c6 thé trich ra mét day con hoi .

* Diéu kién cdn va di dé day s thuc {x,} hoi tu trong R 12 {x,}
la mét day Cauchy, tifc 12 vdi moi € > 0, tim duoc n, € N* sao cho

m 2 Ny, 0 >n, = [xm—xn|<a

BAI TAP
1. Diing ki hiéu tap hop, biéu dién cic tap sau :
1. Cdc sé nguyén dugng bé thua 12
2. Cic s6 nguyén duong 12 boi sG cia 4 va bé thua 4.

3. Céc phan s6 ¢6 tir s& 12 3 va méau s6 12 mot s6 nguyér luong bé
thua 9.

2.ChoF:={1,4,7, 10} va G := {1, 4, 7). Hoi cdc ménh de u
day, ménh dé nao ding :

1.GcF;
2. Tap {1, 7} 1a tap con thyc sucha F;
3. Tap (1, 4, 7} 1a tap con thuc sy cia G.
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PIRY
e&
¢

3. Liét ké moi tap con cua cac tap :

1. {a,b,c} ;2. {1,2,3.4).
4.ChoA:={a,b,c},B:=1{1,2,3};C:={b,c,a};D:={3,2.1}.
Hoi :

l.LA=C?2.A=B?3. Atuongduong B?4.B=D?

S. Xét xem céac tap cho dudi day, tap nao vé han, tap nao hiru han :
1. Tap moi s6 nguyén duong 16n hon 100.

2. Tap moi s6 nguyén duong bé thua 1 000 000 000.

3. Tap moi diém nam trén doan thang n6i lién hai diém phan biét
A, B.

6.Cho A:={q,r,t,u},B:={p,q,s, u}va
C:={t,u, v, w}.

1. Tim A~ (Bu C) va (A N BYyu (A n C). Ching ¢ bang nhan
khong ?

2. Tim A U (BN C) va (A U B) N (A U C). Chiing ¢4 bing nhau
khong ?

7. Cho A, B 12 hai t2p hitu han, ching minh rang

card(A U B) = card(A) + card(B) ~ card(A \ B).

8.Cho A:=1{0,1,2}:B={L,3).

1. TimAxBvaBx A

2. Tinh card(A x B) ; card(B x A) ; card(A x A) ; card(B x B},

9. Xétanhxaf:R>R: x> ; £ ¢6 1a don dnh ? toan dnh ?

X
1+x2

Tim f(R).
10. Ding 14p luan phan chimg, ching minh ring /3 1a s6 vé G.
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11. Ding phuong phdp quy nap toadn hoc chimg minh :
n(n+1)
2
_n(n+1)2n+1)
6

12. Xét xem da dung tién dé nio trong cic tién dé vé s6 thuc dé
chitng minh cac he thuc duéi day :

1.1+2+..+n=

2. 12+22+...+n2

1.5+3=3+5; 2.9+0=9;

3.-3+0=-3; 413+ @] +T=-3+@+7);
5.0+0=0; 6 (-D.(h=-1;

7.(=3) + [~(=3)] = 0 8. 4.[%):1_

13. Diing dinh nghia "I16n hon, bé thua" va céc tién dé thu tu,
ching minh (gia thiéta, b, c € R):

1.Néua>bvac>0thiac>bc
2.Néua>bthia+c>b+c

3. Neua>0thi-a<0

4. Néua=0thia’>0

5. Néua > b thi a? >b? (véia>0,b> 0).

14. Giai cac phuong trinh va bat phuong trinh :

1. Ix+31=7 ; 2. 2x-6|l=14 :
3. Ix-4l<7; 4. 15x—1<4 ;
5. 14x-2|>4 ; 6. 15+9%| > 4.

15. ChoAcR,BCR;dinh nghia :
A+B:={xeR|3JaeA IbeB x=a+b}
AB:=[xeR|3aeA 3beB x=ab)
nghia 12 A + Blatip cic s6 thuc c6danga+bvéiae Avabe B;
AB la tap céc s6 thuc co dang abvdia € Avab e B.
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1. Gia st&r A, B bi chan trén, chitng minh ring

sup(A + B) = supA + supB
2. Gia sit A, B bi chan trén, A < R,, Bc R,, ching minh ring :

sup(AB) = (supA)(supB)
. . - nh+l
16. Xét su hoi tu cua day x, :=(-1) —.
n
17. Ching 6 ring cdc day sau day hoi tu va tim gidi han cia
ching,n>1:

1. xn;:n—ﬂ-; 2. Xni—:i;
n n+1
1 n
3. X, .= : 4. x_ = .
" nZ +1 " |

18. Tim gidi han cla cdc day sau (néu hoi ty) :
1. xy :=n—\}n2»n ;e - 2. Xp:=+n{n+a)-n ;
3. x“:=n+\/31—n3 ; 4. xn:=%sinng ;

sinzn—cos3 n
5. Xy 1= —m8 .
n

19. Xét day x,:=Xy| + véi x, = 1.

Xn-1
1. Ching minh rang {x,} khong c6 giGi han hiru bhan.

2. Ching minh rang lim x, = +o.
n—>+oc

ag

20. X¢ét day x,,: W
n

véi a,:=2a, ¢ +3b,_j, byr=a,y1 +2b, ;

véia, >0, by > 0.
1. Ching minh rang a, > 0, b, > 0.

2. Tinh xp,; theo x,.
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3. Tinh X, — X, vaching to rang day {x,} don diéu. suy ra {x,}
c6 gidi han ddc 1ap vdi a, by,

21. Xét su ho6i tu va tim gidi han (néu c6) cua day

2 »
Xy = +1 véix,=1.
Xn-1

22. Cho hai $6 a va b thoa 0 < a < b, xét 2 day
Xn i =\Xn-1Yn-1+ Yn* Z‘;"(Xn-l +Yn-1)
vadi X, =avay,=Db.
Ching minh ring hai diy trén hoi tu va cé chung gidi han.
23. Xét sy héi tu cva ddy x,, : = m VoI X, = NEY
24.bat x, =1, x,G+x,)+1=0 véin>1.

Chimg t6 rang {X,} hoi tu va tim gi6i han cia {x,}.

DAP SO VA GOI Y
12. 1. Giao hodn ; 2. Dong nhit ; 3. Dong nhit ; 4. Két hop
5. Déng nhit ; 6. Déng nhit ; 7. Nghich déo ; 8. Nghich dao.

15. 1. Chiing minh ring sup A + sup B la mét can trén clia A + B,
81 diing dinh nghia cén trén ding dé két ludn ring sup A + sup B 1a
can trén ddng cua A + B.

2. Chung t0 rang sup A . sup B 1a mot c4n trén clla AB, réi dung
dinh nghia c4n trén ding suy ra diéu cin ching minh.

16. Phan ki.
17. 1. {x,} gidm va bi s6 | chan dudi, hoi v ; 2. {x,} ting va bj s6 |

. = 1 ) .
chan trén, héi tu; 3. {x,} gidm, 0<x, <5, ¥n, héi tu ; 4. HoI ty.
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18. 1. lim x, =l : 2. lim x, _a :
n—x 2 n—®
3. imx, =0; 4. Phan ki ; 5. lim x, =0.
n—oc nowx

19. 1. Néu /= lim x,, thi / thoa phuong trinh 1:1+ll, nghia la

n—a

1
7= 0, phuong trinh nay vé nghiém.

2. X521, xy 21 ; {x,) taing va khong bi chan trén : lim x, =+c0
n—>w

20.1.2,>0,b,>0,suyraa,>0,b,>0;

2X, +3
2. Xn+l :_ﬂ_;

Xq +2

_(Boxp )3 +xy)

Xp +2

3. Xpe —Xa , ddu cha x,,| -X, ]2 ddu cha

ﬁﬂ(n , ciing 1a dfu cda /3 - Xq_1» Cling la d&u cla \/g—xo. Néu
\/§~x0 >0, [x,} tang va bi V3 chan trén, lim x, =J3. Néu

n—a

\/g—xo<0, {Xp) glam va lim xn=\/5.Né'u ﬁ~x0=0. X, =3 ;
n-—>x0

lim x, =+/3.

n—w

21.N&u lim x, =/ thi!/=2vix,>1,Vn;

n—»a

2% _ X =2
n-t +1: Xnti -2 = n~f :
Xp—1 T2 Xp-] +2
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Dau cia X,,; —Xq_; la ddu tam thitc bac hai —xﬁ_l + Xy +2.

Suy ra néu x,_1 >2 thi Xgyq <Xo-f VANER Xy <2 thi Xpy > Xy
22. {x,} tang va {y,} giam: X) :£=\/E>l R
a

yy—a=b-y, :%>0 T Xp <X| <Y <Y, . di dén

A<X] <X < oo <X <Y <Ypy < ... <Yy <b.

L+1

L:= limxn;l:zlimyn:L=J§ va Il = =>L=|
n—»o

n—aa0

23. Dung quy nap chiing minh {x,} gidm va bi chan dué :
X) =J1+43 <Xg, X3 =\/1+x| <\/1+x0 P Xg <X ey
Xpel <Xa» Xpap =1 +X, >J2, vn, X, > L

Suyra /: = lim x, thi/thod /=+1+/ suyra 1=1+2J§ vix, >l

n—w
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Chuong 2
HAM SO MAT BIEN SO THUC

Chuong nay gidi thiéu ham s6 moét bién s6 thue, cdc ham s6 so cAp co
ban, dac biét gidi thiéu mot ham s6 dang da thic goi [ da thirc ndi suy.

2.1. Pinh nghia ham s6 mét bién so thuc

ChoX,Y,XcR YcR,anhxaf: X > Y duge goi 1a moét ham
s6 mot bién s8 thuc, tdp X duoc goi 12 mién xdc dinh thuong ki
hiéu 1a D; ctia ham s6 f va tap f(X) thuong duge goi 1a mién gid tri, ki
hiéu 1a Ry cia ham s8 f ; x € D; dugce goi 1a biéh déc ldp hay doi 56,
f(x) € Ry dugc goi la bién phy thuéc hay ham s6 ; dé ching té ham
s6 f lam ttng méi phén tlr x ¢ Dy v6i mot phén tlr xdc dinh f(x) € R¢
ngudi ta thudng viét

x > f(x) hoic y = f(x)

Thi du. -

(a) x > x 12 ham s6 déng nh4t, thuong ki hieu 1 id(x).

(b) X — 2x + 3 12 ham s6 bac nhi.

€c)x > ~2x% +5x+1 12 ham s6 bac hai.

(d) x > E(x) 1a ham s6 phidn nguyén cha x. nghia la E(x) 1#s6
nguyeén 16n nhat khong 16n hon x ; ching han :

E(-3,2)=-4;E(0)=0;.E®R)=2;EQ2,6)=2; ..
(&) x = ¢, c 1a hing 36, goi 1a ham s6 hang.
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2.2. Do thi cia ham s6 moét bién s6 thue

Trude day chiing ta da gia thi€t c6 mot song dnh giita tap cdc sO
thuc R va dudng thang L va tir 46 da xay dung truc s6 va khi ta viét
(x) ta déng thdi hi€u d6 12 mét s6 thue x € R va s6 thuc x d6 cé anh
(toa do) la diém (x) trén truc s6. Bay gid ching ta sé xay dung mot
song 4nh giita tap tich Décéc R x R va mo6t mit phang P bang cdch vé
mot truc s6 nam ngang hudng tir trdi sang phai, cé goc la O, goi la
truc s6 Ox, truc s6 Oy vuodng gée voi Ox, hudng tir duéi 1én trén ; cic
don vi chon trén Ox va Oy khong nhat thiét phai giong nhau, nhung
thuong ngudi ta hay chon cac don vi dé giong nhau (hinh 2.1). Truc
Ox dugce goi 1 truc hoanh, Oy 12 truc tung. Mdi di€ém nim trén truc
hoanh bén phai géc O tmg v6i mét s& thuc duong, mdi diém nam trén
truc hoanh bén trdi géc O tng vé mot s6 thue am. Trén truc tung Oy,
méi diém nim trén géc O 1ing v6i moét s& thue duong, madi diém nam
duéi géc O ymg véi mot s thuc am ; goc O ing véi s6 khong trén
moi truc.

[ 2

Hinh 2.1

Xét mot cap s6 thuc ¢6 thi ty (a, b) € R x R, quy udc phan tir diu
tién trong cip d6 (a) 12 phan tir cha truc hoanh, va phan tir thit hai (b)
12 phén tir cia truc tung, nhu vay c¢6 nghia 1a -

1. Toa d¢ dau tién ciia cap s6 thuc ¢d thi t (x, y) (tic 13 toa do x)
1a khoang cach ¢4 d&u tir mot diém dén truc tung, khoing cich ¢6
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ddu dé 14y dau dirong néu diém & bén phai truc tung va ldy d4u am
néu diém dé & bén trai truc tung.

2. Toa doé thit hai cua cap s6 thuc cé thir ty (x, y) (tice 12 toa do y)
12 khodng cdch c6 diu tlr mot diém dén truc hoinh, khoang céch dé
lay d4u duong néu diém & eén truc hoanh, d4u am néu diém & dudi
truc hoanh.

Nhu vay, mot diém M bat ki trong mit phing dugc tmg véi mot cip
s8 thuc ¢6 thit tr (x, y) ; ngudc lai, méi cap s6 co thiwr(x,y) € Rx R
duge dng v6i mot diém M cia mat phing, do vay cé thé d8ng nhat
mot diém M ciia mit phang vdi mot cap sd thuc ¢é tha tu (x, y) 5 X
duoc goi 1a hodnh do cha diém M va y la rung d¢ cha diém M. Ki
hiéu M(x, y) dugc doc 1a diém M c6 hoanh do 12 x va wung do la y.

Mait phang xac dinh bai truc hoanh Ox va truc tung Oy duoc goi 12
mdt phdng toa dé, hé toa d6 xaydung theo kiéu trén goi 12 hé 10a d¢
vuéng géc Décdc, chinh hé toa do vuong goc Décac nay da xdc dinh
song anh gilfa cip $6 c6 thu tr (X, y) € R x R v8i mot di€m cha mat
phang toa do.

Dé thi ciia ham s6 x +— f(x) hay 1a y = f(x) duge dinh nghia la rap
cdc diém trong mat phang toa do c6 toa do (x, f(x)).

Tuy theo tinh chat cu thé ciia ham s6 f(x), d6 thi cia f(x) c6 thé la
mot tap diém rdi rac hitu han hoac vo han ciing cé thé 13 tap nhing
manh cung dit doan, va ciing cé thé 1a mot cung lién.

* Chi y. Trong thuc t&€ nhiéu khi nguoi ta phai giai bai toan ngugc :
ngudi ta khong biét chinh xac ham s6 f(x) ma chi biét mé1 tdp roi rac
hitu han cta d6 thi clia nd va mot vai nét rat khai quat vé ham sé& f(x) ;
ngudi ta mudn dung lai hdm s6 f(x) va di nhién khéng thé nao ding
dugc diing nguyén xi ham s6 f(x) (vi ban than ham s6 f(x) lai chua
bi€t) nhumg ngudi ta hi vong ring dung dugc maot ham s6 ¢6 cdc tinh
chat nhu ham s6 f(x) va di nhién d6 thi ciia ham s8 dugc duyng it ra thi
cling gin tring vdi do thi cha f(x) tai tap cic diém rdi rac di cho
tiude O trén.
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e578,

2.3. Ham sé chin, ham s6 I1é, ham s6 tuan hoan, ham sé
don diéu
Gia stir X 1a mot tap hop s8 thue (X < R), X nhan g8c O 1am tdm
d6i ximg. Ham s6 f : X — R duoc goi 12 chdn n€u
f(x) = f(-x), Vx € X,
1a /€ néu
f(x) = -f(-x), Vx € X.

Ham s6 y =x" 12 chin néu n chin, 14 1& néu n 1&. D6 thi clia ham

s6 chin nhan truc y 1am truc d6i xing. D6 thi ctia ham s 1é nhan géc
O lam tam déi ximg.

Néu X c R ham s6 f : X — R duogc goi 12 tudn hoan néu ton tai
héng s6 duang p sao cho

f(x + p) = f(x) vx € X

s6 p nhd nht sao cho ta c6 ding thirc &y duoc goi 1a chu ki cha f. Cée
ham s6 y = sinx, y = cosx 12 tuidn hoin véi chu ki 2n ; cdc ham s&
y = tgx, y = cotgX la win hoan vdi chu ki #.

NéuJcIc R hamsé f: I -> R dugce goi la tdng trén I néu

X1, Xp €, X3 <Xy = f(x)) <f(x3),
tang nghiém ngd trén J néu
X1 X2 €J), x) <x9 = f(xy)<f(x3),
giam trén J néu
Xj. X2 €1, X <Xy = f(x1) 2 1(x3)
gidm nghiém ngdt trén J néu
X1, X2 €1, X <x7 = f(x1)>f(x3)

Ham s6 tang hay giam trén dugce goi la don diéu trén 1.
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2.4. Ham sé hop

ChoXcR, YcCR,ZcR;chohims§ g: X - Y va ham s6
f:Y > Z;xécham s6 h : X - Z dinh nghia bdi

h(x): =flgM)] i x e X

h duge goi 1a ham sd hgp ctia ham sé f va ham s6 g, ngudi.ta thudng
ki hiéu ham sé hop h :

h(x) = flg(x)] hay h(x) : = (fog)(x), x € X
Thi du

(@) X=Y =Z=R, xét cic idnh xa
f:XHx2+2,g:xH 3x + 1
Khi dé fla)1=[g(0P +2=(3x + 1) +2
glf(0)] = 3f(x) + 1 = 3(x* +2)+1
(b) X=Y =27 =R, xét cdc 4nh xa

f:xm2%:g:x o x?

Khi 46 flg(x)] = 288 = 2%
g[f(0)] = [P = (2¥)? =2
2.5. Ham 56 nguoc va do thi ham sé nguoc

ChohaitapXc R, Yc R:chosongdnhf: X > Y, x > y=1(x),
song anh f chinh 12 mot ham s8 c6 mién xac dinh Dy = X va mién gid
tri 1a tap anh coa X, tic 12 f(X) :

f(Xy={yeY | y = f(x), x € X}.

Khi d6 vi f 12 song anh nén f 1a toan anh, nghia l1a f(X) = Y va f
cling 12 don 4inh, nghia 1a v8i x| # x5, X, x5 € X thi f(x;) = f(x3).
f(xy), f(x9)e Y. Khi 46 mdi phdn tiry € Y déu 12 dnh cia ding mot
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phin tir x € X nén c6 thé dit ing mét phan ti y € Y véi mot phin tir
x € X ; phép lam tng d6 di xac dinh mot ham s6 dnh xa Y sang X,
ham s6 nay dwoc goi 1a ham s6 nguge cia song 4nh f va duge ki hiéu

2 f':Y—>X, nghiala:
£l Yy X =f*'(y)
trong d6 y 1a bi€n doc lap va x 1a ham sd phu thudc.
Tir dinh nghia ham s6 ngugc, ta cé :
y=f(x) & x=f"(y)
Do vay trong ciung mot hé toa d6, dé thi hai ham s6'y = f(X) va
x=f"! (y) trang nhau nhung, théng thudng va dac biét khi vé d6 thi

ngudi ta c6 théi quen ding chi x dé chi bién doc lap, chir y dé chi
ham s6 phy thudc, vén quy udc dé ham s6 nguoe cba f(x) dugc viét la

! ;x+—>y=f"l(x)
Do vay, néu biéu dién ham s& nguge clia ham s y = f(x) dudi
dang y= £71(x) thi néu (x, y) 12 mot diém cua dé thi ham sé y = (x)

thi (v. x) 12 mot diém cda dé thi ham s6 nguoe y=f"'(x). Hai diém

(X, y) va (y, x) d6i xtimg nhau qua dudng phan gidc thit nhit, tir d6 di
dén két luan :

Do thi cua ham s6 nguoc y = £~ 1(x) 46i xung véi db thi clia ham

s8 y = f(x) qua dudng phan gidc thit nhat.
Thi du.
(2) Xét ham s6 h : R - R, x > x?

Véiy € R ; y <0, phuong trinh (4n 12 x) x* =y v6 nghiém, vay h
khong toan anh.

Vdéi y € R, y > 0 phuong trinh x2 =y c¢6 hai nghiém phan biét
x =1,y , viy h khéng don 4nh.
Nhu thé ham h khong c6 ham ngugc.
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(b) Xéthim s6 g : R, - R, x > x*

trongd6 R, latap: R,:={xe R | x20).

Vi véi moi y € R phuong trinh X% = y hodc v6 nghiém (véiy < 0)
hodc ¢6 nghiém duy nhat x =.fy (véiy > 0), do d6 ham s6 g 1a don
dnh nhung khong toan dnh, do d6 g ciing khong c6 ham s8 nguoc.

(c) Xét ham s6 f:R, >R, x b x2

Trong trudng hop nay phuong trinh x% = y ludn c¢bé nghiém duy
nhit x= \/; , do d6 f la song-4nh va do d6 cé ham sd ngugc

) =y d

Néu vé d6 thi chia hai ham s& f(x)
va £71(x) trong cung mot hé toa dé

vuong goc Décac (hinh 2.2) thi ta vé *,,(* .
4
46 thi hai ham s6 : y=x’ va :
y= Jx ixe R,. o) T -
2.6. Cac ham sd so cdp co ban Hinh 2.2

Cac ham s6 sau day duoc goi 12 cac ham s8 so cdp co bdn : ham s6
luy thira x > x%, « € R; ham s6 mii x> a*, a>0,a#= 1 ; ham s6,
lbgarit : x> log, x,a>0, a# 1 ; cidc ham s6 luong gidc : x - sinx,
X F COsX, X tgX ; X cotgx va cdc ham hrong giic ngugc.

T4t ca nhitng ham s6 néu trén (trir cic ham s6 luong gidc nguoc)
12 nhimg hAm sé di quen thudc d6i véi hoc sinh phd thong trung hoc
nén & day chi nhic lai nhitng tinh chdt chi y&u cia ching ; riéng cic
ham s8 luong gidc ngugce s€ duoge trinh bay chi tiét hon.

(1) Ham s6 luy thita x> x* ; y=x%, véi a« € R.

Mién x4c dinh cia ham s& luy thira phu thudc o.

Vai a € N : mién xdc dinh 12 ca truc s6 R.

Véi a nguyén am : mién x4c dinh 1a ca truc s6 trir diém g6c ©.
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Voiacédanga=1/pipe Zthi:

v8i p chin, p € N* : mién xdc dinh 1a R ;

vGiplé, p € N*: mién xdc dinh 1a R ;

v6i p € Z mién xdc dinh cting phu thudc p chin hay lé.

V6i a 1a s6 v ti thi quy udc chi xét y=x% tai moi x 2 0 néu a >0
va tai moi x > 0 néu a < 0.

D6 thi ciia ham s8 y=x" luon di qua diém (1, 1) va di qua g&c
(0, 0) néu a > 0 ; khong di qua géc néu a < 0 (hinh 2.3).

yh
y=x3
=x
1
y=x2

1] FOTUI,

y=x"
o 1 X

Hinh 2.3
(2)Ham s6mil x+>a" ; y=a* ;a>0,a1.

S6 a duoc goi | co s6 clia ham s6 mil. Ham s6 mG a* xdc dinh
vai moi x 1a ludn Judn duong.

* Ham s6 mii y=a" tang (nghia la v6i x; >x, = a™ >a*2) khi
a>l1

e Ham 56 y =a* gidm (nghia1a véi x; >x, = a2’ <2”?) khia<1.
¢ Diém (0, 1) ludn nam trén d6 thi cia ham a* :a° =1.
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* Pac biét al =a.
Hinh 2.4 cho d6 thi cha ham y=2a".
(3) Ham s6 186garit x — log, x ;

Hinh 2.4

y=log, x

a>0,a=z1.

S6 a duge got 1a co s6 cla logarit, dac bidt n€u a = 10 thi logx
thudng duge vi€t ngan gon 1a lgx v doc 13 16garft thip phan cia X.

Ham s6 log,x chi xdc dinh véi x > 0.

» Ham s6 log,x tang khi a > 1 va khi d6:
Vi 0 <x <1 thilog,x <0; v
véi x > 1 thi log,x 2 0.

* Ham sé log,x giam khi
O<a<1vakhidé:

v8i0<x<1thilog,x>0;

y=logsx ; a<1

y=log,x ; a>1

vai x 2 1 thi log, x < 0.
* Biém (1, 0) ju6n ndm trén dé
thi ctia log,x, nghia 1a log,1 = 0.

* Dac biét log, a = 1.

Hinh 2.5 cho dé thi ciia ham log,x.

Hinh 2.5
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* Viham s§ mi x — a" [2 mot song 4nh ty R Ién R}, = {x € RIx >0},
nén ham s6 nguoe ciia a* 12 haim s6 y — log,y, nghialay = a" o
x = log,y.

Néu dung chit x dé€ chi d6i s8, chit y chi ham s6 thi trén cdng mot

hé toa d6 dé thi hai ham s6 a* va log,x dé1 xiing nhau qua dudng
phan gidc thit nhat.

* Ham s6 log,x con ¢6 mot s6 tinh chat sau
log, (AB) = log,A +log,B; A>0,B>0
log, [%) =log,A -log,B;A>0,B>0

logaAa = alog,A, A > 0.
Véib>0;b=aosb

V6ib>0;bz1;logA= 2BbA . 550
logy, a

(4) Céc ham s6 lugng gidc :
X 5 SINX ;X — COSX ; X — tgX ; X — cotgx.
Cic ham s6 nay duoc goi 1a ham s6 lugng gidc vi ching dugc xic
dinh trén R thong qua dudng tron luegng giac, xem hinh 2.6.

Trén hinh 2.6 ¢6 :

& :=COSX;®:=sinx; by A

ﬁ:=tgx;BC:=cotgx - Bl c

¢ Cic ham sd x +— sinx ; y =sinx

Q
VA X +— COSX ; y = CosX ¢6 mién
xdc dinh 1a toan truc s5 R va ¢é ¢
mién gid tri 11 khoang déng [~1, 1. o) PIA X
Hinh 2.6
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¢ Ham s6 x ~— tgx ; y = tgX xac dinh tai moi x # (2k+l)12[- keZ
va c6 mién gia tri la R.

* Ham s6 x — cotgx ; y = cotgx xdc dinh tai moi x # kn, k € Z
va ¢6 mién gid tri A R.

* Hinh 2.7 cho d6 thi cdc ham s& lugng giac :

Y 1Y
17{ ...... 1
“n -y ) - -mh o
T O nfp n X ” o) \ X
....... T-1 _”L

a) b)
AT di
-n frn), T m “7h Mhoom
o] X 8) X
<) d)
Hinh 2.7
() D4 thiy = sinx ; (b) D6 thiy = cosx ;
(c) D6 thiy =tgx; {d) D6 thi y = cotgx.
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(5) Cdc ham s6& lugng gidc ngugc :
I. Ham s6 x — arcsinx

Xétham s6 f : l:—%, g—] — [-1, 11; x +— sinx; f ]a mot song dnh, do
dé c6 ham s& nguoe f '1‘ ki hieu ham s nguoe f -1 y = arcsiny ;
x = arcsiny ; doc 12 x bing ac—siny (x 1 “"cung c6 sin bing y"), nghia la :

y=sinx; —=— <x <

(ST

<> X = arcsiny

A

Véi quy uéc ding chi x dé chi déi s6 va chit y d€ chi ham s& thi ham

C s . . T |, .. .
s6 ngugc cla ham s6y = sinx véi X € “33 la ham 58 y = arcsinx.

» Ham s6 y = arcsinx ¢6 mién xac dinh 12 khoang déng [—1, 1] va
mién gié tri 1a khodng déng [—%,%} va la mot ham s6 tang. D6 thi
¢6 dang nhu hinh 2.8(a).

2. Ham s@ y = arccosx

Xét song anh f: [0; n] - [, 1]; x > cosx ; ham f c6é ham s3

nguoc g1, y +— arccosy, x = arccosy, doc 1a x bing ac—cosy (x 12
cung c6 cos 1a y), nghia la

y =cosx, 0 £ x < & X = arccosy

Ham s6 nguge cua ham s6 y = cosx véi x € [0 ; n] 12 ham s6
Y = arccosx.

« Ham s6 y = arccosx c¢6 mién xac dinh 13 khoang déng [-1, 1] va
mién gi4 tri 12 khoang déng [0, =] va 1a mot ham s6 giam. P6 thi cia
né cé dang nhu hinh 2.8 (b).

* Visinx = cos[g-— xj nén c6 thé suy ra

. T
arcsinx + arccosx = E
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Hinh 2.8
3. Ham s8 y = arctgx

Ham s y = 1gx ; véi x € [—-’21,—’21] la mot song dnh ; ham s6
ngugc clla né la x = arctgy ; doc 12 x bing ac~tangy (x 13 cung ¢é
tang la y), nghia 1a :

y=tgx;Xx € (—;—, —;J < X = arctgy.

Ham s8 ngugc cia ham s6 y = 1gx véi X € (—-12[— g) la y = arctgx
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* Ham s6 y = arctgx c6 mién xdc dinh la (oan tryc s6 R va mién
gid tri 1a Xhoang mé (—gg] va la ham so ting. D6 th; cia né ¢6
dang hinh 2.8(c).

4. Ham s6 y = arccotgx

Ham sé y = cotgx vdi x € (0, m) ¢6 ham s6 nguoc 1a x = arccotgy
doc 12 x bang ac—cotangy (x 12 cung ¢6 cotang la y) ; nghia la :

y =cotgx ; 0 < x < 1t & x = arccotgy

Ham 68 nguoc cla ham s6 y = cotgx vdi x € (0, n) 1a ham s6

y = arccotgx.

* Ham s8 y = arccotgx cé mién xac dinh 12 toan tryc s6 R va mién

gia tri 1a khoang md (0, m) va 1a ham s6 giam. Do thi clta n6 c6 dang
hinh 2.8 (d).

(a) D6 thi y = arcsinx ; (b) D3 thi y = arccosx ; (c) D8 thj
y = arcigx ; (d) Pa thi y = arccotgx.

* C6 thé chitng minh duoc (coi 12 bai tap)

arctgx + arccotgx = g
* Hon ni¥a ta con c6 cac hé thic
. Il =
(1) Vx =0 : arctgx + arctg;=5 sgn x
(1) Va, b € R, dat: o = arctga ; B = arcigb
Khi dé :

a+

arctg1 e néu ab < |
arctga + arctgh = < %sgna, néu ab =1

arclg1 +:+nsgna, néu ab > 1
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Chitng minh.

(i) Véi x > 0, ta cé ;—— arcigx € (O, %)

va t (E—arct x]— L ——l—
812 & " 1glarctgx) X
Suy ra -T—[ — arctgx = arct -l—
y 2 gX = gx

Cung lap luan tuong tv véi x < 0, suy ra (i).
(it) Theo gia thiét, ta c6 :
: TOmW| . T
a, Be [—5‘3] vanfuo +f# 5 thi
tga+tgB  a+b
1 -tgatgf 1-ab

tgla+P)=

Tacé:

a=0

~-12£<a+B<-121c>Lay(a>0vﬁﬂ<%~a)
hay (a < 0 va B>—-;—~a)

a=0

= hay(a>0v5b<%)c>ab<l

hay (a <0véb>%)
R TN
*Néuab<lthia+Be (—-2-.5) va do vay

a + P =arctg(tg(a + B)) = arctg

a+b
1-ab
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*Néuab>1vaa>O0thia+fB e [g,nj va do vay

a+|3—arctga+b
B 1-ab

+ .
«Névab>1lvaa<Othia+Be [—n,—%] va do vay

a+b
o+ B:arctgl_ab

* Néu ab = 1 thi chinh la truong hop (1).
Viy, téng hgp lai ta ¢6 (ii).H

-7.

2.7. Cac ham s6 so cap

Cho hai ham s6 f va g, goi 1dng clia f va g, viét 1a f + g ; hiéw, viét
f - g tich, viét 1a fg va thuong viét la é ]la cac ham s6 duge dinh
nghia nhu sau :

téng s (f+g) (%) : = f(x) + g(x) (cOng hai ham)
hiéu (£ - g) (x): =f(x) — g(x) (trit hai ham)

tich s (fg)(x) = f(x)g(x) (nhan hai ham)
thuong ( )( ):= ;i)) (chia hai ham)

Néu goi Dy, D, 12 mién xdc dinh cba { va g tuong ting thi mién xic
dinh cia tong, hiéu va tich clda ching 12 Dy N D; : riéng mién xdc

dinh cua é— 12 Dy N Dy, trong dé
Dg:={xe€ Dglg(x) = 0]}.
Thi du. Cho f(x) = 2x° + 4x + 1,
g(x) = Jx—2
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Khi d6 f + g, fg xdc dinh v8i moi x > 2, riéng -g— xdc dinh v&i moi
x> 2.

Ngudi ta goi ham s6  so cdp 13 nhimg ham s8 dugce tao thinh bdi
mot s8 hita han céc phép toan s6 hoc (cong, trir, nhan, chia), cdc phép
14y ham s& hgp d&i vai cdc ham s8 so cdp co ban va cédc hing.

Thi du. Céc ham s6 :

y=sin8x+cos[2x+%j+3;y=2'x+x2+4;

x+\Jl-—x2 + COSX

2

y=§[x_3 -1gB3x+M+1;y=

X-v1-Xx
déu 1a nhimg ham s& so cap.

Trong cac ham s§ so c4p, ngudi ta dic biét chi y dén hai loai ham
s6 : cac da thitc va cac phdn thirc hitu ti hay cic ham s6 hiu tf vi khi
tinh gid tri ca cadc ham s6 nay ngudi ta chi cin thuc hién cic phép
toan s6 hoc ddi véi bién.

Goi da thiic bac n, n € N, viét 12 P (x), 1 biéu thic :
Pn(x):=a°+a]x+,..+anxn;ak e R k= 0_n ;a, # 0.
Thidu. N2 + 1g17 +sin§+~/§x +4x% +/5%> 12 mot da thic bac 3
doéi véi x.
Goi phan thitc hitu 1f 12 ham s6 ¢6 dang ti 56 cla hai da thie :

Po(x)  _ a,+ajx+..+ayx"
Qm(X) by +byx+..+b x™

,mneN

trong d6 cac hé s a;, i=0,n ; b, j= O,—m 12 nhitng s6 thuc.
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2.8. Da thice ndi suy

Bay gio ta trd lai chi ¥ da néu trong phan chi ¥ myc 2.2 : ta muén
phuc héi mot ham s6& f(x) tai moi gid tri X € (a, b] nao dé ma chi bi&t
mot s6 hivu han gém (n + 1) gid tri ciia ham s6 d6 tai cic diém rdi rac
Xo» X{s s Xy € [a, b]. Céc gid tri nay thudng duge cung cip qua thuc
nghiém hay tinh dudi dang bang sau :

X ‘ Xo Xy X - X o Xg

y ‘ Yo ¥ y2 Yi Yn

Khi d6 ta dat van dé tim mot da thicc bac n :

(2.1) Py(X) :=a,+aX+..+2X ,3,#0
V6i a,, a;, ..., 8, € R, sao cho P,(x) trung v¢i f(X) tai cic miit x;,
i= 0,n, nghia la

(22) Pl\(xi) = f(Xi) =Y

Da thitc P (x) im duoc d6 goi 1a da thic noi suy. Ta chon da thic
noi suy ham s6 f(x) vi, nhur da néi da thitc 1a loai ham s6 don gian
nhat, dé tinh nhat.

Dink 1i 2.1. Néu tén tai da thic néi suy P,(x) ciia ham s6 f(x) thi
da thirc d6 la duy nhat.

Chung minh.

That vay, gid sir ¢6 hai da thifc P (x), Q,(x) ciing 1a da thic noi
suy cia mot ham f(x). Lic d6 theo dinh nghia, c6

Pa(xp) = ¥is Qu(xp) = y;

Vay hieu P, (x) — Q,(x) ciing 1a mét da thiic c6 bac khéng vuot qua n
va triét tiéu tai n + 1 gid tn khic nbau x;, 1 = 6,; (Vi Py(x;) — Qu(x;) =
y; - y; =0, i = 0.n). Do vay da thiic hiéu P_(x) — Q,(x) phai déng
nhit bang khong, nghia 13 P, (x) = Q,(x). &

60



C6 thé c6 nhiéu dang da thic n6i suy nhung do tinh duy nhat, nhat
thi€t ching c6 thé quy vé nhau duge. Dudi day chiing ta sé xay dyng
da thitc noi suy theo kiéu Lagrange, got la da thic néi suy Lagrange
va ki hiéu 1a L (x). Ta dat

(X = X )X = X )oee X = X X = X1 ) (X = Xy )
2.3) L(x)= s
( ) l(X) (Xi - xo)(xi —Xj )...(Xi — Xj-1 )(Xi —xm).“(xi —Xn)

1=0,n
Hién nhién /,(x) 12 da thifc bac n va

Lkhij=i

(2.4) Ii(xj) = 5ij nghia la li(xj) = {O Khi j =i

1,(x) dugce goi 1a da thiic Lagrange co so.

Bay gis ta lap da thifc

n
2.5) L,(x): = Zyili(x)
) i=0 .

Hién nhién L (x) 12 da thic bic nthoa : L (X)) =Y,

Do vay L, (x) la da thic ndi sy bac n cua ham sé f(x). Bay gio
néu mot s§ da thirc né1 suy thong dung.
o N6i suy bdc nhdt (hay la noi suy tuyén tinh)

Truong hop nay n = 1 va cé bang :

Pa thirc noi suy L;(x) ¢6 dang
. (26) Ll(X) = yolo(X) + YIII(X)
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trong dé

I (x)=——21_
Xo — Xy
(2.7)
X-X
h(x)=2"Xo
I(X) X1 —Xq

o Néi suy bdc hai
Trudng hop nay cé 3 niit (n = 3) va cé bang :

X X Xy X3

y Yo Y1 Y2
Pa thirc noéi suy L,(x) c6 dang :

2.8) Lo(x) = yolo(X) + ¥111(X) + y205(x).
trong d6
(X=X XX~Xp)
(Xo =Xy XXo = X2)

l(x)=

X=X (X—Xx
(2.9) «z,(x)=(i1 -xZZ(x.i;)
(X =X )X~ X))
(x3 =X XXz —Xy)
Di nhién, khi d@ ¢6 da thic ndi suy, ngudi ta con dat vin d& dinh
gid sai s6 gilra f(x) va L (x) tai nhitng diém khong phai 12 diém nit.

Tuy nhién, diy la mot bai todn t&€ nhi chiing ta chua du phuong tién
dé trinh bay chi tiét & day.

L(x)=

TOM TAT CHUONG 2
* Dinh nghta ham s6 mét bién s6 (thuc)

Anh xa f: X = Y véi X, Y < R duoc goi 12 ham s6 mét bién s6
(thye), X 12 mién xdc dinh, thudng ki hi¢u 1a D, Y 12 mién gid tri,
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thuong ki hiéu 1a R;. x € Dy duoc goi 1a bién s6 doc 1ap hay déi sd,
f(x) € Ry 12 bi€n s& phu thudc hay hdm s6, dé chifng 16 rang f(x) Ung
vai x, thudng viét

x — f(x) hoic y = f(x)

D6 thj ciia ham s y = f(x) 12 tap hop cic diém trong mat phing
toa do c6 toa do (x, f(x)).

Chohams8g: X > Y. x —gx),vahams8f: Y > Z, y — f(y),
voi X, Y,Z c R ; khi d6 ham s6 h : X - Z dugc dinh nghia bai

x = h(x); h(x) : = flg(x)]
duoc goi 1a ham hgp cia ham s6 f va ham s6 g.

Cho song 4anh f : X > Y, X, Y < R. Song dnh n2y lam dng méi
x € X vdi ding mdt phin tr y € Y va nguoc lai moi phdntry e Y
duge g véi ding mét phdn tr x € X, phép vng y véi x duoc goi 12

ham s6 nguoc clia ham s6 f va duge ki hiéu la f_l, nghia la £1.Y - X,
y —~ x=f (y). va dods:

-1
y=f(x) ox=1 (y).
Véi quy udc ding chit x d€ chi bién <& déc 14p, chir y d€ chi ham
6 thi ham s8 nguoc clia ham s6 f(x) duge viét 1a
X y=f'(x)
Khi dé, néu bidu dién trong cing mot hé toa d6 thi dé thi cha ham

38 nguoc v = f (%) d6i ximg véi 46 thi ham s6 y = f(x) qua dudng
phan giic thi nhat.

¢ Cdc ham s6 so cdp co bdn

Cic ham s6 so cap co ban la cdc ham s§ :

y=xa, a € R,
y=ax, a>0;a=1,
Yy =logyX, a>0,a#1.
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N R y N X
Ham s6 y = log,x 1a ham ngugc clla haim sé y =a".
y = sinx,

y = arcsinX.
Ham s6 y = arcsinx la ham nguoc clia ham s6 y = sinx vai —gSXS%.

y = COSX,
y = arccosx.
Ham s6 y = arccosx 12 ham nguoc clla hAm s6y = cosx v8i 0 < x < n.
y = 1gx,
y = arctgx.

Ham s6 y = arctgx 1a ham nguogc clta hdm s6 y = tgx véi —% <x< -725-

y = cotgx,

y = arccotgx.
Ham s6 y = arccotgx 1a ham nguoc cia ham s6 y = cotgx véi 0 <x < .
e Ham s6 so cdp

Ham s& so cdp la nhilng hAm s6 duge tao thanh bai mét s6 hitu
han cac phép todn s6 hoc (cOng, trly, nhan, chia), cdic phép 14y ham
hop déi véi cdc ham s6 so cap cd ban.

Trong cdc ham s6 so cip ngudi ta dic biét chd ¥ dé&n da thic va
phan thidc hitu ti.

Moét da thitc bac n ki hiéu l1a P, (x) 12 ham s6 so c4p c6 dang :

Pn(x)=ao+a|x+..‘+anx";ai eR;i= 5:;.3“;:0.
e n . P, (x) )
Mot phan thac him ti 12 mot ham so cdp ed dang 0 (0 trong do
. m

Pa(x) va Q,(x) 12 hai da thitc c6 bac 14n luot 12 n va m.

64



< Pa thic noi suy Lagrange
Noi suy tuy€n tinh :

L da thic bac nhat, ki hieu 1a L,(x), c6 d8 thi di qua 2 diém (x,, y,,)

Vva (X, ¥y) cho truéc va duge tinh theo cong thitc
X—Xy X=X,

+Y,.
Xo —X( i X1 —Xo

Li(x) =y,

Noi suy bac hai :

La da thirc bac hai, Ly(x) ¢6 d6 thi di qua 3 diém (x,. y,), (X1, ;)
va (X5, ¥5). duge tinh theo cong thitc

(X=X Xx—X3) N (X=X )(X—X5) (X~ %o )(X~Xy)

L =Y,
2(%) y(xo—xl)(xﬂ—xz) '(xl-xo)(xl—X2) Z(Xz—xo)(xrxl)

BAI TAP

1. Tim mién x4c dinh c0a ciac ham s8 :
1-)’=(X—I2)\H-;§- . 2. y=+sin(¥x):  3.y= Veosx? ;

i vx . 2%
Ly = in—| : .y = ; 6.y= _—
4.y lg(smx] | 5.y propmal y arcsme

7.y =arccos(2sinx) ; 8.y =lgcos{ign)]; 9.y = ¥lgtax.

2. Tim mién gi4 tri cta cdc ham s6 :
1=y=V2+K—X2 v 2.y =lg(l - 2cosx) ;

3.y = arccos 132;-2 i 4y= aresin[lg-l%]‘
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3. Cho £(x) : = lgx” ; tim f(—1), f(=0,001), £(100).

1+x khi-0<x<0
4. Cho f(x): = ‘

2% khix>0
Tim f(=2), f(-1), f(0), f(1), f(2).

l—-x

5. Cho f(x) : = T tim f(0), f(—x), f(x + 1), f(x) + 1, f(%] va

1

f(x)’

6. Tim ham sG f(x) c6 dang f(x) = ax + b, bié&t ring f(0) = -2 va
f(3) = 5 (ndi suy tuyén tinh).

7. Tim ham s6 f(x) ¢ dang f(x) = ax> + bx + ¢ bi€t rang f(-2) =0,
f(0) = 1, f(1) = 5 (nd1 suy bac hai).
8. Ham s6 y = sgnx (doc 1a dau cia x) duge dinh nghia nhy sau :
—-1néu x<0
sgnx :=<0nfux=0
1 néu x>0
V& d6 thi clia ham s dé va chiing minh ring Ixl = X sgnx.
9. Gia sir ham s& f(u) xdc dinh khi O < u < 1 ; tim mién x4c dinh
cna f(sinx), f(Inx).

10. Cho f(x) : = %(a" +a); a> 0, chimg minh ring

f(x +y) + f(x — y) = 2f(x). f(y)
11. Gia sir f(x) + f(y) = f(z). Xac dinh z néu

1. f(x) = ax ; 2. f(x) = aretgx, (Ixi< 1) ;
1 1+x
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12. Tim £(f(x)), g(g(x)), f(g(x)), g(f(x)) n€u

1. f(x) = x°, g(x) = 2" ; 2. f(x) = sgnx, g(x) = %
Okhix<0 0 khix<0

3i(x): = ) V8(x) = 2.
xkhi x >0 ~x“ khix>0

13. Tim f(x) né&u

2 [ | 2
Lfx+1)=x"-3x+2: L +)=x +~— (xl22);

( ) x+x/1+x (x>0); 4. f(

14. Tim ham s& nguge cia cdc ham s6 :

l.Ly=2x+3;

2.y=x2 a)-wo<x<0, BYO<Xx< +0;
1-x

4.y=+V1-x! a)-1<x<0, byo<x<1;

5.y =shx, vdishx : = %(ex ~e™), 0 < x < +o.

15. Ham s6 f(x) xdc dinh trong mot khoang d6i xing (-1, ) duge

goi 1a chdn néu f(x) = f(—x), 1& néu f(x) = -f(~x). Xét tinh chin 1€ c4c
ham sO :

1 f(x):=3x—x": 2. £(x) : = Y1 -x)? +«3/(1 +x)?

3fx):=a"+a ¥ @>0): 4.f(x):= m%;-;

S.f(X): =In(x + \[l_-l»xz).
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16. Chiing minh rang bat ki mot ham s nao xdc dinh trong mot
khoiang déi xung (—/, I) cling cé thé viét duge dudi dang tdng mot
ham s6 chan va mot ham sé& 1€.

17. Xét tinh tuan hoan va tim chu ki cdc ham s :

. f(x) : = AcosAX + Bsinix ;

2. f(x) D= sinx + % sin2x + %sin’jx ;

3. f(x): = 2tg—;-—3tg% ;

4. f(x): = sinzx ;
5.f(x): = sim(2 ;
6.f(x): = ,hgx N

7. f(x) : = sinx + sin(x \/E)A
18. Viét cdc ham s sau day dudi dang ham sé hop :

1
1;y=(3x2—7x+1)3; 2.y=2(g;; 3>y=1mg-;—'.

—
4.y=\fx+\&; 5,y=arcsin\h:x.

19. Dung phuong phép vé timng diém, vé d6 thi c4c ham s6 :

1.y=sin(x+%); 2.y =cos3x; 3.y=cos§;

4, y=3"; 5.y=1og2%.

DAP SO VA GOI 'Y

1. I.-1<x<1,

2. 4% < x <2k + 1)2r° (k=0,1,2. ),
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3. Ixl< \f va ,/ 4k -1) <Ixl< ,/——(4k+l)

4‘2k+1 <5E"a 2k+l <'2k (k=0,1.2,..),

5.x>0.xz2n(n=1,2,.),

<1, 7. 1x-kni < (k=0,1l,...),

o =]

3
‘ (5+3)
- 2k+=
8. 10[ 2] <x<l10% 2 n(k=0.il..‘.)

9.kn+£—SXSkn+g(k=0‘tl....)

2. —w<y<lg3,

2. 1.0<y< 2:11-.

3.0<y<n 4Ag—sysg-
6.f=%x—2
7.f=%x2+l6zx+1

9.2kn<x<mn+2kn(k=0,£],..) I <x<e

X+y

1 . R = . R = ,
1. lz=x+y 2.z T—xy
3.2= .
X+y 1+ xy

12. L f(fx) = x*, g(g(0) = 275, f(g(0) = 27, a(f(x)) =
2. f(f(x)) = sgnx, g(g(x)) =x (x#0),
f(g(x)) = g(f(x)) =sgnx  (x=0)
3. f(f(0) = f(x), g(f(x)) = g(x). g(g(x)) = f(g(x)) =

69



13. 1.x’-5x+6, 2.x%-2  (xl22),

3.

2
- . X
—_—— (x> 0), 4A( )
1-Vx®+1 I-x
14. 5. y =In(x + \/1+x2)

15. 1. 1&, 2. chin, 3. chdn, 4. 1&, 5. 1&.
16. Viét f(x) duéi dang

£(x) = %(f(xn f(—x)) +—;—(f(x)—f<—x»

17.1. T = ZTR 2.T=2n,3.T=6n,4.T =nx, 5. khéng tudn hoan,

6. T ==, 7. khong tudn hoan.
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PRV

Chuong 3
G101 HAN VA SIf LIEN TUC
CUA HAM SO MOT BIEN S8

Chuong nay gidi thidu khai niém gidi han ciia ham s6 mot bién s6,
cdc gidi han co ban, s3 e, cong thic tinh xdp xi s6 vo ti e v&i a6
chinh xac ty ¥y ; cach khir cac dang vo dinh. Tir khdi niém gidi han
chuyén sang khai niém lién tuc clia him s8 mot bién sé va céc tinh
chat cd ban cla hAm s6 lién tyc va img dung d€ xay dung thi tuc
phan dé6i, tim nghiém phuwong trinh f(x) = 0.

3.1. Pinh nghia

Cho ham s6 f(x) xac dinh trong khoang (a, b) ; néi rang f(x) c6
gidi han la L (hitu han) khi x ddn dén x,, x, € [a, b] va viét Ja

lim f(x)=L néu vdi bdt ki day {x,} trong (a, b)\ {x,} ma x, > x,
XX,

thi lim f(x,)=L.

n—o«

Theo thuat ngit cia gidi han clha day s6 thi dinh nghia trén c6 thé
dién dat thanh “ham s& f(x) c6 gidi han 12 L né€u vdi bat ki ddy s6
{x,) hoi tu dén x,, thi day s8 {f(x,)} ciing hoi tu dén L".

Dinh nghia giéi han ctia ham s6 f(x) khi x - x, nhu trén cé thuan

loi 12 chuyén khdi niém gigi han cia ham s6 f(x) vé khai niem giéi
han clia day s6 (d3 quen thudc & muc trudc) nhimg ciing ¢é chd
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khong tién lgi 1a muon ching 16 f(x) &> L (x = X,,) thi phai chimg 16

f(x,) = L véi moi day {x,} — X,. Vi th€ ngudi ta ding dinh nghia
tuong duong (& day ching ta khong chimg minh diéu nay) vdi dinh
nghia trén.

Dinh nghia.

Cho ham s6 f(x) xdc dinh trong Khoang (a, b), néi rang f(x) c6 gisi
han 1a L (hiu han), khi x din t6i x,(x, € [a, b)) n€u véi bat ki e >0
cho trudce tim duge & > 0 sao cho khi 0 < |x - x| < 8 thi [f(x) - L| <e.

Thi du.

(a) Cho f(x) = C, C 12 hing s¢ ; ta s& ching minh ring

lim f(x)=C.
XX,

That vay, cho trudc > 0, vi f(x) = C, ¥X, do vy voi b4t kid > 0:
X = X,| <dluoncd |f(x)-C|=|C-C|=0<e.

(b) Cho f(x) = x ; s€ chitng minh rang lim f(x)=x,.

XX,

That vay, cho trudc € > 0, chi can chon 8 = & thi luén cé [x — x| <8
thi [f(x) — x| = [x — x| <&

(c) Cho f(x) = sinx ; s& ching minh
ring lim f(x)=0. Trudc hét dé y

x>0

rang ching ta xét qud trinh x > O nén

M

c6 thé gia thiét { x | < *;‘ . tuy nhién khi

d6 (xem hinh 3.1) : o) PA
46 dai AM = Ixi ; PM = fsinxt. Hinh 3.1

PM < AM (vi tam gidc PAM vuéng géc tai P).
Do vay Isinx! < tx].

Nhu thé, cho trudc € > 0 ; chi cdn chon 8 = £ ludn ¢6 Ix — 0l < 8 thi
Isinx — Ol < €.
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(d) Ban doc c6 thé chimg minh ring lim cosx = 1.
x—0
X2 N A N
{e) Cho f(x) = m; ching minh rang Iim f(x) =0. Dé y rang

x—0
diém x = 0 khang thudc mién xic dinh ctia f(x) ; nhung v&i x # 0 thi
f(x) = Ixl ; do vay diing k&t qua thi du (b) ¢ th€ suy ra hm f(x) = 0.
x—0
Trén day chung ta dinh nghia lim f(x) khi x — x,, bdy gi0 ta xét
trudng hgp X — 400 va X > —m,
Dinh nghia. Néi rang ham s6 f(x) ¢6 gi6i han la L khi x din t6i
duong vo cdng va viét 1a:
lim f(x)=L
X ~»+00
néu vai bat ki € > 0 ; tim duge N > 0 di 18n sao cho khi x > N thi
If(x) - Ll < &.
N6i rdng ham sé f(x) c6 gidi han 1a L khi x dén t6i am vo cung va
viét la
Iim f(x)=L
X —>—20
'néu vai bat ki £ > 0, tim duge N < 0 ¢6 tri tuyet d6i du 16n sao cho
khi x < N thilf(x) - LI < €.

Thi du.
(a) Ching minh ring lim L 0. That vay, véi bat kie > 0 ; chi
x—+m X .
. 1 ) !
can chon N > z ta luén c6 x > N thi ;—0 <E.

(b) Ban doc dé kiém tra lai ring lim (l +}i] =1.

+
e

Khi f(x) - O (x = a), a c6 thé hita han, c6 thé 1A vo cung thi f(x)
duoc goi 12 mot v6 cung bé trong qud trinh x — a ; va khi x > a ma
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f(x) c6 tri tuyét dGi trd nén 16n hon b4t ki s6 duong nao cho trudc thi
ta néi rang f(x) 12 mot v6 cling 16n trong qud trinh x — a ; khi dé ta
ciing viét

lim f(x) =+

X—>a

néu f(x) tro thanh duong vé cing va

lim f(x) = —o

X—a
néu f(x) tro thanh &m v4 ciing.
Thi du.
1 N 1 . 1

(a) lim —=+4o ; ViVA>0:Vd=—,thilxl<d = — > A.

x—0 x2 \E x2
(b) Cing nhu vay lim _Lz =-m,

x>0 x

3.2. Céc tinh chit cua gi6i han

Tir nay trd di, khi viét f(x) - L(x — a) néu khong néi gi thém thi
ta hiéu ring L 1a hitu han, con a ¢6 thé hitu han hoic v6 cung.

Bay gid ta phat bi€u mot sd tinh chat don gian clia gidi han cia
ham s6.

Dinh li 3.1.

Cho lim fj(x)=L,;; hm f(x) =L,

X—>a X—a
Khi dé :
(a) lim Cfj(x) = CL, vé C 12 hing s6

X—>a

(b) lim (fy(x) +f,(x)) =L; +L,

X—a

(©) lim (£, (x)f,(x)) = L L,

74

-~



Y

R fl(X) Ll L. A s .
d) lim =— vdi diéu kién L, 2 0.
@ x—afhh(x) Ly : 1 2

Cach chiing minh dinh If nay ciing giéng cich ching minh dinh Ii
1.2 chuong 1 chi khac & ché thay vi n6i tim duge N > 0O, ta ndi tim
dugé § > O (khi a 1a hitu han) dé nghi ban doc tu kiém tra lai. Ching
ta s& néu mot s6 nhan xét thi vi hon.

& Nhdin xét. -

(1) Tir cac thi du d& néu va tir dinh 1i 3.1 ta c6 thé suy ra : néu
P.(x) 12 mét da thic bic n déi vdi x, nghia la:
Py(x):=a,+a X+ .. +2aX

n
thi lim P, (x) =P, (x,)-

X=X,

(2) Hon nira, ciing tir thi du trén va tir dinh 1i 3.1 suy ra : néu R(x)
14 mot phan thifc hitu ti, nghia 1a

a, +ax+..+a,x" P

R(x): = =
bo +byx + ..+ b x™  Qm(x)
O . Pn(xo) -3 N
=.n_0° mjé ;
thi xl;n;(y R(x) O (%) mién 12 Qg (x,) #0

(3) Dinh If 3.1 chua khing dinh dugc trong céc trudng hop khi L,
12 + vi L, 12 —o0, khi d6 : vé mat hinh thic ta c6 dang © — @, dé 1a
mot dang vé dinh ; nghia 12 chua thé khing dinh dudgc trong trudng
hop 46 lim (f(x) + g(x)) c6 hay khong.

X—>a

Trong trudng hop (¢), khi L = 0 (20) va L, = 0 (0) thi vé mat hinh
thic ta c6 dang 0. o, va ciing 1a mot dang v dinh thit hai.

Cudi cing, trong trudng hop (d) ; khi Ly = O(e) va Ly = O(c0) thi

vé mit hinh thifc ta ¢6 dang vé dinh thi ba [a % hoac g,
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Khi gap cdc dang v6 dinh d6, mu6n biét cu thé phai tim céch d€ khw
dang vé dinh. Cé nhiéu cich khic nhau dé khir dang v6 dinh. Sau day
gidi thieu mot s& cach khir dang vé dinh théng qua cée thi dy cu thé,

Thi du.

x" -1

(a) Xét Ilim

. Trong thi du nay, khi x — 1 ; ta gap ngay
x—bxM |

dang v6 dinh % (xem nhan xét (2) ngay trén d_ay). Tuy nhién dung

hing thyc :

o l=x—DU+x++.. +x ]

p nguyén va p > | ; tir d6, dé thdy ring

"1 x-DU+x+.+x"

™1 X =Dd+x+.+x™h

Do dé, diing nhan xét (2) ta ¢6 ngay

lim =
x=»lxm™m_1] m
(b) Xét lim yitx -l . 0 day ta cling gap dang vo dinh 9 ; tuy
x—0 X 0

nhién, thuc hién phép dbi bién 1+ x =ythikhix >0,y > 1:dodé:

lim 1+x -1 = lim y—1 =l (theo thi du (2)).
x—0 X y—i y2 -1 2

Y ST e
(c) Tinh lim 1+Xx 1+x ; O day ta viét

x—0
Nex-Y1+x =(\/31+x—1)+(1—\/51+x)_
X X
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Tir dd, ding dinh 1{ 3.1 va thi du (b) ta dugc

Nex-Y+x 11 2

I "33
(d) Tim lim ——)Ei—J—;- ; dang vo dinh & day la % ; dé khir dang

X2+ X+ 1

v6 dinh nay ta c6 thé chia tir va miu cho Vx va dugc :

=

Vx+1 \/
1+—
X

1

Fidx

1+T
Do dé6, hIm = lim X

X+ JX+1 X—»+m 1

1+

=1
X

(&) Tim lim (vx++x —vx), dang vo dinh & day 12 o — o ; v3

X—r+a0
khir dang v6 dinh nay bang cich nhan véi luong lién hop va dugc :

N
N A
\/x+f \/— Cxedx +dx

Tir day, dung cich lam ciia baj (d) ¢6:

lim (\/\+f—f)

X+

32
1-Jx 1-3x

ta c6 thé thuc hién phép d8i bign x = y°, khi d6 :

() Tim lim [

Xx—=1

] ; € khit dang v dinh « — © nay
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32 3 2 3+y-2l+y+yd)
Vx =Y 1y 1=y (-payi+y+yd)

- (1-y)1+2y) _ 1+2y
Q=PI+ +y+y) A+ +y+y?)

Nhu thé

lim[ B ]'—lim St M |
x> 1-vx 1-3Jx ) y 10 +y)tey+yly 2

Qua nhimg thi du trén goi cho ta thdy ring ding dinh 1f 3.1 ¢6 thé
khtr duge cdc dang v6 dinh thuoc loai phan thifc hitu ti (xem nhan xét (2)
muc nay). Dé khir cdc dang v6 dinh khdc ching ta cdn cdn moét s& ménh
dé chi ti€t hon va mot vai gidi han thuéc loai dang vo dinh dién hinh.

Trudc hét ta phat biéu ménh dé tuong ty ménh dé & phdn gidi han
cua day s6.

Dinh li 3.2.

Gid sir ba ham s6 f(x), g(x) va h(x) théa bdt ddng thirc
f(x) <g(x) <h(x) voi x € (a, b)

Khi dé, néu lim f(x)= lim h(x)=L thi im g(x)=L

XX, X—x, x—x,

Ban doc c6 thé diing cach chiing minh dinh If 1.3 chuong 1 dé
chimg minh dinh li nay. Tir dinh If nay va tir cdc thi du (c) va (d) cé
thé suy ra gidi han rat quen thudc (di hoc & 16p trung hoc) thudc

dang vo dinh % :

. )
sinx _ 1!

3.1) lim

x>0 X

Sau diy gidi thiéu mdt s6 thi du ap dung gi6i han trén.
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. tgx . sinx 1 . sinx .. 1
(a) hm—g—-z llm[ . ): Iim . Iim =1.1=1.
x>0 X x—-»0\ X COsX x—>0 X x—»0COSX

2

(b) lim freosx 1
x—>0 x 2 x>0

mX nx sinnx

. sinmx ) sinmx mx nx
(¢) lim — = hm( )
x—0 SINDX  x0

nguyén khdc khong.

m PR .
— ;vdim,nla2ss
n

(d) lim oS X — COS 3X = lim (cosx-1)+ (1 - cos3x)

x—0 x2 x—0 x2

. cosx-—1 . 1-cos3x
= lm——+1lim—————9
x—0 XZ Xx—0 (3x)2

= ——+ = =4 (xem thi du (b))

N =
(SN

. l-cosxcos2x . (1—cosx)cos2x +1—cos2x
) lim——F————= lim
x>0 Y—cosx x=0 1-cosx

(ding hing thic 1 — ab = (1 - a)b + (1 — b))

I—cost]

= lm (cos 2X +
1-cosx

x -0

= lim cos2x + lim
x—0 x—0

l—cos2x4 )(2
(2x)2 "1 -cosx

4

5 .2=135.

=1+

Bay gi¥ cling nhu trong muc gidi han cla diy s ching ta néu mot
ménh dé ndi vé siy tdn tai gidi han cia mot ham s& don dieu.
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Dinh li 3.3.
Cho fla mot ham s6 xde dinh, tang (gidm) trén R ; khi dé, néu f bi
chan trén nghia la ton tai M sao cho f(x) SM vdi moi x € R (bi chan

duéi nghia la tén tai N sao cho f{x) > N vdi moi x € R) thi tén tai

lim f(x) =L
X—>+@0
(x—~-m)

Chiing ta khong chimg minh dinh 1i nay ma chi luu y ring néu

ham f tang ma khong bi chan trén (gidm ma khéng bi chan dudi) thi

khong t6n tai gidi han cia f khi x — 4o (x >-»).
Bay gis ta néu thi du 4p dung dinh li ndy, chimg minh rang

1Y Y
(3.2) lim [1+;] = lim (1+——) =e

X — 400 X —»—C X

Chimg minh. That vay, trudc kia trong phin néi vé diy don diéu
tang ta da chimg minh duogc :

(3.3) lim [l+l) =e

n—o n

X
Bay gid ta chitng minh lim (1 + lj =e.

X X

Dé y rang bat ki mét s6 duong X ndo ciing c6 s8 ty nhién n (n  0)

saochon £ x <n + | nghia la

n X n+}
[l+ ! J S(H—Lj s[l+i)
n+l X n
Chuyén qua gi6i han bét ding thirc kép trén, ding két qua (3.3) va
dinh 1i 3.2 suy ra

{ X
lim [l+—] =a
X —~>+0 X
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Hon nia, bang cdch d6i bién x : = —y ta cling ¢4 thé ching minh ring
1 X
lim [I +—] =¢ A
X —~a0 X

Bay gio, ta dat :

( 11 1

n
Xp: = \1+;1-] vay,r=l+ 1+ —2—!+§+...+-l—1~!

thi vi (xem thf du (e), 1.3.1 chuong 1)

1 1 1 1 2
Yo > [+1+ 5—'[1 —;]+§~!(l—-—ﬁ)[l—;)+...+
{ _
+...+l(1 -lJ[l —3}.“ 1—“——1]
n! n n n

nén ta cé bit dang thitc kép: x, <y, <e

Nhu 43 biét x, —> e ; do d6 y, — e. Hon nira v6i bat ki n, m
nguyén duong, c6 :

Yn+m ~ Y¥n =

1 | 1 1
T+ 1)!{1+ nt2 midm+3) (n+2)(n+3)...(n+m)}
do vay :

- l 1 1
Ynem —Yn <(n+1)g{l+n+2+(n+2)2 +...+m}-

Biéu thiic trong d4u { } 1 tong cia mot cip s6 nhan c6 cong boi la

. rl _
! 5 do vay biéu thitc dé bing (n+2) -1 : do d6

(n+1)n +2)""!

I n+2 1 n+2
in+!n+l n!i(n+l)2

Ynam ~ Yn <

6-THCC-Tap 2 81
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+2 1 . |
<—;nénl0<e-y,<
(n+1) n

Mat khéc, vi

n'n

Tir bat dang thic kép trén va tir dinh nghia y,, c6 thé viet
1 1 i 0

(3.4) C_I+F+-2—'+ Fi—m

véi 8 1a mot s6 duong gém gida O va 1.

Dung biéu thirc trén ta c6 thé tinh s6 e v6i dé chinh x4c ty y ;

chéng han, dimg & s6 hang n = 7 thi :

0 1 0000
n!n_ﬁ<0 3
Néu 1ay 5 sG 1é sau d4u phdy thi :
i 1
i—O,SOOOO.I—Ol6667 4——004167 5— 0,00833 ;
1 1
& =0,00139: ;7—‘—000020 do dé

e ~2,71826 vai sai s6 bé thua 0,00003.
Ngoai ra tir biéu dién (3.4) cing cé thé khang dinh ring s6 e 1a

. s N PO N m .
mot s8 vo Ui ; that vay, néu e la mot s8 hifu ti nghia lae = o véim,

n nguyén va chi c6 udc chung 12 £1, thi véi s8 e nay, dung biéu dién
(3.4)c6:

Do d6, néu nhan ca hai v& cha ding thic trén véi n! thi sé dugc
mot dang thic trong dé v€ trdi la mot s8 nguyén trong khi v& phai 12

: ) . s s
mot s6 nguyén cong vdi mot phan s6 dang =3 chinh mau ihuadn nay
chimg td rang sé e 12 mot s6 v6 ti.
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Trude khi néu mot vai thi du chiing ta dé ¥ rang néu datu = % thi

ta ¢c6 mot dang khiac chas§e :

u—0

L
(3.5) lim (1 + w)t =e}

x L
C4 hai dang (1 +%J va (1 +u)" déu cé dang vé dinh thudc loai
1% va chinh cdc cong thic (3.2) vi (3.5) cho mot goi ¥ d€ khir dang
vé dinh 1%

Sau day néu mot vai thi du :

1-Vx |
(2) xlino[;:);] tex [%) . day khong phai l1a dang vo dinh.
1-J/x 1

. 1+x Y1-x ) L+ X J14x . ~ .
b) lim ( j = lim [——-] = 1, & day ciing khon,
()x—>+co 2+x x—>+0\ 2 + X y 8 g

phai dang vo dinh.
{-x
(c) lim ( X+ }1'*[; =0 vi & day la gidi han coa mot dai lugng
x— 40\ 2X + 1

bé thua | liiy thira vd ciing.

2

2 X
(d) lim ["2 1] lim [1— 22 ]x2=
X3+0\ x“ +1 X =+ x© +1

Il
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Smx

| 1 X
(e) lim(l+sinx)* = lim {(l+sinx)5i"><= =e
x—0 x—=0

008 X—008 2X

1 O ) wlomdx 3
0 lim( CcosX ]xz = lim (l+oasx—cos2x)m:x—ax2x _a
x—) cos2x x—0 008 2X

(vi lim cosX —cos2x lim( 1 (COSX—1)+(1—Cos2x)]

x>0 x2 cos2x x—0| €OS 2X x?

1]

him .
x—0C0S2X x50

x? (2x)?2

1 1 3
= ‘(‘5*5-4)*5)

Cung vé1 nhan xét (3) phan dinh I 3.1 ta két luan ring céc dang

. . \
i [cosx l+1 costAJ:

* Chu y.

vo dinh da gap la o — o, %.% val” . qua cic thi du di néu c8t dé
gidi thiéu cac cach khir dang vo dinh néi trén.

= §6'e va logarit ti nhién. _

Ham s6 logarit v8i co 56 e duoe goi 1a logarit ty nhién hay 16garit
népe (tén nha toan hoc ngudi Scotland 1a Neper) va ki hiéu 12 In hay
L ; nghiala

(3.6) - Inx = log.x, x>0
nghia 13 néu y = Inx thi ¢6 nghia la x = &', tir d6 ta ciing suy ra

(3.7) X = el"x x>0

Tir Inx ¢ thé chuyén dé dang sang Igx (va nguoc lai) theo cong
thitc quen thudc
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Inx = lli—z valgx = llnn—lxo: v Ige = 0,434294...
In10 = lglo 1 _ 2,302585...
Ige  lge

nghiala : Inx =2,3025851gx va Igx = 0,434294Inx.

Tir co s6 ¢, ta xay dung ham s6 mii y = ¢", 12 ham s rat hay gap

trong cic bai giing vé sau ; tir hAm s& e” 1ai xy dung cic ham s&
hypebén dinh nghia nhu sau :

Ham s6 chx doc 1a ham s6 cos hypebon :

X —X
(3.8) chx : = egre
2
Ham s8 shx doc ]a ham s8 sin hypeboén :
XK _ a—X
(3.9) shx : = -6——26—

Ban doc ¢3 thé kiém tra fai cdc cong thifc sau :
chzx ~sh’x =1
sh2x = 2shx.chx ; ch2x = ch’x + shzx
sh(x + y) = shx.chy + chx.shy
ch(x + y) = chxchy + shxshy

V.v...

Ngoai ra, d€ y ring chx la ham s& chdn va shx 12 ham s6 1é nén
cing dé dang suy ra cong thic cia sh(x — y) va ch(x - y), v.v... Nhyu
viy cdc ham s8 hypebon ciing cé nhitng céng thitc wong tu ddi vai
cac ham s6 vong (uic 1a cic ham s& lugng gidc).

3.3. Gidi han mot phia

Bay gio ta xét lim f(x) khi x — x, (h@a han) khi x Judn thoa x < x,

hoac khi x > x, ; khi d6 néu t6n tai lim f(X) thi ta néi rang d6 la cic
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gidi han (10t phia : gidi han trai (X — Xx,, X < Xx,) va gi6i han phai
(X = Xg, X > Xg) cua f(x). Khi d6 ta ki hiéu :
lim f(x) =f(x, —0) ; (gidi han trdi)
x—x,-0

lim f(x) = f(x, +0) ; (gidi han phai)’

XA, +0

(3.10)

Di nhién ngay tai x = x, ¢6 thé ham f(x) khong x4c dinh va noi
chung f(x, - 0) # f(x, + 0).

Thi du.

Cho f(x) := !—i—l Ham s6 nay khong xdc dinh tai x =0 va vé1 x <0

thi f(x) =) va x > 0 thi f(x) = +1. Do vay :
lim f(x)=-1 vd lim f(x)=1.

x—-0 x—+0
Qua thi du nay ta thdy rang néu lim f(x) = L, tic la x — X, ca hai
X—rX,
phia : ca X < X, 1an x > X, thi nhat thi&t  lim f(x) = lim f(x)=L.
X—x,~0 X—x,+0

Hon nifa, ciing c¢6 thé chitng minh duge ring diéu kién at c6 va du dé

lim f(x) =L la f(x, - 0) =f(x, +0) =L.

X~X,

Bay gidy d¢ két thic phin gidi han chiing ta xét ki thém vé hai loai
g1d1 han dac biér : dé 1a vé6 cung bé va vé cung 16n (xem muc 1.3.8
chuong 1).

3.4. Vo cung bé va vo cung lén

Ham s6 f(x) duogc goi 1a mét vé cang bé, viét tat 1a VCB khi x — x,

nén: lim f(x) =0.
XX,

(*) Mot 86 sach dung x > x, -0, X 9> xg+0lax = x;, x - x3.
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Ham s6 g(x) dugc goi 1a mét vo cling 16n, viét tat 1a VCL khi x — x,
néu lim !g(x)] = 400,
X—)X“
DI nhién & day x, ¢6 thé 12 hiru han hoac vo ciing.
Ban doc c6 thé dé dang kiém tra lai ring néu f(x) 12 mot VCB khi

X = X, thi la mot VCL khi x — x, ; nguoc lai néu g(x) 1a mét

N
f(x)
i 1 . .
VCL khi x — x, thi —gm 12 moét VCB khi x — x,. Hon nita, cic dinh
1i vé 18ng, tich, thuong cdc VCB ciing nhir tdng, tich, thuong cic VCL
ciing duoc suy dién truc tiép tit dinh i 16ng, tich, thuong cdc dai
luong cé gidi han.

Vin dé ching ta muén xét ki hon 1a xét t6¢ do héi tu vé s6 khong
cua cdc VCB trong cing mot qua trinh X — x,, va di nhién 3¢ do tién
ra vo ciing cia cdc VCL ciing tuong tu.

Cho f,(x), fo(x) 12 hai VCB khi x —> x,, ta né6i rang : f{(x) c6 bac

cao hon f5(x) néu

lim 00 _
X=X, fr(x)
va Vi€t 1a
(3.11) f(x) = o(f,(x)). x = X,

Khi d6 ta cling noi rang f5(x) cd bic thip hon f(x) trong qua trinh

X = X,

f1(x) cing bic vdi f(x) néu

. f] (X)
1 =C =0
X, B0

va viét la
(3.12) f,(x) = O(f5(x)), X = x4
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Pac biét néu  lim 5o

=1 thi néi ring f,(x) twong duong véi
XX, fz(x)

f5(x) khi x — x, va viét la

(3.13) fi(x) ~ [5(x), x = X,
Bay git néu ta lay truong hop dac biét
f5x): = x*;0>0 _
thi bidu thie f(x) = o(x®) cé nghia {3 f(x) 12 mét VCB cé bac cao
hon o so véi VCB x khi x — 0 va biéu thic f(x) = O(x™) c6 nghia la
f(x) 12 mot VCB ¢6 bac a so vai VCB x khi x = 0, va cuéi cling biéu
thite f(x) ~ x* c6 nghia 1a f(x) twong duong véi VCB x¢ khi x — 0.
Ban doc c6 thé kiém tra lai khdi niém twong duong & day la quan hé
tuong duong da hoc trong gido trinh dai s6, vi vy thuong hay dung
tinh chat bic cau ciia quan hé d6, nghia 1a, ching han :
Neéu fy(x) ~ f5(x) : f3(x) ~ f5(x) thi f;(x) ~ f3(x).
Thidu:
sinxX ~ X ; X ~ £gx, vay sinx ~ tgx.

Dé thém thuan loi khi khir cac dang v6 dinh nguoi ta thudng ding
tinh chat sau.

Dinh li 3.4,

Néu fix), glx), f(x), g(x)la nhitng VCB khi x — x,,, néu f(x) ~ f(x),
g(x) ~ g(x) thi

£(x) f(x)

lim —-= lim —
x—x, 8(X)  x—x, g(x)

Ban doc c6 thé tu ki€m tra lai k&t qua nay bing cich dung dinh
nghia khdi niém VCB trong duong, 8 day chiing ta chi néu mot sé thi
du 4p dung.
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Thidu :
Tim lim (—L— - L]
x—0\ SInX tgx
Ta s —— - =17 o Mhix —> 0 thi | — cosx ~ —x2;
sinx  tgx SINX 2

sinx ~ X ; (xem thi du (b), dinh li 3.2 chuong nay), do d6 :

=X
e ) 5o
Pé két thic muc giéi han, ching ta lwu y ring néu xl_i)m f(x)=L
xﬂ
thi c6 thé viet
(3.14) f(x) =L + a(x)
trong d6 a(x) 1a mot VCB khi x — x,,.

That vay, néu lim f(x) = L thi v6i ¢ > O bt ki tim dugc 8 > O

X=X,
sao cho khi |x — x| < & thi |f(x) - L| < £ ; va bdt ding thic cusi cung
d6 chimg 16 rang f(x) — L 12 mot VCB khi x — Xx,,.
Didu nguoc lai ciing diing, nghia 12 néu c6 thé Vi€t duge (3.14) thi
f(x) > L khi x = x,,.

3.5. Su lién tuc cua ham sé6 mot bién sé

Khai niém lién tuc cba ham s6 12 mot khii niém rat co s@d, dong
mot vai trd trung tam trong viéc nghién cdu ham sé ca vé H thuyét 1an
iing dung. Trong muc nay ching ta sé& gidi thiéu tinh {i4n tuc clia ham
s6 va cdc tinh chat cia mdt ham s& lién tuc cling nhu gi6i thidn mot
vai ing dung.

Dinh nghia. ‘

Cho f(x) 12 mét ham s8 xdc dinh trong khodng (a, b) ; n6i ring
f(x) lién tuc tai diém x, € (a, b) néu

(3.15) lim f(x) = f(x,).

X=X,
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Ban doc luu y rang diém x, nhét thiét phii‘thuéc mién xdc dinh

cia f(x).

Ham s6 f(x) khong lién tuc tai diém x, dugc goi 12 gidn doan tai

diém 4y. Vay x, 1a diém gidn doan cua f(x), néu hodc x, khong thudc
mién xdc dinh cia f(x), hoac x, thu6éc mién xac dinh cira f(x) nhung
lim f(x)# f(x,) hay khong ton tai lim f(x).

X=X, X—=>X,

Thidu :

(a) T cac thi du vé gidi han cia ham s6 ta suy ra cdc ham sg :
f(x) = x lién tuc tai moi x hiru han.

f(x) = sinx lién tuc tai x = 0 ; hon nita v x, bat ki, ¢6 :

-x X + X
2 cos o
2 2

: . X
SInX — sinXy, = 2sin

: : XX L :
Istnx — sinxy| < 2sin 2 do dd lim sinx = sinx,
2 XX,

Vay ham so f(x) = sinx lién tuc tai moi x € R,
f(x) = C lién tuc v8i moi x € R (C la hing s6),
f(x) = cosx lién tuc tai moi x € R,
f(x) = tgx lién tuc tai moi X thudc mién xic dinh, v.v...
(b) Xét ham s6 f(x) = Ix| (xem hinh 3.2). Vi li_rpo(x) = Onén ham
X

SO nay lién tuc tai x = 0.
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(c) Ham 56 f(x) = %a gidn doan tai diém x = a Vi tai x = a ham

$0 khong xdc dinh.

]l 0<x<

(d) Ham sé6 f(x) = i %<xsl

| -

0 véi nhimg truong hgp khdc

1

(xem hinh 3.3) gidn doan tai cic diém x =0, x = o) va x = | vi ching

. 1 .
han, tai X = 3 ta co:

Iim f(x)=1vA lim f(x)=-1.
x—)%é(l x—>—+0

Hai gidi han trdi va phai cla f(x) tai diém x = % khic nhau nén
khong t6n tai giéi han lim f(x).
x1

2

No6i rang ham s6 f(x) lién tuc trong khoang (x, b) néu f(x) lién tuc
tai moi x € (a, b).

Dung cédc dinh i vé gidi han cla 1ng, tich, thuong va dinh nghia
I1én tuc coa ham s6 cd thé suy ra :

Pinh i 3.5.
Cho f(x), g(x) la hat ham s6 lién tuc trong khodng (a, b), khi dé :
(a) f(x) + g(x) lién tuc trong (a, b} ;
(b) f(x) g(x) lién tuc trong (a, b) ;
bac biét Cf(x) (C la hing s8) lién tuc trong (a, b) ;
f(x)

(c) 200 lién tuc trong (a, b) trir ra nhimg diém x 1am g(x) = 0.
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Tu dinh i trén suy ra :

Cac da thire 1a nhimg ham s6'lién tuc ; phdn thitc hitu #7112 ham s5
lién tuc trix cde khong diém cla da thic mau s& ; cic ham s6 luong
gidc lién titc trong mién xdc dinh cilia né.

Trude khi xét cac tinh chat khac ciia ham s6 lién tuc, luu ¥ rang
mot ham s6 f(x) lién tuc tai diém x, thi

(3.16) hm f(x)= f[ lim x]

X=X, XX,

Tir (3.16) suy ra la muSn tim gidi han cta f(x) khi x - x, néu da

biét f(x) lién tuc tai x, thi chi viéc thé moét caich mdy méc x boi x,
vao biéu thifc cna f(x).

Bay gid ta phat biéu dinh Ii vé sur lién tuc ciia ham s hgp.
Pinh li 3.6.

Gid su ham s6 g(x) xdc dinh trong khoang Y : = (¢, d) va f(x) xac
dinh trong khodng X : = (a, b) va khi x bién thién trong X thi f(x) khong

ldy gid tri ngoai khodng Y. Néu f(x) lién tuc tai x, € X va g(x) lién tuc
tai diém tiong img y, = f{x,,) thi ham s6 hop g(f(x)) lién tuc tai x,,.
Ching minh.

Cho truée € > 0ty y, vi g(y) lién tuc tai y = y, nén tim duoc ¢ > 0
(img véi € da cho) sao cho khi

ly - Yol < o thi |g(y) - g(¥,)| <&

Mat khdc vi f(x) lién tuc tai x = X, nén véi ¢ & trén, tim dugc 6 > 0

sao cho khi |x — x| < & cé
[f(x) = £(xo)| = [f(x) = yo| < @
Tir d6 suy ra
|2 (£(0) - 8yo)| = |8 (£(0) - g(f(xp))| < €

Bat ding thdc cubi ciing ndy ching td ring khi x — x,, thi
g(f(x)) - g(f(x,)), do vay, theo dinh nghtz, g(f(x)) lién tuc tai x,. B
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» Nhdn xér.

(1) Tir dinh 11 (3.5) va (3.6) c6 thé chimg minh dugc ciac bam sé so
c4p lién tuc trong mién xdc dinh cha chiing.

(2) C6 thé ding tinh lién tuc ciia ham 56 dé tim mot s6 gidi han ;
cu thé chuing ta sé chiing minh cdc cong thic :

. log, (1 + ) 0
3.17 22— - log,e ; -
3.17) o}TO o log,e : [G]
a _
(3.18) Chim A = ey 9
a—0 0
I+ -1 [0]
) a—0 a ! 0

1

L1+ -
That vay ; tacé _lo_gd_L_a_) = log,(1 + a)@
L
Vi ham s6 16garit lién tuc va vi (1 + @)@ — ¢ khi a - 0 (cong

thiac (3.5)) nén suy ra (3.17) ; diac biét khi a = e thi (3.17) c6 dang :

hm _li(l"‘_a) =] hay
a—0 o
(3.17a) In(l+a)~akhia—>0

Muén chimg minh (3.18) ta dat a® -1 = B, khi dé theo tinh lién

tuc ctia ham s6 mi, khi @ — 0 thi § — 0 ; hon nita a = log, (1 + B),
do d6 diing két qua (3.17) ¢c6 .

. a% -1 : £}
Iim = lim = = |na.
a0 o p—oolog,(1+P) log,e

Nhu the (3.18) da duge ching minh. Dic biét, néu ldy a = %;
(n=1,2,3...)thi:

(3.17b) tim n(¥a <1) = Ina

n-Hw
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Cu6i cing ; dé chimg minh (3.19) ta dat (1 + «)* — [ = B; vi ham
s6 liy thira lién tuc nén khi a — 0 thi § - 0 ; ldy logarit hé thuc
A+a =1+p taduge: uln(l + o) = In(l + )

Nbhu thé
(l+cz)"'—l:B B In(l + &)

a azln(l+§3)' T«

Theo (3.172) In(1+f) ~ B ; In(1 + a) ~ a, do d6 suy ra (3.19).
(3) Trong nhiéu trudng hgp ta phdi tim gidi han cla biéu thie
[u(x)}"™ khi x — x,,. khi d6 gia sir :

limu(x) =a va limv(x)=">b
x—0 XX,

va O < a, b 1a hai sG hifu han.
Mudn thé ta viet v’ dugi dang : u' ="'
Dung tinh lién tuc cia ham s6 16garit ; ¢6 thé viét

Iim v=>b; lim Inu = lIna

X—>X, X—)Xu
Do dé6 lim vinu = blna
X=X,

Va vi tinh lién tuc ctia ham s6 mii, ta c6 :

(3.20) lim uY = ebma = zb
XX,

3.6. Piém gian doan ciia ham sé

Gia sit ham s8 { xdc dinh trén doan [2, b), x, & [0, b] 12 mot diém

gidn doan cua f. Ta n6i rang x,, 12 mét diém gidn doan b6 duge néu
f(xg — 0) = f(x, + 0) :
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X, 12 mot diém gidn doan loai mot, néu f(x, - 0) € R, f(x, +0) ¢ R
nhung
f(x, — 0) = f(x, + 0),
hieu [f(x, + 0) - f(x, ~ 0)] dugc goi la budc nhdy cia f tai x, ; x, 12
diém gian doan loai hai n€u né khong thudc hai loai trén.
Thi du.

——Sim sux 20

(a) Xét ham s& f(x) = ne
a nfux=0

RG rang 6 day Iim f(x) =1 va f{0) = a,

x—0
do d6 n€u a = 1 thi f(x) khéng lién tuc tai
x =0; vanéua=1thi ham so f(x) 1ién tuc
tai x = 0 ; trudng hop nay, ta néi ring cé

thé lap lai su lién tuc cha ham s6 f(x) bang To >
cdch xdc dinh gid tri a thich hop (h.3.4).
Theo y 4y ngudi ta goi x = 0 duge goi 1a Hinh 3.4

diém gidn doan bd duac.
(b) Xét ham s6 cho & thi du (d) muc trén. Ta c6 f[—;— - 0] =1,
{ e g | O T
f 5 + 0 | = -1, nghia la khi x > 3 thi hai gidi han trdi va phai hiu

han va khic nhau. Vay x = = 12 diém gidn doan loai I. Budc nhdy

Nlr—‘

ctia ham s8 f tai x—z [% ] [——O} -2.
(c) f(x) = eX x=0
0 x=0

Ta c6 f(0 - 0) =0, f(0 + 0) = +o0. Vay x = 0 12 diém gidn doan loai 2.
Vi f(0 — 0) = f(Q), ham f lién tuc trdi taix = 0
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ad) f(x) =
(@10 {O X Vo ti

gidn doan tai moi x € R. Moi diém déu 12 diém gidn doan loai 2 vi

khong ton tai  lim f(x) v6i moi x, € R.
X=X,

3.7. Cac tinh chat cia ham s6 lién tuc

Sau day ching ta sé xay dung mot s6 tinh chit co ban cda ham
lién tuc.

Pinh Ii 3.7 (vé gia tri trung gian)

Cho fix) la mét ham s6 xdc dinh, lién tuc trong mot khodng I : = (o, f) ;
choa, b €1lsaochoa<bvafla)fib)<O.

Khi dé tén tai mot c € (a, b) sao cho f(c) = 0.

Minh hoa hinh hoc (h.3.5).

Dinh 1i trén c6 moét y nghia hinh /
hoc rat don gidn va thii vi. Tadi biét, ~ a / . -
d6 thi cia mot ham s6 lién tuc la /e O b X
duong lién (khong dut), dinh 1{ 3.7 néi /
rang néu d6 thi ndm & hai phia déi véi

truc hoanh thi sé cit truc hoanh.

Chung minh dinh Ii. Hinh 3.5

Gia thiét f(a) f(b) < O suy ra f(a) trdi ddu véi f(b) va dé dinh ¥ ; ta
gia thiét f(a) < O (néu f(a) > O thi chi cdn thay f bdi —f va vin dung
lap luan dé) va sé di tim diém: = sao cho f(c) = 0, 1a giéi han chung
cha 2 day.

That vay, diu 1ién dit ¢, = a va d; = b, khi d6 theo gia thiét f(c,) <0

+d

vaf(d,) >0;datu,: = C°—2°—; néu f(u,) = 0 thic =, : néu f(u,) <0

thidate, : = u, d; : =d;; néu f(u,) >0thidatc, :=c,vad; :=u,;
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lai xét [cy, d\] ta lai ¢é f(cf(d;) < O, do vay ti€p tuc dat
ug: ﬂ;—d‘ va qué trinh ti€p dién va néi chung, v4i cdch dat nhu
trén (Ung voi mit va gia tri ham sé tai dé 12 am (duong) thi dit 1a

¢, (d)) ; cif nhu the ta 1u6n ¢6 f(c,) < 0 va f(d,) > 0 ; tiép tuc dat

u, = %(Cn +d,). Néu f(u,) = O thi hién nhién ¢ = u, va chinh c 1a
nghiém cia phuong trinh f(x) = 0. Néu

f(u,) <Othidatc,,  =u,vad,,;=4d,;

f(u,) >0 thiddtc,, =c,vad,, =u,.

Bay gid ta gia sir qud trinh trén khong két thic (néu khéng thi da tim
duoc nghi¢m c r6i !). Khi d6, ta ¢6 2 day s6 {c,} va {d,}, dinhién hai
day dé hoi tu (xem dinh I 1.4 chuong 1) va ¢6 chung gigi han la ¢. Vi
f(c,) < 0 nén theo gia thiét lién tuc cla f(x), lim f(c,) = f(lim ¢,) = f{c) <0,
tuong ty lim f(d,) = f(lim d,) = f(c} 2 0, do d6 f(c) = 0. B

* Thi tuc chon cdc diém u, & trén dugce goi 1a tha tuc phdn doi.

Ngudi ta thudng dung thi tuc nay dé giai phuong trinh f(x) = O khi
biét khoang chita nghiém.

Thi du.

Tim moét nghiém trong khoang [1, 2] coa phuong trinh bic ba :

3
X —-x-1=0.
Ta nh4n thdy f(1) = -1 <0, f(2) =5>0,
3
! 1+=
_1+2 3 _¢[3 R
U, = 5 T35 f(uo)—f[2]>0,u,— =g
)
S 4 2 11 1l
f(l”)*f(zj((),112—-———2—-_-§-'f[_8.]>0,
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f(u3)=u_:£ . f[m](();

2 16° |16

u -1 Zl+-l-l —4—3‘1' bl >0
47201 "8 ) 32 327
Nhu vay, ching han, ta dimg thd tac phian déi & vy thi c6 thé
khing dinh ring nghiém X, cta phuong trinh béc ba x3-x-1=0

. 21 43
amt khoa —.== [
ndm trong khoang [16 32}
Pinh 1i trén cé mot hé qua hién nhién 1a
Hé qua 3.1.

Cho f(x) la mot ham s6 xdc dinh, lién tuc trong khodng {a, b]. Khi
dé f(x) ldy it nhdt mot ldn moi gid tri nam giita f(a) va f(b).

That vay, dé dinh y, gia sir f(2) < f(b) va gia sir t 12 mot s6 gém
gifra f(a) va f(b) ; nghia la f(a) < t < f(b), khi d6 t4n tai diém gid tri
¢ :a<c <bsaocho f(c) = t. That vay, dat g(x) = f(x) — t ; khi d6 g(a)
< 0 va g(b) > 0, do d6, theo dinh i (di nhién g(x) ciing lién tuc trong
[a, b]) trén, t6n tai ¢ thoa man g(c) = 0, tuc [a f(c) -t = 0, tic 1a f(¢c) =1t

Chinh vi n6i dung clia hé qua nay ma dinh i trén mang tén dinh I{
vé cac gia tri trung gian cia ham lién tyc.

Thidu

Xét ham s6 £(x) = sinx ; nhu di biét, ham s& sinx lién tuc, ching han
T

trong khoang [0. 3

j];hcnnfrasm0=0vésm% =];dovdy, v6i0<r<|,

phuong trinh sinx =r tOn tai it nhat mot nghiém trong khoang [0'5} .
Dinh 1i 3.7 da néi vé sy ton tai cdc gia tri trung gian cua moét ham
lien tuc trong khodng (a, b) ; mot cau hoi rat ty nhién la ngay tai cic
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mdt a va b thi f(x) c6 dang dieu nhu thé nao ? Chang han xét ham sé
f(x) = _}1{ x & (0, 1], khi d6 tap cAc gid tri cda f(x) twong tng Ia

[1, +), nhir thé can trén (xem 1.3.6 chuong 1) cha f(x) 1a + ; bay
gio lai xét ham s6 g(x) = x, x € [0, 1) va tap cdc gid tri cla g(x) lai 1a
khoang [0, 1) va c4n trén ciia g(x) 12 1 nhung khong bao givy dat dugc 1 ;
né€u ta xét them ham s8 h(x) = x, x € [0, 1] thi tAp c4c gia tri cba h(x)
ia [0, 1], can trén dat dugc cia h(x) 1a 1.

Ta ciing liu ¥ ring c 3 ham f(x), g(x) va h(x) lién tuc trong (0, 1),
nhu th€ diéu khac nhau giita ba ham s& dé 14 gi ? Dinh If Weierstrass
vé can trén clia moOt ham Jién tuc tra 151 cau hoi dé.

Pinh li 3.8 (Weierstrass).

Cho f(x) la mét ham sé xdc dinh, lién tuc trén mét khodng déng
gidi néi {a, b], khi dé tapJ : = [f(x) [x € [a, b]] 1a gidi nbi, hon niia,
tén tai hai diém c, d € [a, b] sao cho f(d) = sup f{x} va f(c) = inf f(x),
voi x € [a, b].

Pinh Ii ndy thudng dugc phdt biéu dudi dang ngin gon la "mot
ham 56’ lién tuc f(x) trén mét khodng déng gioi néi thi dar dupc cdn
trén dung va cdn duéi dung cua né” va khi dé thay vi viét sup f(x) va
inf f(x) ta viét max f(x) va min f(x).

Chung minh.

Trudc hét, ta ching minh rang J : = {f(X) | X € [a, b]} gi6i ndi. That
vay, gia st J khong gidi noi va c6 mot can trén la +oo (khi ¢6 cin dudi 12
—oo thi chi cin thay f boi —f va ding 14p luan nhu cii), khi d6 vdh bat ki
s6 nguyen duong N ; tim duge xy € [a, b] sao cho f(xyy) 2 N ; xét day
{xn), XN € [a, b] d6, diy {xy] bi chdn, do d6 theo dinh li Bolzano —
Weierstrass, tim dugec mét ddy con {xNk } héi tu téi moét diém € [a, b] ;
mat khic, theo gia thiét f(x) lién tuc trong [a, b], do d8

f[liEank J = li;nf(xNk)
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Vi f(xNk )2 N; va diy {N,}, di nhién theo dinh nghia, din 16i

+0 va diéu nay, mau thuin véi gid thiét f(x) xéce dinh trong [a, b).
Viy, c6 thé biéu dién J = (m, M) véim : = inf f(x) ; M : = sup f(x).

Bay gid d€ hoan 14t viéc ching minh dinh 1f ta chimg minh ring t6n
tai c, d e [a, b] sao cho f(c) = m va f(d) = M. Di nhién chi cin chiing
minh su t6n tai cia mot trong hai gid tri d6, chang han ta ching minh
18n tai d. That vay vi M = supf(x), % € [a, b] ; nén theo dinh nghia,
vai bat ki € > 0, luén tim duoc u € [a, b] sao cho 0 <M ~“fu)<e

vh bay gid, vdi n nguyén duong, luon tén tai u, € [a, b} sao cho
0<M-f(uy) < %; nhu thé€ day {u,}, u; € (a, b] 12 mot day gidi noi,

do dé lai cling theo dinh I 1.9 (Bolzano — Weierstrass) (xem 1.3.4
chuong !), ¢6 thé trich mot diy cen {“nk } hoi tu va vi tinh lien tuc

clia f(x), c6 :

f(lisr(n unk) = lilx(n f(u,,)

Xé&t bit 4ang thic kép
U<M -~ f(u ) < L
N nk

Chuyén qua gidi han bat ding thiic kép nay, suy ra M = limf {(u,, )

khi ny — 0 ; vay d = lim v, _, do dé, ton tai d € [a, b] sao cho f(d) = M,
va dinh If dugce chitng minh. A

Dé y ring bay gid ta c¢6 thé viet J = [m, M] véi. m = mmf(x)
M = maxf(x), X € [a, b] va tap J ducc goi 12 tdp anh cua tip [a, b] va
dinh i trén con cé mot dang phdt biéu khdc : "inh cua mét khoing
déng gidi ndi qua mot dnh xa lién tuc ciing 1a moét khoang déng gidt
n6i". Va nhir vay, mét cu hoi rat tr nhien dat ra ia véi mot kboang thi
sao ? Cau tra 131 hdu nhu hién nhién : Anh clia mot khoang (a, b) (a c6
thé 12 —co va b c6 thé 1a +o) qua mot anh xa 14 mot ham 56 lién tuc-
cing 1a mot khoang nao dé.
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That vay, gia sir f(x) < f(x’y) la 2 anh ctia f(x) véi x|, X’; € {2, b) ;
khi dé, n€u dat ¢, : = f(x;) va d; : = f(x’,) thi theo hé qua trén, ham
lien tuc f(x) 14y tat ca cdc gid tri trc; dén d, va tir d6 suy ra diéu két
luan ciia ménh dé trén néu ta thira nhan mo6t diéu gin nhu hién nhién
1a diéu kién dt c6 va di dé mot tap con J < R 12 mot khoang 12 véi
bat Kiu, v; u<vvau,v e Jthi khoang déng [u, v] < J.

Trén kia, trong cdc muc ndi vé giét han clia day va giéi han cba ham
s8 chiing ta di khai thic cdc day va cdc ham s@ don diéu va di thiét lap
duoc cic ménh dé v€ sur 18n tai gidi han cha cdc diy s6 va day ham s6
don diéu, bay gid ciling tuong tw, ching ta thir khai thic tinh don didu
clia mot ham s6 lién tuc dé khai thic cdc ménh dé chi tiét hon.

Trudc hét, nhae lai khdi niém vé dnh xa :

Don anh, toan anh va song anh

Cho haitdp A, B; chomotdnhxaf: A > Bvadnhxag:B—> A.
Anh xa g dugc goi 1a 4nh Xa nguoc cha anh xa f néu g(f(a)) = a vdi
mot a € A va f(g(b)) = bvéimoib € B.

Mot anh xa g thoa tinh ch4t dé khi va khi f 1a mot song dnh, nghia
1a f(x) 1a mo6t don dnh (nghia 12 néu f(a,) = f(a,) thi a| = a,) va { cling
1a mét toan dnh (nghia 12 véi bat ki b € B ; phuong trinh f(x) = b ¢é it
nhit mot nghiém 13 phédn tir cia A). Néu b € B thi g(b) 1a phan ti duy
nhit cia A, 1a nghiém ctia phwong trinh f(x) = b ; diéu d6 ching to
ring néu tén tai dnh xa g thoa inh xa nguoc clia 4nh xa fthidnhxa g
46 1a duy nhat va thudng duoc ki hieu 1a f 1,

Bay gid ta néu dac diém ciia mot don 4dnh lién tuc.

Pinh li 3.9.

Cho f 1d mét ham sé xdc dinh, lién tuc trong khodng (a, b), gia su
fladon dnh. Khi dé :

Néuu<v;u v e(a,b)saocho flu) < f(v) thi vai bat kiw € (u, v)

cé : flu) < fiw)y < f{v).
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Chiitng minh.

Chiing ta s& dung 14p luin phan ching dé chimg minh ménh dé nay.
That vay, néu f(u) < f(v) < f(w) thi tir gia thiét Lien tuc cla { va tir dinh |
vé cic gid tri trung gian ciia mot ham s8 lién tuc, suy ra f(v) la gid tri
trung gian cua f(u) va f(w), do d6 s€ 12 anh cia mét v' € {u, w), nghia la
f(v') = f(v) v8i v' < w < v, do viy V' # v va diéu nay mau thuidn véi gia
thi€t don dnh cia f. Ciing 1ap luan tuong tu néu f(w) < f(u) < f(v).
Nhur thé€ ca hai truong hgp hoac f(u) < f(v) < f(w) hoac f(w) < f(u) < f(v)
déu khong thé x4y ra, do d6 chi cé thé xay ra f(u) < f(w) < f(v). B

Ménh dé trén con cé thé phat biéu "anh ciia khoang (1, v) qua ham
s6 lién tuc, don dnh f la khodng (f(u), f(v)) hay khoang (f(v), f(u)) tuy
theo f tang ngiat hay gidm ngat" va tir d6 ggi cho chiing ta y thic vé
tinh ting ngit cha ham s6 1, cy thé 1a

Hé qua 3.2.

Cho f, mét ham s6'lién tuc, don anh, xdac dinh trén khoang (a, b) ;
choa’, b’ e(a, b)voia <b'. Khi dé :

e Néuf(a’') < f(b’) thi f la tang ngat trén [a’, b’], nghia la f(u) < f(v)
néua’'<u<v<b.

* Néufla') > fib’) thi fla gidm ngat rén [a’, b’], nghia la f{u) > f{v)
néua’ <u<v<b’

That vay, ta hay chitng minh diéu khing dinh thi nhat : vi f(a') < f(b')
nén néu a' < v < b, theo dinh I trén ¢4 : f(a") < f(v) < f(b") ; dic biét
f(a’) < f(v) va didu nay ciing vin ding khi v=1"; bay gid vi f(2) < f(v),
néu a' < u < v, ciing theo dinh Ii trén : f(a') < f(u) < f(v), dic biét f(u) < f(v),
va diéu nay vin ding khi u = a’. Muén ching minh diéu khing dinh
thit hai chi cdn thay f bdi —f. I

Tir hai ménh dé trén bay gier ¢é thé tim duge su lién he giita tinh
don Jiéu ngat va tinh don d4nh cua mét ham lién tuc.
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binh 1i 3.10.

Piéu kién dt cé va di d€ mot ham so xdc dinh, lién tuc trén mot
khodng (a, b) la mét don dnh la ham sé f(x) don diéu ngdt trén
khodng dé.

Chitng minh.

Néu f don di¢u ngit thi f 12 don 4nh : cho u = v khi d4, hodcu < v
hoic v < u ; do vay hoidc f(u) < f(v) hoac f(v) < f(u), nghia (a f(u) = f(v)
va f 12 don dnh. Néu f 12 don 4nh thi f don diéu ngat : cho a' < b,

a', b' € (a, b) khi dd hoic f(a") < f(b') hoiac f(a') > f(b'), do vay ta sé&
chung minh :

hoic (i) néu f(a") < f(b") thi f la tang ngat,
hoac (i1) n&u f(a') > f(b') thi f 1a giam ngat.

Xét (i) chou<v,u,v e (ab);ditw:=min(a’, u)vaz:=max(b,v),
khidé a', b, u, v e [w, z].

Theo hé qua vira néu trén, f don dnh nén f taing ngat trén [w, z] ; vi
u=v,u,v e [w,z]nén f(u) < f(v) va u, v1a2 diém bat ki (u < v) trén
(a, b) nén f tang ngit trén (a, b) ; mudn ching minh phén (ii) chi cdn
thay f boi —f va dung lap luan ctia phan ching minh (i). B

Bay gid ta xét cdc dic trung clia mot song anh lién tuc va bir ddu
bing viéc ching minh bd dé

Bodé 3.1,
Cho f la mét ham s6 tang ngat, xdac dinh, lién tuc trénl : = (a, b)

va cho mot day {u,} ldy gid tri trong 1. Khi dé hai ménh dé sau day
tuong duong :

(i) ddy {u,} hoi tu va co gioi han thuéc I ;

(ii) ddy {f(u,)} héi tu va c6 gioi han thuéc tap anh f(I).

Chung minh.

(1) = (i) : diéu nay chinh 1a tinh ch4t cha ham s6 lién tue (dinh 1§ 3.7).
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(11) = (i). Cho {u,} la mot day lay gid tri trong I sao cho diy
{f(u )} hoi tu va c6 gidi han thudc tap anh cta f(1) ; khi d6 c6 thé
viét lim f(u,) = f(s), v4i s € . Ching ta sé ching minh ring day {u,}
héi tu va lim u,, = s. That vay, cho £ >0 bat ki, nfus=a;s=bthicé
thé tim dugc 8 > 0 ; 8 < & sao cho [s — 8, s + §} — I va khi d6 thi
f(s — 8) < f(x) < f(s + &) (theo gia thi&t tang ngat cia f(x)) ; hon nira
f(s) = lim f(u,) nén c6 thé tim dugc N sao cho khi n > N thi

f(s — 8) < f(u,) < f(s + &)

Tir dg, ciing vi tinh tang ngat clia ham s6 f(x), suyras -3 <u, <s+3,
nghia 12 vin > N thi s — u | < 8 < £ va diéu d6 chimg to réng lim u,, =s.

Bay gio gia thiét s la cin trén cha khoang [ ; nghia la s = b ; khi
dd c6 thé tim dugc >0 ;8 <esaochos-8 € I;viu, € I nén
f(ug) < f(s) = Iim f(u,) va do d6 véi N chon thich hop ; c6 n > N kéo
theo f(s — &) < f(u,) < f(s), do dé s — & < u, <5 (vifting ngit), nghia
la s = lim u,,.

Trudng hop s = a ciing lap luan twong tu. M

Dinhli 3.11.

Cho f la mot ham 56 xdc dinh, lién tuc trén mor khoang I - = (a, b) ;
cho J la dnh f(1) cua l. Diéu kién ar cé va du dé f la mot song dnh tir 1

lén J la f don diév ngdat. Khi dé i cing la mor ham s6'lién tuc, tdng
ngdt (giam ngdt) néu f tang ngdt (gidm ngdt).

Chitng minh.

Hién nhién f 12 mét toan 4nh tr I 1én tap anh (1), do 46 f 12 song
anh uir [ lén J Xhi va chi khi f 12 don 4nh, nghia 1a theo dinh If 3.10
khi va chi khi f don diéu ngit. Nhu vay dé hoan tat chimg minh dinh

I{ vira néu chi can chimg minh phin con lai néi vé dnh xa nguoc f .
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Xét mot day {w, ) 14y gid tri trong j, gta sir day {w,} hoi tu va cé gidi
han trong J, ta sé chitng minh ring day {fgl(wn)} hoi tu va c6 gidi

han trong I va lim f—l(wn) = f_l(limwn).

That vay, theo b8 dé 3.1 day {u,} dinh nghia b&i u, : =f ' (w,) hoi tu
(Vi {f(up)} = {w,] héi tu). Hon nira vi f lién tuc nén lim f(u,) = f(lim u,) va
he thifc nay c6 nghia 1a £(lim f ' (w,)) = limw, va lim f ' (w,) = f ' (limw,)

va do dé f~! lien tc. Bay gidy gia sif f tang ngat vi chou<v, u, v € J,
nghialau=f(s);v=~f(t) vdis,te L. Viuzvnéns 2t hoics <thoac
s>t Tt < s suy ra f(t) < f(s) va nhuy thé€ v > v, diédu dé6 mau thuin

Vvai gia thi€t v < v, vay chi c6 thé s < t nghia la f_l(u) < f_l(v), diéu
dé chimg 16 ring £ tang ngat vi u, v, (u # v) lay bat ki trén J. Tuong
ty, c6 thé chitng minh f giam ngat khi f giam ngat. B

Chi y.

V@i dinh li nay chiing ta ciing thay lai cdc két qua quen thugc vé

ham s6 ngugc. Ching han xét ham s6 x” (n € N) trong X : = [0, ) ;
khi d6 t6n tai ham s6 lién tuc cla can thic bac n :

x=’\‘/§v6ier:=[0,oo)

Bay gid ching ta xét d&€n mot khia canh khic cia ham s6 lién tue,
d6 1a tinh lién tuc déu, trudc hét 14y thi du sau :

Thi du.

|
Xét ham s6 f(x) = — ; x € (0, 1]; ta chia khoang (0, 1] thanh cdc
X
khoing nhé bdi hé phan diém :

X,=0:%; =10 25 %, =2.10 2 ;... Xge9 = 999.10"> 5 X000 = 1.

Khi d6 ludn ¢6 x; - X;; = 10 >, i = 1,1000
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Xét hiéu

1
f(X2) - f(xl) = ——100 = —

2 2
f(x3) - f(x,) = i—ﬁ = ——19—3—
3 2 6
f(xg) - f(xy) = 010010
4 3 12
3 { .
f(x 1000} — f(Xgg9) = 1‘979 = "5399 " -10

Lai xét ham s6 g(x) = x> ; x € [0, 1], vk ding lai he phan diém
trén ta co :
g(x)) — g(x,) = 10 ¢
g(xy) - g(x,) = (2.10 )2 (10 %)? =3.107°
g(x3) - 8(xp) = (3.10 H? = (2107 =5.10"°

-6 -
8(Xy000) — E(Xoog) = 1999.10 8 =210
Ta nhan thdy ring & thi dy nay ham s6 f(x) c6 d6 16n clia hieu

— 1
f(x;) — f(x;—) r&t khdc nhau tir =10 ° dén —5103. trong kRi g(x) thi

g(x;) — g(X;—;) c6 46 16n gin nhau hon, tir 2.10 > dén 10 ° ; hai thi
du ndy chi khdc nhau & chd mién xdc dinh cia f(x) 1a (0, 1] ; con
mién xac dinh ctia g(x) 1a [0, 1). Diéu d6 goi cho ta

Pinh nghia.

Ham s8 f(x) x4c dinh trong khoang I dugc goi 12 lién tuc déu trong

(a, b) n€u véi € > 0 bat ki, 1uén tim duge 8 > 0 sao cho véi bitkiu, v e 1
thoa Ju — v| < & thi |f(u) — f(v)| < €.
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Chi ¥ ring, day 1a mét ddi hot khit khe ; vi nhu da biél, ham s6
£(x) lién tuc tai X € (a, b), nghia 1a véi ¢ > 0 bat ki, tim duoc § > 0
5a0 cho |X — xg| < & (di nhién & diy d phu thudc € va con phu thude
Xq Nira !) thi [f(x) — f(Xg)| < € ; nhu thé tinh lién tuc déu ddi hodi trong

Vo 86 8y (mobi 8y tng véi mot Xo VA ¢ v6 56 khong dém duoc X
trén (a, b)) c6 mot 8 chung nhét, di nhién 8 dé 1a & = infd,,.
a

Pinh If sau diy cho mot khing dinh vé tinh lién tuc déu.
Pinh Ii 3.12. (Heine).

Cho m¢ot ham s6 f lién tuc trén mét khodng déng, gidi néi [a, b),
khi d6 f lién tuc déu trén [a, b).

Chitng minh.

Ta sé dung 1ap luan phan chimg : gia su f lién tuc nhung khong
déu trén [a, b], khi d6 c6 thé tim duge € > 0, vi véi moi n nguyén

: 1
duong hai diém u, va v, € [a, b] sao cho |u,—v | < — va
n

[f(uy) — f(vy)| > €. Xét 2 day {u,) va {v,), d6 la cic day gi6i néi, do
dé theo dinh 1f Bolzano — Weierstrass, tn tai cdc day con {u, k] vi

. 1 1 1
{vnk} héi tu, vi |unk —vnk]<;-— hayla u, ——n—< Vi, < Up, +;——
k k k
va vi limng =, do d6 limu, =limvy,  mit khic vi

k
|f(unk )~ f(Vq, )‘ > £ vdi moi k, nén chuyén bat ding thire d6 qua gisi
han, ¢ :

[ftimuy )~ flimv,, )= |lim f(up, ) =Hmf(vy) | 2 &

va diéu d6 mau thudn véi limu, =limv, . H
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TOM TAT CHUONG 3

* Dinh nghia giéi han ham sé"
Cho ham s6 f(x) xdc dinh trong (a, b), néi ring f(x) cé gi6i han la
L (h@u han) khi x din dén x, € [a, b] vi€t 12

lim f(x)=L
X—X,

néu véi bat ki diy {x,} trong (a, b)\ {x,} ma x; = x, thi:

lim f(x,)=L

n—w
hoic 12, mot phit biéu twong duong :

Né&u véi bat ki € > 0 cho truée rim duge 8 > 0 sao cho
IXx ~ X,/ <8 = |f(x)-L|<e

No6i ring ham s6 g(x) ¢6 gi6i han 12 L khi x dén t&i duong (am) vo
cdng va viét la

lim f(x)=L

X—>+ax
(X-—>—0)

néu vai bat ki € > 0 cho trudc, tim duge N > 0 sao cho khi
x > N (1| > N} thi [f(x) - L| <€
* Cdc tinh chdt don gidn cua giéi han ham sé

Cho lim fi(x)=L; ; limf,(x)=L,

X—a X—>a
a c6 thé la hitu han hay v6 cling.

Khi d6 lim Cf)(x) = CL, C la hidng s§

Xx—>a

tim (£, (x) + f (x)) =L + L,

X—a
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lim f] (X) fz(X) = L[.L2

X->a

fl (X) Ll ..
=—, VI L2 20.
X3 f2(X) Lz‘

* Tiéu chudn c6 gidi han '
Cho f(x), g(x), h(x) thoa bat déng thire kép :

f(x) < g(x) <h(x), x € (a, b)
Khi dé, n€u lim f(x) = lim h(x) =L thi lim g(x) =L

X—a X—a X—a
Cho f(x) 12 mdt ham s8 don di¢u khong gidm (khong tang), nghia
1a f(xy) < (2) f(x,) khi X{ = x5, khi dé, néu f(x) bi chin trén (dudi),
nghia 12 tén tai M (N) sao cho véi'moi x € R, f(x) < M (f(x) > N) thi
lim f=L

X—>+00
(X—=—e0)

Tir hai tieu chudn trén c6 thé chimg minh hai céng thiic gi6i han

co ban :

sin X

lim =1
x—=0 X
1 X
Iim |1+—1| =e
X— 20 X
X—-

C6 thé tinh gén diing s6 e theo cong thire x4p xi
1 U \
ex]+—+—+..+—
1 2! n!

) .
véi sai s6 khong vuot qua —-'“— trong d6 0, 12 mot s6 duong gém
nin
gigaOva |,
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C6 thé biéu dién cong thic vé s6 e dudi mot dang tuong duong
khic
1

lim (1 + u)“I =e
n—-0

Ham 56 y = log.x dugc goi 12 ham logarit ty nhién va thuong ki
hiéu 12 Inx hay Lx.
s Gigi han mot phia

Khi x = a (hitu han) va x < (>) 2 va t8n tai lim f(x) thi ta néi
X—a

rang f(x) c6 gidi han irdi (phai) khi x — a va viét

lim f(x) := f(a — 0), (giér han trdi)

x—a-0

lim f(x) :=f(a + 0), (gidi han phai)

x—a+0
lim f(x) =L < lim f(x) = lim f(x) =L
x—a x—a-0 x—>a+0

* V6 cung bé va vé cung lom

Ham s6 f(x) duoc goi 12 vé6 cing bé, viét tit 1a VCB khi x — a néu
f(x) — 0 khi x — a ; ham 568 g(x) duoc goi 12 mot v6 cung lén th
tat 12 VCL khi x — a néu

lim f(x) = 4+ hay lim f(x) = -

X—a X—a
Nghich dao cia VCB la VCL va nguge lai.
Cho f(x) va f5(x) 12 hai VCB khi x — a, khi d6 néu

- fi(x)
lim
x—a fr(x)

=0, vi€t 12 [ (x) = o(f,(x))

va néi rang fy(x) 1a VCB c6 bac cao hon VCB fy(x).
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‘6

£ (x
Néu lim 1)
X-»a f2(X

cung bac véi VCB fy(x).

= C (= 0), viét 1a f,(x) = O(fy(x)) va néi 1a f,(x)

Pic biét néu C = 1 thi viét f;(x) ~ f5(x) khi x = a va néi 1a VCB
f,(x) twong duong vai VCB f,(x).

Né&u khi x — a, ¢6 f(x) ~ f(x), g(x) ~ g(x) thi:
f(x) _f_(x)

8 &0
f(0g(x) ~ FOEX)
* Su lién tuc ciia ham s6 mét bién so
Cho ham s6 f(x) x4c dinh trong (a, b), néi ring f(x) lién tyc tai

X, € (a, by néu lim f(x) = f(x,).
XX,

NG6i rang f(x) xdc dinh lién tuc trong khoang (a, b) néu f(x) lién
tuc tai moi di€ém x € (a, b).

Cic ham s6 so cdp lién tuc trong mién xac dinh ciia ching.

Tir tinh lién tuc cla cdc ham s6 so cdp c6 thé chimg minh dugc
cac cOng thire gidh han sau :

. log,(1+0)
lim ———— =

log,e
a—-0 [0}
led+a
dac biet tim BTN

a-—->0 (04

o a% -1

lim = |na
a0 a

o (+a)M -1

lim =p
a—0 a
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» Diém gian doan cia ham sé

Ham s6 f(x) dugc goi 12 gidn doan tai x, n€u tai dé f(x) khong lien

tuc, nghia 1a x, 2 diém gidn doan ciia f(x) néu
hoic la x, khéng thuéc mién xdc dinh cia f(x)

hoac 12 x, thuoc mién xdc dinh ctia f(x) nhung lim f(x) = f(x,)
XX,
hoidc khong tén tai lim f(x).
X=X,
Néu lim f(x) # f(x,) thi néi ring x, 12 diém gidn doan loai mot,
XX,
nhimg diém gidn doan khéng phai loai mo6t déu goi 13 gidn doan loai hai.

e Cdc tinh chdt cia ham s6 lién tuc

Pinh Ii vé gid tri trung gian clia ham s§ :

Cho f(x) x4c dinh lién tuc trong khoang I : = (a, 8), choa, b e |
Vo1 a < b, khi d6 néu f(a)f(b) < O thi t6n tai mdt diém ¢ € (a, b) sao
cho f(c¢) = 0.

Tinh chat nay thudng dugc ding dé gidi phuong trinh f(x) = 0 khi
bi€t khoang chita nghiém.

Hé qua :

Neéu f(x) lién tuc trong [a, b] thi f(x) 14y it nh&t mot 1dn moi gia tri
nim gia f(a) va f(b).

Hon nita

Dinh li Weierstrass :
Néu f(x) lién tuc trong khoang déng [a, b} thi f(x) dat dugc gia trj

nho nhat va gid tri 16n nhat trong (a, b], nghia 1 tén tai ¢, d € [a, b]
sao cho

m: = f(c) = minf(x) va f(d) = maxf(x): =M
xe[a,b] "~ x€[a,b)]

Khi d6 f(x) thod m < f(x) <M, x € (a, by.
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o Swlién tuc déu

Ham s6 f(x) xdc dinh trong (a, b) dugc goi 12 lién tyc déu trong (a, b)
néu véi € > 0 bét ki Juén tim duge 8 > 0 sao cho vai bat kiu, v € (a, b)
thoa |u — v| < & thi If(u) — f(v)| < &.

Dinh If (Heine).

Ham sd f(x) lién tuc trong khoiang dong, gidi néi [a, b] thi f(x)
lién tuc déu trong [a, b].

BAI TAP

1. Ching minh rdng day {x,}, X, : = nH)n khong din t61 vo cing
nhung cing khong bi chan.

. 1 1 1]
2. Tinh lim | —+ —+..+
noo| 1.2 23 n(n+1)

3. Tim céc gidi han
_ (x% —x —2)20 X +xX24..+x"-n
1. lim 3 o 2. lim :
x-=2(x” ~12x +16) x—l1 x—1
o x10 _ox 41 o (x"=a™)-na"T(x-a)
3. llm—a}——; 4. lim 3
=1 x™ -2x +1 Xx—a (x —a)
4. Tim céc gidi han
o yx+Vx+dx o x+Yx+¥x
1. lim ; 2. hm

x> x4+l ’ x>t A2X+1

S. Tim cdc gidi han

“Q/f+o.x—“1+ X Ti+ax Y1+Bx -1
1. lim———\/——E—; 2. lim —— B
x—=0 X x—0 X
8-THRCC-Tap 2 113
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6. Tim cdc gi&i han

_ sinx —sina
1. lim ———

X—ra X—a

3. lim

x—0

1-cosx
7. Tim cdc gidi han
. Vx-2
1. lim 3 ;
x=4x° -5x + 4
8. Tim céc giéi han

k)
X

(a2 ox 4t Px
1. lim N R ’
X2+ 2x "+ x +1

3. lim ¥1-2x

x—0
5. lim (sinx)'®* ;
X—-—
QO _ cﬂx
7. lim

x—0sinax —sinPx

9. Cho d6 thi cia ham s& lién tuc y = f(x), cho truéc diém cé
hoanh d6 x = a, cho truéc s6 € > 0, hay tim s6 & > 0 sao cho khi
X —al <& cé|f(x) - f(a)| < e.

10. Ditng dinh nghia " — 8" d& chimg minh ham s6 f(x) = x° lién
tuc tai diém x = 5 va dién vao chéd tréng bang dudi day :

1 - cosxcos2xcos3x

8.

y JE+1gx — V1 +sinx
. 11m 5

x—0 x3 ’
. AcosX —\/3 COoSX

Iim —

x--0 sin” x

lim (\J3x3+x2 -1-x).

X +®

x-1

x2 -1 X+
Iim
x| x2 4]

lim ¥cos/x

x—>0

lim [sinin(x + 1) - sinlnx]
X—+w

11> +0

e | 1] ol

0,01

0,001 T\

EXN

f

|
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11. Cho ham s8& f(x) : = x + 0,001 E(x). trong d6 E(x) 1a phin
nguyén clia x (xem thi du (d) muc 2.1 chuong 2). Chimg minh ring
voi méi € > 0,001, c6 thé tim dugc 8 : = 8(e. x) > 0 sao cho khi
[x' = x| < 6 ¢ |f(x") — f(x)] < £ va véi 0 < € < 0,001 thi v6i bat ki gia
tri nao ciing khéng tim dugc & thod yéu cdu trén. Ham s6 f(x) khéng
lién tuc tai nhilg diém nao ?

12. Xét su lién tyc ciua cac ham sd

1. 1(x) = x|,

o2 -4
f(X): —(~x———2—)—né'ux¢2

A néu x =2,
1
3 f(x) = xsin— néux 0 va f(0)=0.
X

1
4.f(x)= ¢ X néux=0vaf0) =0,
5f((x)=2xnfull<x<lvaf(x)=2-xnful<xs<?2,

6. f(x) = sinnx khi x hitu ti, f(x) = 0 khi x vé ti.

X "
13. Cho f(x) = {¢ Péux<0
a+xnfux>0

Hiy chon s8 2 sao cho f(x) lién tuc.

14. Cho f va g 1a hai ham s& lién tuc trén [a, b] va gia sir f = g tai
moi di€ém hifu ti clia {a, b). Hoi c6 thé k&t luan f = g dugc khong ?

15. Dung phuong phdp phan d6i tim nghiém duong cla phuong
trinh 1.8742 ~ 5in10x = 0 vdi sai s6 tuyét d6i khong vuot qua 1073,

16. Xét xem trong ba him sé f = \/; g= x* vah = cosx” ham ndo
lién tyc déu trén R,
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DAP SO VA GOT Y

1 1 1

2.1. (8 vy : =
ey nn+l) n n+1

10
3 .
3.1 {E] (dé y x = 2 1a khong diém cia tir va mau),

n(n+1)
2.
2

\

0 100

1
32— (ietx' P — x4+ 1=x'P x—x-1)
24
= x> - -x-1), ...
n(n-1
(n )an—2l
2

2
2. —.
2

4. 1.1,

5.1 2P

m n

(viét rQ/l+o.x—{‘/1+£3x = (”x’/l+ax—1)—("«/1+[3x—l) :

o . .
2. —+E (dung hang dang thic ab— 1 =(a - )b + (b - 1)).
m n

1
6. [. cosa, 2. Z 3. 14.

(ding hang thic 1 —abc = (1 —a)bc —c(b— 1) —(c - 1)) ;

1
4, —-1-5 (Viét Jcosx —\/3 cosx = (J/cosx — l)—(x3/cosx -1{))

1 . L
7. 1. 5 (nhan tir va mdn vdi Vx +2), 2.

W] -
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(3P

-SQ"g

1
8.0.1.¢e 2. e 2.1,0, |, Inx.

£
10.6= —.
10

12. 1. Lién tuc, 2. lién tuc néu A =4 va gian doan tal x = 2 néu
A # 4, 3. lién tuc, 4. lién tuc, 5. khong lién tyc, 6. gidn doan tai x # k
k=0,£1,£2,.)

13.a=1.

14. f = g. (Goi x,, 1a diém va ti, X, € [a, b], goi a. 12 s& thap phan
(hitu 1) x4p xi du6i x,, viét dén 10" ", vi f = g tai nhimg diém hitu ti :
f(a) = g(a), do d6 tén tai n, € N sao cho khin>n, c6 a € [a, b} :

f(x5) — g8(x5) = f(x,) — f(a) — (g(x,) — g(a)).

Vilx,-a/<10 "nénVve>03 n; € N sao cho
€ €
nz nl = lf(xo) - f(a)| < E va [g(xo) - g(a)[ < 5

Do d6 [f(xy) — (%) <€
Vie tuy 9, suy ra f(x,) = g(X,))-
15. 0,69999 + 0,00001

16. f lién tuc déu trén [0, «), g khong lién tac déu trén [0, «), h
ciing khong lién tuc déu wrén [0, ).

Trong ci 3 trudng hop cé thé gia thi€t 0 < y < x va xét xem khi
X —y < a ¢d kéo theo |f(x) — f(y)| < € hay khong.

VGif,c6: VX —\fy = ::f/;d;\};

nény>0.
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Mudén \/;—\/; duong va bé thua g, chi can x -y < Ze\f); tay,
néu ldy y > y, > 0 véi y, c6 dinh, thi chi cdn x — y < 2e\y, , do 46
a= 25\/;: , Vi vay ¢6 su lién tuc déu trén [y,, +o0). Hon nita f lién tuc
nén 1ién tuc déu trén doan [0, y,].

Véi g, ciing tuong ty, xét x2 - y2 = (X —-y}x +y)>2y(x —y). Diu
Ia o bé thi x — y < a khéng dam bao X y2 < g, vi ching han
X-y= 925-. y> -l- :>x2—y2> 1.
Vay g khong lién tyc déu trén [0, +wo).

Vai h khong 1ap luan nhw trén duge vi h khéng don diéu, nhung do
h ¢6 cuc dai va cuc tiéu lién ti€p nhau c6 :

cosx” = 1 véi x” = 2k ; x = V2kn =x.keN

cosx2 =~1vai x2 =2k+ D, x= \/(2k+ Dn =x'k . keN.
C6 thé suyra

x'k—xk<\/;k_n——> 0 (k > )
va In(xj)~h(x,)| =2

" Diéu d6 ching to rang h khoéng lién tue déu trén [0, +o).
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Chuong 4

DAO HAM VA Vi PHAN CUA HAM SO MOT BIEN SO

Chuong ndy gidi thieu ngan gon dao ham va vi phin cic cdp cha
ham s6 mot bién sd.

4.1. Pao ham

Dinh nghia dao ham

Cho ham s6 f(x) xdc dinh trong khodng (2, b) néi ring ham s6 f(x)
khd vi 1ai diém ¢ € (a, b) néu tdn tai gisi han

lim f(x)-f(c) _

(4.1) A, X#C
X—¢ X—cC
S6 A ; gi6i han cua ti s6 M, x # ¢, khi x > ¢ duge goi 1a
X~—c

dao ham cia ham s f(x) 14y tai di€ém X = ¢ ; va ki hiéu f(c).

Né&u ham s6 1(x) khd vi tai moi diém x € (a, b) thi ta néi rang f(x)
khd vi trong khodng (a, b).

Trudc khi néu céc thi du, ta néu mot vai nhan xét vé tinh kha vi
cua ham s6 f(x).

* Nhdn xét.
(1) Né€u dat x - ¢ : = Ax thi biéu thifc dinh nghia trd thanh

lim f(c+ Ax)—f(c) .
Ax—0 Ax

4.2) f'(¢)
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va nhu thé€ dao ham tai x = ¢ clla ham f(x) chinh 12 giéi han cia ti so
giifa s6 gia clia ham sé tai diém x = ¢ (tic 1a hiéu f(¢ + Ax) — f(c)) véi
s6 gia cha déi 56 tai x = ¢ (tic 12 higu ¢ + Ax — ¢, Ax c¢6 thé 4m hoic
duong, nhung vi x # ¢ nén Ax = 0).

(2) N&u vé dé thi cia ham sé&
f(x) wrong mot hé wa dé Décic
vudng géc (xem hinh 4.1) thi ti s6
f(c+ Ax)—f(c)

Ax
cua day cung CM véi C(c, f(c)) va
M(c + Ax, f(c + Ax)), nghia la ti s6 ) C  (c+AX) X
dé 1a tang cha géc o, goém giifa

chinh ]a hé s6 géc

truc Ox va vecte CM. Hink 4.1

Khi cho Ax — O thi diém M trén dé thi ti€n dén diém C ; do vay,
cat tuy€n CM ti€n dén tiép tuyén CT, nhu th€, vé mat hinh hoc, dao
ham tai méi diém chinh la hé s§ goc cha tié€p tuyén cla d6 thi cha
f(x) tai diém d6 ; va mét ham s& kha vi tai mot diém x = ¢ ¢6 nghia 12
tai diém x = c, d6 thi cda f(x) c6 mot nép tuyén duy nhit khong
vudng géc véi truc Ox.

(3) Dung lién hé giila gidi han va vo cling bé c6 thé biéu dién he
thiic dinh nghia kha vi (4.2) dudi dang

(4.3) f(c + Ax) - f(c) = '(c)AX + o(AX)
trong dé nhwr di bigt o(Ax) 1a mdt VCB bac cao hon Ax khi Ax — 0.

(4) Tir he thuc (4.3) dé& dang suy ra f kha vi tai ¢ € (a, b) thi f lien
tuc tai c. Tuy nhién diéu nguge lai khéng diing. Biy gid néu mot vai
thi du don gian.

Thi du.
@ f(x)=c,xe(a,bythi fx)=0viludn c6 f(x + Ax) —f(x)=c~-c=0
B fx)=x;xe(a.bythifx)=1wvi

f(x + Ax) — f(x) = x + Ax — x = AX.
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(c) f(x) = sinX ; X € (a, b) thi f'(x) = cosx
That vay

f(x + Ax) — f(x) = sin(x + Ax) — sinx = 2sin[%}cos[x +%]

(Ax AX . {Ax)
2sin| — |cos| X + — sin| —
-~ f(x + Ax) —f(x) ( 2 j ( 2 j 2 [ AXJ
va = = cos| X +—
Ax AX [&] 2
2

Chuyén qua gidi han ding thiic trén va ding cong thic (3.1)

chuong 3 va tinh lién tuc clia ham s§ cosx, suy ra f’(x) = cosx.

(d) f(x) = e, x € (a, b) thi £*(x) =",
That vay  f(x + Ax) — f(x) = e*™2% _eX =X (e2% - 1)

fix+ Ax) - £00) _ e -1
AX Ax

va

Chuy# 1 qua gidi han dang thirc wrén (cho Ax — 0) va ding céng

thitc (3.18) chuong 3 s& suy ra f'(x) =¢ .

Dinhli4.1.

Cho f(x) va g(x) 1a hai ham s xdc dinh rén (a, b) ; gid sit f(x) va g(x)

khd vi tai x € (a, b). Khi d6 f(x) + g(x). f(x)g(x) ciing khd vi tai x va

(1) (fix) + g(x)) =f(x) + g'(x)
(if)  (fix)g(x)’ = f'(x)g(x) + flx)g (x)
(11')  ddc biét (cf(x))" = cf'(x)
. Chung minh.
Cong thice (i) 1a he qua cua dinh 1i gigi han. Muén ching minh (i1)

chi cdn dé y ring

f(x + Ax)g(x + Ax) — f(x)g(x) = [f(x + Ax) - f(x)]1g(x + Ax) +
+ f(x)[g(e + Ax) ~ g(x)].
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Cong thitc (i) va (ii’) cho phép néi ring phép todn 14y dao ham la
mot phép dénh xa tyén tinh. Al

Pinh li 4.2 (Dinh 1i vé dao ham clia ham s6 hop).

Gid su :

1) Ham u = g(x) xdc dinh trong khodng (a, b) va ldy gid tri trong
khodng (c, d), g(x) khd vi tai e € (a, b).

2) Hamy = f(x) xdc dinh trong (¢, d) va khd vi tai u, = gfe).
Khi d6 ham hap y : = f[g(x)] khd vi tai e va (flg(x)])' = fu(g(x)g'(x)
trong dé ki hiéu f,(g(x)) chi dao ham cia f d6i véi u va ldy tai u, = gle).
Chung minh.
Theo cong thic (4.3) ham f kha vi tai u_. 26
f(u, + Au) — f(u,) = f,(u,)Au +o(Ax) *)
Mair khéc, ham g(x) kha vi tai e nén :
Au=g(e+ Ax)- g(e) = gy (e)Ax + o(Ax)
Thé gid tri Au vao biéu thue (*), dugc :

f(ue +Au) ~1(u) = fy (1, ) [y (€)AX +0(AX)} +0(Au)

= f,(8(e))gy ()AX + 1, (u, Jo(Ax) + o(An)

Chia ca hai v€ cho Ax va chi ¥ o(Ax) 1a VCB bic cao hon Ax va
vi u kha vi tai e nén u lién tuc tai e (nhan xét (4) & trén) : co vay khi
Ax > Othio(Au) > 0. 1

Tir hai dinh 1i trén, c6 thé b sung thém mét s6 thi du.
Thi du.

() f(x) = cosx, f'(x) = —sinx
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Vi€t f = sinu; v =x + g , nhu the dinh 1 dao ham ham s6 hop cho

f'(x) = (sinu),.uy = cos[x +—;£] 1 =-sinx

(2) f(x) =a" ; £(x) = a"Ina

xlna _ o

A . X P
Chicinviéta =e e :u=xlna, cé

(a%) = ("), .uy =€ Ina yna =a*ina.

Pinh li 4.3 (Dinh li vé dao him cba ham s ngugc)

Gidsuf: [a, b] - [c,d] id mot song dnh lién tuc, -g = f_I s [c,d]
— [a, b] 1a ham s6 nguoc cia né. Néu f c6 dao ham 1ai x, € {a, b]
va f(x,) #0 thi g ¢6 dao ham tai y, = f(x,) va

1
fixg)

gy(¥,)=
Chumg minh.
Néuy € (c,d), y #y,, ta ¢ x = g(y) # g(X,). hay x # x,. Khi dé

gY)—8(Yo) _ X-X%X5 _ 1
Y—Yo f(x)-f(x,) () -F(x4)
' X —Xq

Khiy - y, thl g(y) = g(y,), vi g lién tuc trén (c, d). Do dé x - x,,
f(x)-f(xy)

- f'(x
— (xq)

Tir d6 suy ra diéu cdn ching minh. Wl
Sau déy 1a mét s6 thi du img dung dinh li trén.

(a) y = log,x 1a hdm s6 ngugc clia ham s6 x =a%,a>0,a# 1. Vi
1 1 '

a¥lna xlna’

x’(y) = a’lna, nén y'(x)=
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Pac biét, néuy = Inx thiy’ =

> | —

(b) y = arcsinx la ham s& ngugc cua x = siny, —£<y<§. Vi
x'(y) = cosy, nén
_ 1 _ 1
cosy \/l—sinzy Ji-x?
Tuong tu nhu vy, ta c6

y'(x)=

I
\/l—x2
1

1+x

(c) y = arccosx ¢6 dao haimy’' = —

(d) y = arctgx c6 dao ham y' =

2

4.2. Vi phan

Nhu da biéti, theo dinh nghia, mot ham s& f(x) kha vi tai x, cé
(cong thuc (4.3))

f(x + Ax) — f(x) = f'(x)Ax + o{AX)

Tich s6 f'(x)Ax dugc goi 12 vi phdn cla f(x), 14y tai diém x, va ki
hiéu la df, néi khace di :

(4.4) df = f(x)Ax

Vi phan cha ham s6 f(df) bang tich sé cua dao ham (f(x))
nhdn vor sé gia cua déi s6 (AX). Dic biét, néu xét ham s6 f(x) = x thi
dx = (1).Ax, nghia 1a Ax = dx. [i» vay cong thitc trén lai c6 dang :

(4.5) df = f(x)dx

hoac tuong duong f(x) = g—f

nghia 12 dao ham cla ham s6 bang thuong s6 giira vi phan cha ham s6
déi vai d6i s6 va vi phan ciia d6i s6.
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Téng quat hon, cho f(u) 12 mot ham s8 kha vi d&i véi u, va u=g(x) la
mot ham s6 kha vi d6i vdi x, khi dé dinh 1f dao ham ham s& hgp di
khing dinh f(g(x)) ciing kha vi d6i véi x. Hon nita, trong trudng hap
nay ta ciing c6 :

df = f,dx

Diéu dé cé nghia 13, trong moi trudng hop, ddu f 14 mot bam s6
phu thudc bién doc lap x hay phu thuéc x thong qua mét bién trung
gian u ndo do, ta ludbn cé vi phAn cia ham s6 bang tich dao ham ciia
ham s6 d6i véi doi s6 va vi phan cha d6i s6, vi thé ngudi ta ndi ring
vi phdn ¢6 tinh bdt bién.

Bay gid ta ching minh diéu khang dinh trén. That vay, vi f(u) kha
vi déi v4i u nén ta ¢ :

df = f,du
Mat khic, u = g(x) kha vi dét véi X nén :
du= gy dx.

Thé du vao biéu thitc df ta c6

df = ', g'ydx = f', dx (theo cong thic dao ham ham s6 hop). B

Bay gio ta 1dy mot vai ap dung.

Thi du.

(Hy=x*;peR:x>0;y, =ux"".

That vay tiry = x* |, bang cdch 12y 10ga ca hai v€ ¢S : Iny = plnx.

Lay dao ham déi véi x ca hai v€ (dung thi du (a)) va dac ham ham
s8 hop (y la ham s cia x) ; ¢6 :
Y B suyray = px*?
y X
Trudng hop y = x"* v6i x < 0 ; bing phép déi bign x' = —t, ciling c6
thésuyray = ix*™! ;dovayy=x* ;peR:xeR;y=mx*".
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(2) Chirng t6 rang néu f(x), g(x) 1a hai ham s6& kha vi tai x, thi
1) cling kha vi tai x n€u g(x) # 0 va
s(x)

[f(x)] _0g0 ~ f(x)g'(x)
g(x) g2 (x)

That vay, chi cin viét £=l.f va ap dung tinh ch4t kha vi cha
g &

ham s6 f vd ham s6 g va tinh chat kha vi clia ham s6 hop, cé thé suy
ra tinh kha vi cta f/g. Hon nira :

(-l-.f] =(—l—]f+lf'=ﬁ%f+—]‘f'
g g g g g
Thi dy. '

(8) (gx) = [smxj _ 1

COSX

COS2 X

(b) Tir thi du (a) suy ra:
1

1+x

Sau day, tdng k&t cdc thi du da néu nhimg phin trén, ching ta cé
bang dao ham cdc ham s6 so cdp co ban :

y=arc[gx;-ao<x<oo‘y'x= 5

c=C y'=0
y=x* peR y = ux*!
y = sinx y' = cosx
y = cOSX y' = —sinx
. 1
y=1gX y=—5=
cos“ X
, 1
y = cotgx y=-—=
‘ sin“ X
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y= a y'= a*lna
X . X
y=e y=e
‘ 1
y = log,x y =
xIna
1
y = Inx y'=—
X
y = arcsinx y'= !
1-x?
y = arccosx y'=- 1
1-x?
y = arctgx Yy = ! 5
14+ x

(3) Pao ham theo tham sé.

Cho x = f(t) 1a mot ham s6 kha vi d6i voit, véit € (a, B) vay = g(t)
la mot ham kha vi d6i véi t, véi t € (a, B), khi dé n€u ham s& nguoc

t = f '(x) t6n tai va néu f(t) # O thi, theo dinh If v& tinh kha vi cba
ham s6 nguoc va tinh kha vi cita ham 56 hop, ¢é thé suy ra tinh kha vi
ctia ham s8 y d6i véi x. Hon nita :

(4.6) dy_g®
dx £
That vay, do tinh bat bi&n cia vi phin, ta cé
dy = g'(t)dt va dx = f(t)dt.
Chia dy cho dx ta c6 ngay két qua. B
Thi du.

(a) Xét ham s6 x = acost, y = asint, | € [O. g] .

dy  acost
dx —asint

Khi d6 = —cotgt.
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(b) Xét ham s6 x = a(t — sint), y = a(l - cost), t € (0, 2n).

2sint<:ost
. d sint 5 "y
Khids =20 .
dx a(l —cost)

t
=cotg—-
2sin? L 2

4.3. Dao ham mot phia, dao ham voé cung

Trén kia, trong nhan xét (2) ching ta dd néi rang, vé mat hinh hoc,
khi ham s6 f(x) kha vi tay x thi dO thi cia né cé mot ti&p tuyén duy
nhat khéng vudng gée véi truc hoanh tai diém cé hoanh do la x. Bay
g1 ta xét trudng hgp d6 thi cla f(x) cé nhimg diém géc, tai nhimg
di€ém goc d6, dé thi nhan hai tiép tuyén, ti€p tuyén phai va tiép tuyén
trdi (hinh 4.2) va trudng hop 4o thi ¢6 ti€p tuyén song song Véi truc
tung (hinh 4.3). Hién nhién tai nhitng diém nhu thé, ham s& khong
kha vi nita nhung c6 thé md rong khii niém dao ham (nhu da 1am ki
ndi vé gidi han trai va gidi han phai) va ta cé cic dinh nghia :

' T

N4
ol

x ¥
@)
>

Hinh 4.2 Hinh 4.3

f'_(c)= lim —-——f(x)ﬁf(c)
x9¢c-0 X-—-¢
f'_(c) dugc goi la dao ham trdi cua f(x) tai x = ¢ va
x—>»c+0 X-—-C

f;(c) dugc goi 1a dao ham phai cia f(x) 2ai x = c.
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Thi du.
Xét f(x) = Ix| (xem hinh 4.4)tacé : Y
f(0) =—1va £,(0) = 1.

Tai di€ém x = 0, d6 thi clia ham s6 ¢6
hai ti€p tuyén trii vi phai.

(0] X
Ciing ¢6 thé suy ra f(x) kha vitaix = ¢
khi va chi khi f_(c)=f, (c). Hinh 4.4
Truomg hop khi lim 102759 _ 0 hoac —eo .
x—=0 X-¢C

thi ta noi rang tai diém x = ¢, f(x) ¢6 dao ham vé ciing va tiép tuyén
cua dé thi f(x) tai x = ¢ vudng géc véi truc hoanh.

4.4. Pao ham va vi phan c4p cao
Paoc ham cap cao

Cho ham s6 f(x) xdc dinh, lién tuc trong khoing (a, b), gia sir f(x)
kha vi tai moi diém x € (a, b) ; khi dé, ham dao ham f'(x) ciing c6
thé kha vi va dao ham cba f’(x) dugc goi ta dao ham c4p hai cia f(x),

2

ki hiéu f'(x) hoac 9—2 ¢t tidp tuc suy dién nhir th€ ching ta c6 thé
dx

dinh nghia dao ham c4p n.
Pinh nghia dao ham cdp cao.

Cho ham s8 f(x) xdc dinh trong khoang (a, b) ; f(x) duge goi la
kna vi r. 1an (trong (a, b)) n&u f 12 kha vi (n — 1) lan trong (a, b) va
dao ham c4p (n — 1) cda f cing kha vi. Khi d6 dao ham cap n cita {
duge dinh nghia bai hé thic :

£fMy + = [f= Dy

9-THCC-Tap 2 129
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Thi du.
(1) Ham s8 f(x) = xk (k nguyén duong) c6 dao ham cap n, véi moi n 1a
)= kk = 1) ... (k—n+ DxE ™"

neu  n<kvafPx =k £Mx)=0néun>k

Dé nghi kiém tra ai cong thuc trén theo phuong phip quy nap.

(2) Ham s6 f(x) =¢” c6 f(")(x) =¢" v6i moi n.

(3) Ciing diing phuong phap quy nap, cé thé Kiém tra lai rang

() f(x) = sinx thi £2°(x) = (-1)¥sinx, £2*D(x) = (1) cosx

(b) £(x) = cosx thi f2(x) = (=1)*cosx, {2 V(%) = (-1 sinx

Cdc quy tdc ldy dao ham cdp cao.

(1) Ta c6 (Af +pg)™ =A™ + ug™ v6i bat cif cac ham s6 £, g, n
lan kha vi va bat ki A, g thuc.

(2) Quy tic Leibnitz

V4i bit k1 ham sS f, g kha vin lan, rtacé -

(fg)(“) = f(")g+ nf("_”g' +—n(n2— l)f(“_z)g" +.ot

N n(n~l)(n—§)‘...(n—k+1)f(n—k)g(k)+‘._+nf‘g(n—l) + g =

n n _
Z(k]fm kg (k)

k=0

n 3
trong 46 ki hiéu [k) 1a he s6 Newton trong khai trién Newton cua (f + g)" :

n!

NGO ___n!
va [k)—gﬂ(n 1) ...(n*k+l)—m—!



3
éﬁqﬁ

Muén ching minh quy tic (1) chi cin quy nap theo n va chd y dén
tinh ch4t tuyén tinh cta dao ham cap mét, tie 1a chd ¥ rang, tinh chat
cong thirc di duge chitng minh ding cho trudng hgpn = 1.

Ciing dung phuong phap quy nap theo n ¢6 thé chimg minh dugc
quy tac Leibnitz, tuy ring phép quy nap c6 phiic tap hon. Dé thay
nguén géc ciia cac hé 56 Newton ta ¢4 thé xét trudng hop riéng khi

f(x)=¢" ; g(x) = ¢*. Khi d6

(fg) = () = 262 = (1 + 1)

(fg)" = 262y = 22e¥* = (1 + 1)2e**

Bang cidch quy nap theo n, cé

n
d2)™ =2"" =1 + Ye™* = 2 n]exex
k=0 k
Trude khi néu mot vai thi du, xin luu ¥ ring néi chung (trir mot s6
trudng hop da néu trong cac thi du & tren), bifu thirc £™(x) véi f(x)
bat ki rat phic tap va thuong mang tinh Ii thuyé&t.
s Thi du.
i n!
@ fo=—, fOm= -
1+x 1+ x)"
That vay, viét f(x) = (1 + x)"1 va ip dung cong thic & thi du tre.n.
tacod: -

(@ +x) HM 2 =T =D .. (1 =n+ DD +x) 1"

!
= (=1)(-2)... (‘ﬂ)’—l—‘n—_ﬂ'=(—1)n*‘—%l—
(1+x) (1+x)
Tuong tr :
1 n!
f(x) = ——, fW(x)=e "
(x) T (x) a—™
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Trong trudng hop nay
Fx) = (1 =%)"Y = (1) 1)1 = 1) (=L —n+ D=1 YT =x)

1 n!
=(D?)... (n)- =
(] _X)H+l (l_x)n+l

(b) £(x) = — 'f(“)(x):n—![ SR }

l _x2 * 2 (1’“X)“+1 (1+x)n+|
Truong hop nay néu dp dung nguyén xi cich lam & hai thi du trén thi
rat dai dong vi cif méi 14n dao ham lai kém thém mét thira s6 (-2x) (do
1
1-x2 (1-x){1+x)
khéng ding quy tac Leibnitz dé 18y dao ham c4p cao ma ta phan tich
1 | _(+x)+(1-x)
1-x2 (A-x)1+x)  2(1-x)1+x)

1 i [ 1 1)
=— +
1-x2 2\1-x 1+xJ
Tir he thitc cudi cliing nay, ding két qua cua hai thi du trén, suy ra
£"(x) nhu da néu.
Vi phan cap cao

12y dao ham ham s& hop), vi thé, ta viét nhung

Dinh nghia vi phan cdp cao.

Vi phan cap hai cia ham s6 f(x) tai mot diém nao d6 (néu co) 1a vi
phéan cua vi phan df (vi phan df bay gidy dugc goi la vi phan cap mot),

néu k¢ hiéu vi phan cap hai la dzf, thi theo dinh nghia
d*f ; = d(df)

Mot céch quy nap, vi phan cip n, ki hiéu 13 d"f 13 vi phan cia vi
phanedp(n—~1):

d =dd" '



=
e

e
&

Nhur th&, vé dinh nghia, vi phan cap cao chi 12 mot cach suy dién
dinh nghia vi phan cha vi phan cdc cip thdp hon. Tuy nhién, diéu
ding lwu y & day 1a vi phan cip cao khong c6 dang bdt bién nhu vi

phan c4p mot. L&y mot thi du, xét £(x) = x7, Vi x 13 bi&n doc lap nén
df = 2xdx va d°f = 2(dx)>
Bay gid n€u dat x = t2, khi d6 f = ¢*
df = 4t3dt va d%f = 1262 (dt)?
Mar khic, trén kia ta co d’f = 2(dx)2 : né&u th€ dx boi 2tdt (ir x = t2 )
vao thi d%f =2(2tdt)? = 8t2(dt)? = 12¢2(dr)>.

Thi du ndy nhac nhd khi 14y vi phan ¢cdp cao cin phai xét ki xem
18y vi phan d6i véi bién nao, bién doc 1ap hay bién phu thudc (tham
bi€n) dé trinh nhdm lin !

TOM TAT CHUONG 4
¢ Dao ham

Ham s6 f(x) xdc dinh trong (a, b) duoc goi la kha vitai x = ¢ € (a, b)
néu tdn tai gidi han
T (00 (OF

X—C X—C

X #C.
S6 A duge goi 1a dao ham cia ham s@ f(x) tai diém x = ¢ va ki
hiéu 1a f(c).

Né&u f(x) kha vi tai moi diém x € (a, b) thi néi ring f(x) kha vi
trong khoang (a, b)

Néu f(x) kha vi tai x € (a, b) thi lién tuc tai dé.

Cho f(x), g(x) 1a hai ham s6& kha vi tai x € (a, b).

Khi dé f(x) + g(x) va f(x).g(x) ciing kha vi tai x va

[f(x) + g(x)]" = £(x) + g'(x) ; [f(x).g(x)]" = £ (x)g(x) + f(x)g'(x).
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Xét ham hgp y = f[g(x)], khi d6 néu g(x) kha vi va f(x) kha vi,
v = g(x) thiy kha vi (d6i vdi x) va
(fle(x)D’ = f,(ex)g'x)
s Vi phan

Néu mot ham s6 f(x) kha vi thi biéu thitc f'(x)dx dude goi 13 vi
phan cta f(x), ki higu la df, nghia la : df = £(x)dx, nghia la

f'(x) = d—f

dx

dao ham chinh la thuong s6 gita vi phin clla ham s6 va vi phan cia
dai s6. -

* Dao ham theo tham s6

Cho x = f(t), y = g(t) 1a hai ham kha v1 d6i v4i t thi y kha vi d6i

» Bang dao ham céc ham sé so cdp ce ban

y=C y=0; y=x*,peR, y=px*"
y = sinx, y' = cosx ; y = cOsX, y' = —sinx
i i
y = tgx, y'= 3 y = cotgx, y'=—— >
COS™ X sSin™ X
y=a"; y' =a"lna y=ex. y=¢
‘ 1 , 1
y = log,X, y'=—o0 y = Inx ; y' ==
xIna X
. , 1 , 1
Y = arcsinx y = v Y = arccosx, Vv o=—
v1-x2 1-x2
, |
y = arctgx, y'= >
1+x
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» Pao ham hai phia, dao ham vo ciing

Néuténtai lim f= 1@ gidi han dé duge goi 1a dao ham
x—c—0 X—C
trai cia né f(x) tai x = ¢ va ki hiéu la f_(c), twong tu
f(x)— f(c)

Iim

goi 1a dao ham phai cba f(x) tai x = c, ki hiéu la
x—=c+0 X—c

£,(c). Khi lim 10— )

X—cC X—C
c6 dao ham vo cung.

=+ hodc — o thl néi rang taj x = c, f(x)

* Pao ham va vi phan cdp cao

Néu dao ham f'(x) 1 mot ham s kha vi va dao ham cda £(x) dugc
2
i . i ) da“f . .
goi 1a dao ham cap hai, ki hiéu 1a f'(x) hay — ti€p tuc suy dién,
dx '

néu dao ham cap (n — 1) cba f(x) cling kha vi thi dao him cta dao
ham cdp (n ~ 1) cla f(x) dugc goi 1a dao ham cap n cua f(x), ki hiéu
n

d
la f(n)(x) hay f ,
dx"

nghia 1a fM(x) = [f("")(x)]
Cic quy tac 1dy dao ham cip cao :

[Aex) + g0 ™ = 1™ () + g™ (x)

) ,
[Fe[™ = Y —H— (10 )00 )

k:Okl(n— k)!
Mot vai dao ham cap cao cia mot vai ham sé so cap
fxy=x, 0=k~ k-n+Dx" " @<k

fxy=e,  fVx) =e
fx) = sinx. £2x) = (<1)¥sinx ; €2 D(x) = (= 1)¥cosx
f(x) = cosx, #2k)(x) =(- l)kcosx ; f(2k * 1)(x) = (—l)ksinx

13



c!o"a*,

1 () Cn n!
= , =(-1]) ——
oo = g (Um0 =
1 n) n!
f(x) = . -
0= — P o

N&u f'(x) kha vi thi vi phan cta vi phan df duge goi la vi phan cap
hai cia f(x), ki hieu la d*f :  d’f : = d(df)

Mot cich quy nap, vi phan cap n clia f(x) ki hiéu 1a d"f |2 vi phan
cha vi phan cép (n - 1) cha f(x) :  d"f = d(dn_lf)

BAI TAP
1.Chof(x) : = (x - 1) (x — 2)2()( - 3)3 ; tinh f'(1), £(2), £(3).

2. Cho f(x) : = x + (x = Darcsin JL , tinh £(1).
x+1

3. Tinh dao ham cdc ham sé :

1 1 1
l.y=X+«/’;+%/;, 2_ = —t —
TR
3. y=\}3 x2 -2 4. y="+"\‘/(1—x)m(1+x)"
Jx
]. 3
5.vy=3 +x; . 6. yz\/x-l-\/x-h/;
1—-x-
.2
S 1
Ty=2 8. y=
sinx cos" x
X X 1/x
9.y =tg—~-cotg—, 10.y=x
y 82 < 82 y
1.y =in(x + l+x2), 12.y=exlnsinx
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arcigx

13.y= log3(x2 — sinx), 14 v=e , 15.y= X
4. Viét phuong trinh tiép tuyén véi dudng cong
y=x° - 3x> = x + 5 tai diém A(3, 2)

S. Chimg minh ring doan ti€p tuyén cia dudng hypebdn xy = m
gém gita cdc truc toa do bi ti€p diém chia 1am hai phan bing nhau.

6. Tim dao ham va vé d6 thi cia ham s6 va ctia dao ham cic ham s6 :
Loy=[x, 2. y=x|x|, 3.y=Ix.
7. Tim dao ham ciia ham s& :

l.y=l-xthh—w<x<]l,y=(1-x)(2~-x)khil <x<2va
y=-2-x)khi2 <x< +w.

2
2. y=)(2e'x khi |x| <l,y= 1 khi ‘xl > 1.
[
8. Tinh y' n&u : (v6i f 1a mot ham sd kha vi)
Ly=f(x%), 2.y=f(sinx)+f(cos’x), 3.y = fe")e™.
9. Cho f(x) = x(x — 1)(x — 2)... (x — 100}, tinh '(0)
10. Vi diéu kién nio thi ham s6 f(x) : = x" sin— khix 20 vaf(0)=0 :
X .
1. Lién tuc tai x =0, 2.Khavitaix=0
3. C6 dao ham lién tuc tai x = 0.

11. Chdng minh ring ham s6 f(x) = |x—a|cp(x) , trong d6 o(x) 1a
mot ham s6 lién tuc va ¢(x) # 0, khéng kha vi fai diém x = a.

12. Xét tinh kha vi cita cic ham s6 :

Ly=|x-Dox-22x-37%,  2.y=loosx
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13. Tim dao ham trdi £_(x) va dao ham phai £ (x) cia cic ham s4 :

1. f(x) = |x] 2. f(x)=\15inx2

14. Tim vi phan cdc ham s0 :

1
1. y=l, 2. y=——arctg-x- (a=0),
X a a
3.y=LlnX—'—€.a¢O. 4.y=ln|x+\i_ x2+a‘,
2a |x+a

. X
5.y =arcsin—, a # 0.
a

14. Cho u(x), v(x) 1a hai ham s3 kha vi, chimg minh riang
1. d(Cu) = Cdu (C 12 hang s8), 2. d(u+Vv)=du+dv,

3. d(uv) = vdu + udv, " d[_]d_d_
v vZ
16. Tim 1. d(xe"), 2. d(Va? +x2)
3-d[ . ] 4. dIn(1 - x°).
J1-x?

17. Tim 1.

- (x3—2x6—x9),2. d2 [sinx} 3. d(sinx)
d(x’) d(x“)\ X d(cosx)

~ 18. Diing cong thitc s gia clia ham s6 kha vi, tim gia tri x4p xi
cua cdc biéu thic :

1. 31,02 2,sin29°, 3.1gll, 4. arctg 1,05
19. Ching minh céng thirc xap xi :

V32+x =a-i-i (a>0)
2a
véi x| <a (hé thic A < B véi A, B> 0 ki hiéu A rit bé so vdi B).

138



Ding cong thifc trén tinh cdc gia tri x4p xi clia

1.5, 2. 34, 3. J120.

20. Tim y" néu

1.y=X\!1+x2, 2. y= X

x2

Jy=e 4. y = Inf(x).

21. Timy', , y",, cia ham s8 y = f(x) cho dudi dang tham s :

l.x=2t—t2.y=3t—t3, 2. x = acost, y = asint,
3. x = a(t — sint), y = a(l — cost).
22. Tim dao ham cap cao cac ham s6 :

2
1+
1. y:———x . tinh y(g), 2.y= X (100)

. , tinh y ,
1-x VI-x
3.y= x> ezx, tinh y(zo), )
23. Tinh y(“) néu

] |

4. y= x2 sin2x, tinh y(50

l.y= . 2. y=———
x(1 —x) x2 —3x+2
X ax .
J.y= , 4.y =¢ sin(bx + c).
\3/1+x

24. Dung phuong phép quy nap ching minh rang
(n)
1 n 1
(xn—-]ex ) - (-1) eX
X

25. Cho da thitc Legendre P(x) :

Pm(x)::—l—[(x2 ~-pm ](m) (m=0,1,2..)
2™ m!

Chimg minh rang P,(x) thoa phuong trinh
(1 — x%)P"(x) - 2xP',(x) + m(m + 1)P, (x) = 0
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26. Cho da thitc Tchebychev — Hermite H_(x) :
2 2
Ho(x) = (- DX (™)™ (m=0,1,2,.)

Tim biéu thuc hién ctia H  (X) va chimg minh ring

H" 1 (x) — 2xH' (x) + 2mH(x) = 0.

DAP SO VA GOI Y
4.8x~y-22=0
6. Lsgnx(x20), 2. 2[x|, 3.2 (x=0).
X

7.1.y=-1lklhho<x<!l;y=2x-3khi 1 <x<2;y =1
khi2 < X < + o,

2y = 2% (1-x%) khi Ix| < 1,y'=0khi|x| >1

8. 1. 2xf’(x2) , 2. sin2x[f’(sin2x) ~ f(coszx)].
3. e e F(e®) + F(0)f(eM)].
9. 100!

10. 1.n>0,2.n>1,3.n>2
11. f_(a) = — p(a), ' ,(a) = ¢(a)

. s rgs -1
12.l.KhéngkhéwkMx:l,Z.Khéngkhavﬂdux=2k

n, XeZ.

13.1.F_(x) = (x) = sgnx vdi x 0, f_(0) = - 1, {,(0) = 1.
XCOSX2
(k=0,1,2..0; f_(O) == 1: f(0) = 1 ; {'.(J2k+ D)= £ oo0;
f o (V2kmy=+w (k=1,2, 3..).

2. F(x) = £,(x) =

khi v2kn <|x| < J2k + D
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17. 1.1- 4)(3 - 37<16 ; 2. %(cosx — sinx) ;
2x
3. —cotgx (x #km, k € Z).
18. 1.1,007 (theo bang 1,0066) ; 2. 0,4849 (theo bang 0,4848) ;

3. 1,043 (theo bang 1,041) ; 4. 0,8104 ~ arctg 1,05 ~ 46°26'

(theo bang arctg 1,05 ~ 46°24’
19. 1.2.25 (theo bing 2,24) ; 2. 5,833 (theo bang 5,831)
3. 10,9546 (theo bang 10,9545).

x(3+2x2) 3x
20. 1. mm . —m|X|<l N
(1 +x2) (1-x%)
2 fO0f!
3.2¢7% (2% -1 ; PRty (’2‘) 2 (f(x) > 0)
£2(x)
2. 1. y"= 3 ;2. yt=— 13 (3. y=— !
4(1-1) asin”t 4asin4£
2
8! 0 197!1(399 - x)
22.1. y® = (xz1),2 yl0 = ( <1),
(1-x)° Tl _ 100 /T

3. g0 =220 2% (42 | 20k + 95),

(50)

4.y 2 ( x2sin2x + 50xcos2x + 1225

sin2x).

" 1 n 1 I |
23. 1. n! +————1.2.(-D'n! - :
[ xﬂ+l (1 _x)ﬂ+1 j\ {(x _2)n+1 (1 _ x)n+l :|

) & )™ . 4. (3n-5)Gn +2x)
3n(l+x)n+l/3

n

4. *(a? +b2)Esin(bx +C+no) Véi sing =

n>22,xz-1);

b a
——— § O8O =
\}a2+b2 \}az+b2
25. iy dzo ham (m + 1) 14n he thitc (x> - D' = dmxu véin: = (x> ~ D™

2
26. Diing ddng thic u' + 2xu =0, véiu= e * .
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Chuong 5

CAC BINH Li VE GIA TRI TRUNG BiNH

Trong nhitng muc trudc chiing ta di néi nhidu vé cac phép tinh
dao ham, vé tinh kha vi ciia ham sd, bay gid trong muc nay chiing ta
xét mot khia canh Ung dung : xét kha nang 16n tai mot gia tri trung
gian cha ham sd trong moét khoang nao dé va di dén mét s6 dinh li
thudng c¢6 tén goi 1a cic dinh 1i vé gid tri trung binh ciia ham s6.
Diém dac biet clia dinh Ii nay 1a phat biéu rat ur nhién, ¥ nghia hinh
hoc cang ty nhién hon ; cich ching minh ciing don gian, nhimg pham
vi img dung lai rat rong rai va da dang. Trudc hét, ta nhic lai dinh
nghia cue tri clla ham s8. Cho ham s f(x) xdc dinh trong khoang (a, b) ;
néi ring f(x) dat cuc dai (cuc tiéu) tai diém x = ¢, ¢ € (a, b), néu véi
X+ Ax € (a,b)tacé:

flc + Ax) — f(c) <0 (> 0)

Diém x = ¢ thudng dudc goi 12 diém cuc tri clta ham s6 f(x).

5.1. Cac dinh li ve gia tri trung binh
B6 dé 5.1. (Pinh 1f Fermat)

Néu ham s6'f : (a, b) = R dat cuc tri tai ¢ € (a, b) va néu f kha vi
tai c thi f(c) =0

Chitng minh.
Gia sir ¢ 12 diém cuc dai clia f. Theo gia thié€t f kha vi tai x = ¢ nén
ton tai dao ham f'(c). Ta cé :

f'(c)=lim

f(c+h)—f(c)
h—0 h
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Vi f(x) dat cuc daitai c nén f(c + h) — f(c) <0 véi moi h, do dé6 :

f(c+h)-1f(c) f(c+h)-f(c)
h h

>0khih<Ova <O0khih>0.

Nhu thé, chuyén qua gigi han khih -» 0tacé f (c) <0 vaf_(c)>0;

mat khac vi tdn tai dao ham f'(c) : nghia 1a f (c) = f_(¢) = f'(c), do
d6 £(c) = 0 ; trudng hop ¢ 1a diém cuc tiéu chia ham s6 f(x) cling duoc
chimg minh tuong ty. B

Hé qua 5.2 (Dinh 1i Rolle).

Cho ham 36 f(x) xdc dinh, lién tuc trong khoang Jcng [a, b] va khd
vi trong khoang md (a, b) ; gia sit fla) = f{b) ; khi dé 1on1a1 ¢ € (a, b)
sao cho f(c) = 0.

Minh hoa hinh hoc.

4

Theo gia thiét, do thi cia ham s6 a
c6 dang nhur hinh vé (hinh 5.1) ; khi C
a6 dinh 1i Rolle khing dinh ring dé 7
tht cia f(x) nhan mot ti€p tuyén song L
song véi day cung AB (Wi f(c) = 0, ffa)=fib)-- A : ,B
tic la tiép tuyé:n song song V(‘fli truc 5 ; c bf(
hoanh nhung vi f(a) = f(b) nén day
cung AB song song véi truc hoanh)
tai diém (c, f(c)), v&i ¢ € (a, b). Hinh 5.1

V1 f(x) lién tuc trén [a, b] nén theo dinh Ui 3.9 f(x) dat dugce gia try
nho nhat min f(x) va gid tri 16n nh4t max f(x), x € {a, b}. Khi d6 cé
hai kha nang xay ra : hoac ci hai gid tri d6 déu dat tai hai nit a vi b
va nhu thé :

f(a) = f(b) = min f(x) = max f(x) ; x € [a, b]

va f(x) 12 mot hing s& véi moi x & [a, b}, do vay f(x) déng nhat bang
khong vai bat ki x e [a, b] ; hodc cé mot gia tri dat tai mét diém ¢
nao dé, ¢ € (a, b) nhu thé theo bd dé trén f'(c) =0. M
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* Nhén xér.

(1) Gia thiét f(x) lién tyc trén khoiang déng [a, b] 1a mot gia thiét
khong thé bs qua duge. Chang han xét ham s6

x O0<xgl
f(x)=
{1 x=0

Ham s6 nay xac dinh trong [0, 1] nhung khéng lién tuc trong [0, 1],
do d6 khong thé dp dung dinh 1i Rolle dugc (hinh 5.2).

(2) Gia thi&t ham f(x) kha vi trong khoang md (a, b) cling 12 mot
g1a thi&t khong thé bd qua dugc.

Chéng han xét ham s6 f(x) = |x| (xem hinh 5.3) véi x € (-1, 1];

-1 0ol 1 x
Hinh 5.2 Hinh 5.3

ham 6 nay lién tuc trong {— 1 ; 11; f(- 1) = (1) = 1, nhung f(x) khong
kha vi trong (— 1, 1), do dé ciing khong dp dung dinh I{ Rolle duoc.

(3) Trén kia, khi néi vé minh hoa hinh hoc clia dinh If Rolle
chiing ta di néi rang, nén thoa cic gia thi€t vé lién tuc, kha vi va néu
f(a) = f(b) thi d6 thi cia f(x) c6 tiép tuyén song song voi diay cung
AB (diéu dé 1a ban ch4t), hon nira vi f(a) = f(b) nén day cung AB lai
song song vai truc hoanh va do vay ti€p tuyén d6 c6 hé sd géc bing
khoéng, nghia la £(c) = 0. Nhu
thé néu dung mot phép quay
hé toa d6 mot géc © nao db
(hinh 5.4) thi di nhién, d6 thy
vin cd tiép tuyén song song voi
diy cung AB nhung ti€p tuyén
dé khong con song song vdi.
truc hoanh nira vi f(a) = f{b). Hinh 5.4
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Nhan xét nay dan dén dinh 1i :
Dinh 1i 5.3 vé s6 gia hitu han (Dinh Ii Lagrange).

Cho ham f(x), xdc dinh lién tuc trén khodng déng [a, b], khd vi
trong khodng mé (a, b). khi dé tén tai mét diém c € (a. b) sao cho :

(5.1) O =1@) _ pvey.
. b—a
Chirng minh.

Tat ca van dé 12 dung dugc mot ham s6 thoa cac gia thiét ctia dinh
Ii Rolle ; that vay xét ham s6

g(x):=f(a) + ﬂb}j;@ (x — a)

(luu y rang dd thi ciia g(x) chinh 12 day cung AB (hinh 5.4).

Ham s6 h = g — f lién tuc trong [a, b], kha vi trong (a, b) va
h(a) = g(a) — f(a) = 0 ; kb) = g(b) - f(b) = 0, do vay theo dinh li
Rolle, 16n tai ¢ & (a, b) sao cho h'(c) =0 tuy nhién :
f(b)—1f(a)

—a

h'(e)= —f(c). A

s Chuy
(1) Cong thatc (5.1) con cé dang :
(5.2) f(b) - f(a) = f(c)(b — a).

Tuy xuat phdt tir cong thitc (5.1) nhung cong thirc (5.2) c6 mét
y nghia diac biet, déng mot vai trd rdt co ban trong nhiéu ing
dung da dang trong giai tich : bién mot hiéu sé thanh mot tich s6
(giong nkir cdc hing thic ddng nhd quen thubde trong dai s6 so cap
a" - b"=(a-bya" '
diing dé xét ddu ciia hiéu f(b) — f(a) hay dé uéc 'uong |£(b) — f(2)|.

+a" b+ +ab" 246" 1)) va thuong duge
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(2) Néu trong céng thiic (5.2)ddra:=x;b:=x+htacéd:

(5.3) f(x + h) — f(x) = f(c)h
v3i ¢ 1a mot s6 o gilta x va X + h.

So sdnh cong thic (5.3) va cong thifc biéu dién s6 gia ham $4 :

{(5.4) f(x + h) — f(x) = f(x)h + o(h)
ta thay (5.3) da dén o(h) vao gia tri dao ham tai x = c.

Néu 6 12 mot s6 duong gdm gitaOva 1 : 0 <0< 1 thi vic d gilra
xvax+hnéncothé vietx +Oh=c,0<0< 1.

Nhur thé cong thire (5.3) ¢6 dang

(5.5) f(x + h) — f(x) = f(x + 6h)h

So sanh hai biéu dién (5.3) va (5.5) c6 thé thdy rang néi dung chi
gid rri trung binh & day l1a gia tri trung binh cua dao ham cua f(x).

(3) Néu quan tam dén minh hoa hinh hoc cua dinh Ii Lagrange thi
s€ dan dén mot ket qua gidi tich téng quét hon dinh li Lagrange.
That vay, néu chuyén dudng cong sang dang tham s& x = g(t), y = f(1)

vdit € [a, B] va g(a) =2 ; g(B) = b, thi hé s6 goc cla day cung AB
(hinh 5.4) sé la

f(p)— (o)
f(®)— g(a)
va hé s0 gdc cla ti€p tuyén véi do thi (xem muc dao ham theo tham
o .
sé) 1a—2 - nghia fa -
g'(y)

(B - f(e) _ F(y)
g —g@ gy

Chinh nhan xét nay din dén dinh 1i :
Dinh li 5.4 (Cauchy).

<y<B.

Cho f(x), g(x) la hai ham 56 xac dinh, lién tuc trong khodng déng
[a, b] va g(a) = g(b) ; gid su f{x) va g(x) khd vi trong khodng mo (a, b)
va g'(x) # 0 véi moi x € (a, b).
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Khi dé 1on 1ai ¢ o giita a va b sao cho
f(b)~f(a) f'(c)

(5.6) =—
g(b)—-g(a) g'(c)

Chitng minh

V3&i nhin xét (3) vira néu 3 trén va tir cich chimg minh dinh If
Lagrange, ta dat
f(b) - f(a)
h(x) : = f(a) + ————=[g(x) - g(a)]
8(b)—g(a)
Hién nhién hiéu h(x) — f(x) thoa cdc gia thiét cia dinh Ii Rolle (?),
suy ra 1dn tai c, a < ¢ < b sao cho h'(c) = 0, nghia la
b)-f
£(¢) - f(b) - f(a)
g(b)-g(a)
Chiing ta dé y ring, trudng hop dac biét khi chon g(x) : = x thi
cong thuc (5.6) cho lai cong thirc (5.1), nghia 12 dinh Ii Lagrange la
trudng hop riéng cua dinh 1i Cauchy : mat khac khi f(a) = f(b) thi
cong thitc (5.1) cho lai eéng thite f'(c) = O, nghia 1a dinh 1i R8lle ]2
truong hop riéng clia dinh 1f Lagrange.
Bay gid, ta viét cong thitc Lagrange (5.5) dudi mot dang khdc ; rr
(5.5)co:
(5.7 f(x+h)=f(x)+f(x+ 6h)h;0< 08 <]

gc)y=0.1

Cang thic nay cho mot cich tinh gid tri cia f tai 1an can x khi biét.
gid tri cia f(x) va dao ham f' tai lan can "rat gan” x. Mot cdch tu
nhién, ta ¢at van dé néu bi& thém dao ham cic cap cao cia f tai x
nita thi liéu c6 thé biét chinh xdc hon gid tri cha f tai lan can x hay
khong ? Chinh céng thac Taylor da sny réng cong thic (5.7) va cho
‘mot tra 10 vé cau hoi nay.

Cong thue Taylor.

Cho ham s6 f(x) hién tuc trong khoang dong [a, b] va kha vi d&n
(n + 1) 1an trong khoing ma (a, b) ; ta dat van dé tim mot da thiac

P,(x) ¢6 bac khéng vuogt qua n sao cho vai motc € (a,b)tacod :
(5'8) f(c) = Pn(c) , f(C) = P'n (c) ; “"; f{n)(c) = Pn(n)(c)
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Ta sé tim da thic P, (x) dudi dang :

(5.9) P(x):=aj+aj(x—c)+ay(x— c)2 +..o+ag(x - c)r‘

Muén th€ chi cin xac dinh cdc hé s8 a, aj,... , a, thod yéu cau
(5.8) vira dat ra ¢ trén. That vy, thé gid tri x = ¢ vao (5.9) ¢é

(a) Py(c) = a,. Hon nira 14y dao ham P’ (x) ta cé

(bYP (X} =2, +2ay(X =€) + ... + na, (x —c)" |
Lay dao ham cip hai P” (x) ta dugc :

(c) P'(x) = 2ay + 3.2a5(x —¢) + ... + n(n — Day(x —c)" :

Tiép tuc 12y dao ham nira ta duge :

n
PO =kla + Y, (-1 G -k + Dajx—cy™*
@ ekl 1<k<n

Tir cdc he thivc (a) d&€n (d) i chox=c;tasuyra:

f'(c) f'(c) £ ¢c)
a0=f(c);a1-—- ;32=T ,..A,an'—‘T

I
Nhu vay da thic P, (x) thod yéu cdu (5.8) ¢6 dang cu thé

(5.9) P (x) = f(c) + El('i)(x -c) .+ %(x -—c)2 +...+

f(")(c)

(x-c )
Bay gio ta dat
(e) R, (%) : = f(x) - P.(x)
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Vi theo gia thiét, f kha vi dén (n + 1) 1dn, va theo hé thic {(e) tacéd :

() Ry(e) = R'y(e) = R"y(c) = ... = R, ™) = 0
Bay gid, nén dat G(x) : = (x - ¢)" Y thi cling ¢6:
(2) G(e) = G'(c) = ... = ™M) =0va G * Dey = (n + 1)

Giasttx 2c ; x € (a, b) ; tir céc hé thac (f) va (g) ta c6 :
Ra(X) _ Ry(x)~Ry(c)
G(x) G(x)—-G(c)

Ap dung dinh i Cauchy vao ti s6 trén ta dugce
R“(X) — Rn(x)_ Rn(C) - Rln(cl)
G(x) G(x) - G(c) G'(¢c)

v8i ¢| nam giiia x va c. Ciing tir cic hé thue trén, 6 :
R'n(e))  R'h(cp)—R(c)
G'c;) G'le))-G'(c)
Lai dp dung dinh 1f Cauchy vao ti 56 trén ta dugc :
R'p(c)) _R'y(e)-R';(c) R",(cy)
G'(c})) G'(¢)-G'(c) G"(cy)

vdi ¢, ndm gilra ¢, vac.
Nhu thé, sau (n + 1) 1dn 4dp dung dinh Ii Cauchy ta duoc :
R,(x) _RAM(@)
G(x) G"*(t)
Tir hé thiie dinh nghia G(x) ¢6 : G™ (%) = (n + 1)! véi moi x, do d6 :
Gt V@) =(n+ 1)
(n+1D)!
Mit khdc, tir hé thic dinh nghia R (x), suy ra:

n+l

va R,(x) = (x ~c)
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“6p.

f(nfl )(E)

(n+ 1!
Téng két cac két qua trén, ta di dén dinh 1( :
Dinh li 5.5. (M& rong dinh Ii Lagrange).

Tudé, suyra: Rp(x)= (x - c)*!

Néu ham f(x) xdc dinh cé dao ham dén cdp n lién tuc trong
khodng déng [a, b), ¢6 dao ham cdp (n + 1) lan trong khodng mo (a, b)
thi véi bdt ki ¢ € (a, b) luén cé

(5.10)  f(x) = f(c) + 1(‘:) c)+%(x—c)")‘+...+

(n) (n+1) —

+ f (C) (x _ C)n + f (C)(x _ C)n+l
n! (n+1)!
véi © ld mot s6 nam giita x va c.

Ngudi ta thudng goi cong thitc (5.10) 1a céng thic Tayloi va biéu
di&n mot ham s6 f(x) dudi dang (5.10) dudc goi 1a khai trién Taylor
hitu han cha ham s6 f(x) tai diém x = c.

Pac biée, khi ¢ = 0 thi (5.10) duoc goi 12 khai trién Mac Laurin
cua f(x) va khi d6 (5.10) cé dang :

f'(0)  f'(0) 2

(5[1) f(X)—f(0)+ —l’— TX + ...+
, f0 o (PR g
n! (n+1)!

v1 0 thoa0<B <.

¢ Nhdn xét.

(1) Néu dai X : = ¢ + h thi cong thie (5.10) ¢6 dang
(C) f (C)hz

2!
A G PRI M CR A VS
n' (n+1)!

va dac biat, vd1 n = 1 thi cong thirc (5.10) chinh la (5.7).

(5.12y f(c+h)=1(c) +

+ ...+
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N6i khdc di, cong thitc (5.10) da tra 16t cdu hoi dat ra & trén, néu bit
thém cdc dao ham cdp cao cia f tai x = ¢ thi viéc tinh Xap xi gia tri clia f tai

1&n can ¢ cang chinth xdc va chinh luong R, : = ﬁf("“)(c + E]h)h'”'1
n+1)!
cho do chinh xdc cla f(c + h) va khi thay f(c + h) bdi :

' L {n)
f(c + h) = f(x) + £%h+wh2 + ..+ ()

hl')
2! n!

thi nhan mot sai s6 khong vugt qud (—Ll; £+ D e 4 Gh)h“”l. con
n+1)!

mot tré ngat nira 12 rdt tiée trong bifu thite R, ching ta chua xdc

dinh duoc chinh xdc gid tri Bh thi chi biét 6 1a mot s6 duong gém
gita O va 1 : ddu la ta da gia thiét f c6 dao ham dén cap (n + 1) tai
moi diém thuoc (a, b). Tuy nhién trong rat nhiéu trudng hgp, vdi cic
ham s6 so cap co bin quen thudc, ta ¢é thé udc luong duoc mot can

trén cla f(“)(x) ; nghia la ttm dugec mot s6 M > 0 sao cho

|f™ x| < M. x € (a. by

Khi d6, viéc xdp xi gia tri f(c + h) dugc coi nhu hoan hao vi muon
tinh f(c + h) chi cdn thyc hién cdc phép tinh s6 hoc (+, -, x, :) va di
nhién biét cic dao ham ™ (x).

(2) San day sé& gidi thiéu mot s6 khai trién Mac Laurin hit han
cita mot s& ham s& so cip quen thude. ‘

(a) Khai trién f(x) = (1 +x)™ ; m nguyén duong.
Dé dang kiém tra lai rang

f0)=1:£(0)=m: f'(0) =m(m - 1), ... {™©@)=m!; §¥™*D(©0)y=0.
Do d6, dung cong thic (5.11) ta dugc :

(5.13) (l+x)m:1+%n|-x+m—(r%;l)x2+.

N m(m—l)..];('m—k-rl)xk .

o
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thay x boi —x ta lai ¢é :
(5.14) (1= =1 - My mm=D o
1 2!
. m(m—l)..l;(‘m—k+l)xk .

+ ...+

+ (-1 e+ (D)™™,

(b) Khai trién f(x) =

1+ x

Dung lai thi du (a) muc 4.4, chuong 4, ta dugc :
p ™ n n!
O | | —
Tu d6, c6: ’

f(0) =1 ; £(0) = —1; f(0) = (=122 ; ...; £M(0) = (-1)"n!
Do viy, diung cong thire (5.11) ta duoc

(515) L =]1-x+ x2 -+ (_1)ﬂxn + (_1)n+1 1 n+1

X
1+x (1 +ex)ﬂ+|
—V—~J

Thay x bot —x vao cong thiic trén ta duge 0(x™)

(5.16) ! =l 4+X+ X2 4.+ x“+; n+l

X
1-x (l +8x)"+l
—_—

(c) Khai trién f(x) = In(J +x). o(x™)

. . . |
Ta dé y rang f(0) =0 va f'(x) = ——, do vay :
1+x

D (x) = (="
(1+x)

(dung thi du (b))

n+l

Do d6 :
x2
SAND I +x)=x — -2-— + ..+

a1 X" n |l 1 n+l
+ (- —+ (-] . X
n n+1 (1+0x)"
R —
ox")
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Dac biét néu x 1a VCB thi ihubng dung cong thitc (5.17) duci dang
2

(5.17a) ln(1+x)=x~—)£2—+o(x2)
va thay x bdi —x, ta cé :
2
(5.17b) In(l - x)=-x — 1‘2—+o(x2>

(d) Khai trién f(x) = e*.
VifO)=1;f0)=1,.. '(0)=1nén

2 n Ox
(5.18) P P S I L L L NPT P
1 2t n! (n+1)!
;\f—/

( n
Dic biet khi x 13 VCB thi thudng diing cong thic
2
(5.18%a) cx=l+1+}——+o(x“).
I 2!

(e) Xhai trién f(x) = sinx.
Dung thi du (a) ta dugc
(M) = (-1)¥ sinx ; véi n =2k
(—l)k cosx;viin=2k +1

Do dé, ding cong thic (5.11) ta duge

3
(5.19) sinx = x — 537 + ...+

x2n~l 2n
+ (=D (=) sinbx, C0<B<]
2n-1)! (2n)!
—
Tuong tu, ta cé : 0(x*";

2
(5.20) cosx =1 - -%— +

2n 2n+l
+ (=" X4 (-t X cosx ,0<B<
2n)! 2n+ !
\__w___/
0(X2n+l)
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Dac biet khi x 1a VCB, ta thuding ding cic cong thirc
3
(5.19a) sin = X — %’—4- o(x3)

2
(5.20a) cosx = 1 — "7+ o(x?)

(fy Khai trién f(x) = (1 +x)*, o € R, a # 0. Co thé ching minh
duge rang :

(521 A+ =1 +ax + HE" D2y

2!
Qe (a-k+) g
k!
. a(a—l)...(:I"n+l)x“ + x".o(x)
n:

Pic biet :

(5.21a) JI+x =l+%x—éx2 +x2.o(x)

(521b) ! =1—%x+%x2+x2‘o(x)

J1+x

e Khai trién hitu han :

Cic cong thic (5.10) ; (5.11) va cédc cong thirc tir (5.13) dén (5.21)
c6 mot dang chung : d6 1a biéu dién ham s8 f(x) dusi dang 18ng mot
da thic va mot biéu thitic dan t6i khong lan can mot diém x4dc dinh
nao dé, nghia 1a f(x) c6 dang

- f(x) = Py(x — ) + o((x = &)™)
trong dé P,(x —c) 1a mot da thic cé bac khong vuot quia n va
o((x - ¢)") 1a mét VCB bac cao hon n khi x — c.

Ta cling n6i ring f(x) nhan moét khai trién hifu han cdp n lan cdn

diém x = ¢, va da thitc P (x - c¢) dugc goi 12 phdn chinh bdc n cla

khai trién him han.
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Chfang han cdc cong thic (5.17), (5.18), ... 14 cdce khai trién hitu
han cha c4c ham s6 In(l £ x), e*, ... lan can diém x = 0.

Ngudi ta ciing ching minh duoc khai trién hitu han cé cdc tinh -
chat sau day : Cho f, g 1a hai hAm sé nhan khai trién hitu han 1an can
diém x = 0, khi 46

(1) M + g ; X € R cling nhan khai trién hiu han 1an can diém x = 0.

(i1) f.g cling nhan khai trién hitu han 1an can x = 0.

(ii1) N&u f(0) = O thi ham hop g[f(x)] ciing nhan khai trién hitu han
lan can x = 0.

(iv) Néu g(0) # O thi f/g cling-nhan khai trién hitu han l4n can x = 0.

Dudi day s€ gidi thiéu cdch ding khai trién hiu han dé tim mét s6
Bidi han.

X x xy-1
(a) Tim lim (2% + 3% — §)y2 *3-2570 79
x—0

In(2% + 3% —5%)
(2% +3* -2.5%)

Goi biéu thitc ¢4n fim gidi han 1a A, tacé: InA =

Mait khac, ta cé :
X L 3X _§X = cxlnz 3 exln3 _ f:xlnS

=1 +xIn2+1+xIn3 -1~ xIn5 + o(x)
=1+ xln—6— + o(x)
5
Vay In(2* + 3% - 5%) - xlng— va

X 3% _ 9 5X = Xn2 | xind _2exln5

=1+ xIn2 + [ +xIn3 - 2(1 + xIn5) + o(x)

L]

xln% + o(x).

Cudi ciing
Xinz InS/1n-S.
lim In A = lim vi imA=¢ 5 25
x—=0 x>0 315 _6_ x—0
25
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(b) Tim lim| —— bbw,ab:tO?
W-T=-x" 1-x7

Khai trién hitu hanctiia 1 — x*, a#0lancanx =113

a(a-1b

- x™ = —a(x— 1) - (x-1)% + o[(x — D2].

Mat khic, cé

a b =a(l—xb)—b(l—xa)=a—b+o((x_1)2)
1-x* 1-x° (1 —x*)(1-x")
Dodé:lim[ a_ b }:a'b.
x>l 1 -x®  1-xP 2

5.2. Ung dung cac dinh }i vé gia tri trung binh

Trong muc nay ching ta sé nén mot s6 1ing dung da dang cia tinh
chat kha vi cila mot ham s8, didc biét cac dinh 1 vé gid tri trung binh.

5.2.1. Kl dang vé dinh
Dinh Ii 5.6 (De L'Hospital).

Gid si cdc ham s6 f(x), g(x) xdc dinh, khd vi tai lan cdn x = a (a € R),
cé thétrix tai x = a. Néu lim f(x) = lim g(x) =0, g’(x) #0 & lén can’

X—a x—a
X = a.
Va néu lim M =A thi lim M = A.
x—a 2'(x) x—a g(x)

Ching minh.

Theo gia thiét f(x), g(x) kXha vi tai 1an cin x = a nén lién tuc 4 do.
Néu f(x), g(x) khéng xdc dinh tai x = a, ta b sung gia tri cia ching
tai X = a bang cich dat f(a) = lim f(x) =0, g(a) = lim g(x) = 0. Khi dé

X—a X—a
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f(x) va g(x) lién tuc & lan cén X = a va ca tai X = a. Do dinh i Cauchy
ta cé
f(x) _ f(x)~f@@ _f'c)
5(x)  g0-ga) g
vdi ¢ 12 mot diém nao d6 nim gilta x va a.
Khi x > athic —> a.

Vay néu lim ——= oo = A thi Iim@=A. n
x—a g'(X) x—a g(X)
s Nhdn xét
(1) Truong hop Iim fx o, dinh If De L'Hospital van ding ;
x—a g'(X)
that vay, khi dé :
llm .g_(_x_) =
x—a T'(x)
vh do d6 theo dinh i trén : ta cing ¢6 lim 22 = 0, do d6
x—a f(x)
i %) f(x) , —%im f' (x)

x—a g(x)  x-ag'(x)
{(2) Truong hop x — o van ¢6 thé ding duoc dinh Ii 5.6 ; that vy, khi

d6 chi can thirc hién phép doi bién x = — c6t — 0 (khi x — =), do vay
t

1
f(x) = f[—{J = p(b)

1
g(x) = g(;) =q(t)
Hién nhién, khi dé :

¥ f(x) Py
1m — = lim
x—e §(X)  t-0q(t)
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Do vay, diing dinh 1f 5.6 va nhan xét (1) ta vin ¢é

gim 00 gy B0 i PO, [0
x>0 g'(X) =>0q'(t) t=0q(t) x—wg(Xx)

(3) Truong hop f va g kha vi tai lan cén a trir ra tai X = a ;

lim f(x) = lim g(x) =+ va g'(x) # 0 tar 14n can a. Khi dé néu
X—4d X—a

f'(x) f(x)

lim——= A thiclingcé lim——=
x—a g'(X) x—a g(x)

P& khdi rudm ra chiing ta khong chimg minh ménh dé nay va chi
néu mot 3 thi du Ap dung.

* Thi du.
3 0
(a) lim ; (dang —).
x—0 X —Sinx 0 )
2 2.\
Tacd: lim (X Y o = hm 3 = limﬁ)— =
x20(X—sinx)’ x—0l-—cosx x—0(1-cosx)’
- 6x = 1im (6x%)
x-»Osmx x—oO(SmX)
3
vay lim =6,
).«.()x—qu
Inx
(b) lim —, (> 0); (dang -—)
X—>+x xu
1
) ' . Y . 1 .
Tacé  tim S = gim —% = jim ——=Lyin L oo
1=t (x3) xo4m0 gx® L xorogx® ax-rex®
vay:  lim ™ =0
X—+0 x
() hm(x 4)tg[ ] (dang 0.x)
x—>2 4
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Pua dang 0.0 vé dang % bang cach viét

2 p—
1im(x2—4)tg[’%] — lim X2

Xx—2 x—2 X
cotg| —
)
(x% -4y 2x
Tacd: lim —————— = lim =
x—2 ax X2 /0 5 x ) -
cotg —J (—J(~1). sin [—J
4 ) 4 4
\
2x.4sin2(—n§£J 16
= lim—m8m L = -—
X2 -1 i
. . ) X 16
Vay: hm(x° - dHtg| — |=——
X—2 4 T
(d) lim XrsinX . (dang i‘3).
x—=+m 22X 0
Truong hop nay dinh 1i 5.6 bit luc, that vay :
(X +sinx) — lim 1 +cosx - lim cosz-)—(—
x>0 (2x) x=im 2 X0

Khi x — +o thi cos% khong xdc dinh, do viy, khong tén tai

(x +sinx) vtuy nhién, khong phai vi th€ ma két luan khong ton

x—+o  (2x)

e , . X+sinx !
tai giG1 han cia lim vi ludn cé :
X—=+7  2X
1 sinx
. X+sinx . 1
tim 2 g X oL
x—+o 22X X—+0 Z Z

Bay gio ta xét thém mot s6 thi du 4p dung khai trién hiru han dé
khtr dang v6 dinh.
(e) Tim lim SmX X ; (dang 9).
N ¥(] — cosx) 0
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Ding khai trién hitu han (xem (5.19)) c6 :

sinx — x = —%XE + o(x3) s X(1 — cosx) = -;—x3 +o(x3)
3 3
. ~—X" +0o(x7)
Dodé: lim-S""% _jm6~ "L
x—0 X(I —cosx) x—0 lXB +0(X3) 3
e n
() Iim | ——x |tg| —+ 4} ; (dang 0.x)
R\ 4 4

Xx——
4

Pat x =~ +h ;6
4

n
—hsin| —
_ n n . sm[2+h] . —hcosh
hm{—-xjtg| —+x |[= lim —————= = Ilim =1
nl 4 4
X~>—

h—0 cos(£+ h) h—0 —Smh
4 2

(g) lim (L - —L}; (dang e —o0)

x—0{ sInX  tgx
2
) X 2
Ta c6 .1 b —.cosx _ —2-+0(x )
sinx  tgx sinx X + o(X)
. 2
X 2
—+0(x")
Do d6 lim #--1—}: lim2— =
x—0\ SInX tng x50 X +0(X)
X
tg—
(h) Tim lim(2 —x) 2 ;dang 1™).
x=»]
T
- ~cos—t
Patx=1+t;1g—=(1+1) = , do viy
2 sin—t
2
t X —cosﬁtlsingt

A=QC2-x) 2 =(1-vy 2 2

160
-_—



Ly iogarit tu nhién, c6 :

id
cos—t
InA =- In(1-1t) = _Lro) (-t + o(t))
. T
sin—t —t+o(t)
2 2
= —2-(t +o(t)(l + 0([)).—-l-—
T 1+o(t)
Dovay JimInA== vi imA=1im(2-x) 2 =e"
1-0 i t—0D x—l

5.2.2. Khdo sat su bién thién ciia ham s

Viéc 4p dung dao him dé khao sat su bién thién cia ham s6 dua
vao dinh 1i sau :

PDinh li 5.7.

Cho f la mét ham sé xac dinh, lién tuc trong mét khodng déng hiiu
han (a, b} va khd vi trong khodng md (a, b), khi do :

(1) Diéu kién dt c6 va di dé fix) tang (gidm) tyong [a, b] la f(x) >0
(f(x) £0) voi moi x € (a, b).

(2) Néu f(x) >0 (f(x) <0) vdi moi x € (a, b) va néu fi(x)> 0 (f(x) < 0)
tai it nhat mér diém x thi fib) > f(a) (f(b) < fla)).

Cluing minh.

Cich ching minh trudng hop f(x) giam tuong tu trudng hop f(x)
tang, & day ching ta chi chimg minh trudong hop f(x) ting.
(1) Gia st f tang, khi d6 f(x + h) 2 f(x) vdi h > 0 va f(x + h) < f(»)

v6i h < 0 va do db m——f‘”hg'f(")

>0, h # 0 ; bang cach chuyén qua
gi6i han, ¢6 f(x) = 0.
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Nguoc lai, gia st f(x) 2 0 véi moi x € (a, b) ; lay hai diému<v
cua doan (a, b] ; theo dinh li Lagrange co :

f(V) - fwy=(v-u)f(w)vdin<w<v, dodd:

f(v) — f(u) = 0, nghia la f(v) > f(u) ; f(x) ting.

(2) Néu f'(x) = 0 véi moi x € [a, bl, theo (1) f(x) tang trén [a, b},
do d6 f(a) < f(x) < f(b) vdi moi x € {a, b). Néu ta ¢ f(x) = f(a) thiw
f ting nén dao ham phai triét tiéu 1ai moi X € (a, b), diéu nay mau
thudn véi gia thiét ton tai it nhat mot x € (a, b) sao cho f(x)> 0. B

Dinh If nay ¢ mot hé qué diing dé tim cdc ham troi trong gidi tich.

Hé qud 5.8

Cho f, g la hai ham s6 xdc dinh, lién tuc trong {a, b], khd vi trong
(a.b). °

(1) Néu fla) <gla) va néu f(x) <g'(x)véi moi x € (a, b} thi fix) <g(x)
vl mot x € [a, b].

(2) Néu fla) <gla) va néu f(x) < g'(x) véi moi x € (a.b) !ﬁif(x) < g(x)
vl moi x € [a, b].

Chimg minh.

bDath:=g-f

(1) Ham s6 h xac dinh, lién tuc trong [a, b] va ¢6 dao ham h'(x) > 0
v6i moi x € (a, b), do dé h tang trong [a, b), nghia 1a h(x) = h(a), theo
gia thiét h(a) > 0, rir d6 h(x) = 0 hay g(x) > f(x) vdi mol X € [a, b).

(2) Cho x € (a, b), khi dé h'(t) > 0, v6i moi t € (a, x), dinh Ii rén
chitng té rang h(x) > h(a) > 0. do d6 g(x) > f(x). I

Thi du.

(2) V6imoi x> 0,c6 1 + x < e~.

Cho x > 0, cdc ham f(t) : = 1 +1t; g(t) : = ¢' lién tuc, kha vi trong

[0, x]vaf(y=1;g®=e", dodé ()< g (t) véi moit e (0, + o),
tir hé qua suy ra f(x) < g(x).
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(b) Vi moi x e [o, g] ¢6 Sinx < X.

Chi can 4p dung hé qua trén vdi f(x) = sinx va x{x) = X.

Tim cuc tri ciia ham sé

Bay gid ta néu mot vai ménh dé gidp cho viéc tim cure tri mot ham
s6 f(x) kha vi trong khoang (a, b).

Dinhli 5.9.

Cho ham sé'f, xdc dinh, lién tuc trong [a, b}, khad vi trong (a, b) (c6
thé trit ra mot s6 hitu han diém) ; gid st ¢ la mét diém thod a < ¢ < b
(c6 thé tai x = ¢ ham f khong khd vi).

(1) Néu khi x vuot qua ¢ ma f(c) doi ddu tir + sang — thi f(x) dat
cie dai tai x = c.

(2) Néu khi x vuor qua ¢ ma f(x) doi déu tx — sang + thi jix) dat
cire Héu tai x = c. )

(3) Néu khi x vuor qua c ma f(x) khong déi ddu thi f(x) khéng dat
cuc tri lai c.

Chitng minh. .

Chiing ta chi cdn chitng minh trudng hop (1) ; cic trudng hgp sau
ciing lap luin tuong tu.

Gia sir x 1a mot diém thuéc lan can diém x = ¢ va x < c, khi dé-
theo gia thiér : f'(t) > 0 véi x < t < ¢, do do f(x) tang trong {x, c¢] (dinh
If vé ham tang). do dé6 f(c) = f(x) ; 14y X > ¢ thudc lan can diém ¢ ;
theo gia th:&t f'(t) < 0 vdi ¢ < t < X, do dé f(x) giam trong [c, x],
nghia la f(c) > f(x). Nhu thé véi moi x thuoc lan can diém c, luén cé
f(c) > f(x), f(x) dat cuc dai taix =c. B

TiM du
Xét ham s6 f(x) = Yx~ ; him s6 niy xac dinh, lién tuc tai x = 0
va lan can no6 ; tuy nhién tai x = 9 ham s6 khong kha vi (khong cé

4ao ham hitu han) ; mat khac trong lan can diém x = O ; trir chinh
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diém x =0 : dao ham [(x) = —3’;; f(x) < 0 khi x < 0 va f(x) >0 khi
3VX

x > 0, dao ham ddi dau tir - sang + ; x = 012 diém cuc tiéy ciia ham so.
Khi f(x) ¢6 cde dao ham ¢ap cao. ta con ¢ dinh Vi :
Dinh 1i 5.10.

Gid st f(x) c6 dao ham lién tue dén cdp n tai lan cdn diém c,
ngoai ra grd siv :

Ser=f1er == fNey =0 {0 =0,
Khi 46
(1) Néwn chdn thi fix) dat cuec tri tai x = ¢, cu thé':
X = ¢ ladiém cue riéu néu f(n)(c) >0
x = c la diém cuc dai néu f(“’(c) < 0.
(2) Néun le thi f(x) khéng dat cyc tritai x = c.
Chitng minh.

Dung khar trién Taylor tai 1an can diém x = ¢ va chii y dén gia

thiet fc)=f'(c) =... = (" Ney=0: ¢6:
{(n)
f(x) = f(c) + f fd) (x -c)"
n:

vdid g gira x va c.

Tir bidu dién trén, suy ra : ué€u n chan : (x =¢)" >0 va néu
f™c)y>0;vi f®(x) lien tuc tai 1an c4n x = ¢ nén ¢6 mot lan cén
dii bé 20a ¢ sao cho {™(x) > 0 vai x thuéc lan can dé, do vay : trong

lin can dé : = (x - ¢)" > 0, nghla 1a f(x) > f(c) v&i moi x thubc
n!

14n can dé, do dé {(x) dat cuc tiéu tai x = c. V3i truong hop f™Mc) <0
ciing 1ap luan twong v, di dén két luan x = c 12 diém cuc dai ciia f(x).
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Bay gid néu n 1¢, khidd (x — o)" déi dau khivugtquagid trix = ¢ ;
do vay f(x) — f(c) ¢6 dau thay déi khi vuot qua gia tri x = c. Vay x = ¢
khong thé 1a diém cyc tri. I

Thi du.

(¢) Xét ham s6 f(x) = x> f(x) = 3x?

F'x)=6x; f(x) =6 :taix=0cé F(0)=1'(0)=0va f0)= 6
x = 0 khong thé 1a diém cuc tri.

(b) Xét ham f(x) = sinx, 0 < x < 1 ; f(x) = cosx ; £'(X) = —sinx ;

) " . ’
f‘(ﬁ =0 f"[E =-l;x= 2 12 diém cuc dai cua ham s6.

2 2 2

Thi du nay got y rang khi xét dau f(x) khé khan thi ngudi ta dung
dao ham cap cao dé tim cuc iri clia hm 8.

5.2.3. Ham so’ 161

Pinh nghia.

Ham s6 f xdc dinh trong khoang 1 dugc goi 1a 161 néu véi moia, b e |
véimoit € [0, 1] ludn ¢o

tf(a) + (1 - f(b) = f(ta + (1 - t)b),
bit dang thirc nay thuomg duge goi la hdt dang thic 16i.

Hiay xét biéu dién hinh hoc clia mot ham s 16i trong 1. Trudc hét,
dé y rang néuc =1a + (1 — t)b, 0 <t < | thi nhat thiét ¢ € (a. bl
ngoai ra trong mat phang toa do. diém (ta + (1 — t)b, tf(a) + (1 — t)f(b)
ding 12 nhilng diém cia doan AB véi A(a, f(a)) va B(b, f(b)). Bat
ding thuc 18i chimg (6 rang véi
moi ¢ € [a. b), thi diém cra do
thi cia f cé hoanh do ¢ 1uon

N i tf(a)+ (1-t)f(b
nam dudi diy cung néi A va B f()()f() -----
(A, B 12 hai diém cta doé thi cia
f itng v&i cic diém c6 hoanh do - * -t1b
a v b) (hinh 5.5). Diéu d6 ding — . — i>( Y .
vl moi khoang (a, b) ¢ 1. Hinh 5.5,

vt
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Ménh dé sau day cho dau hiéu nhan dang ham s6 16i.
Ménhde 5.11.

Cho f, mét ham s6 xdce dinh, lién tuc trong mét khodng I nao dé,
gid s f cé dao ham cdp hai f* > 0 trong I. Khi dé, voi bdt ki a < b,
a, b el, ham s6 f16i trong [a, b].

Chimg minh.

Dat g(t) : = tf(a) + (1 — Of(b) — f(ta + (1 — t)b), mudn chimg minh
f 161 trong [a, b] chi can chimg minh f thoa bit dang thuc 16i, nghia 1z
ching minh g(t) > 0 v8i moi t € {0, 1]. That vay, tir biéu thiic dinh
nghia, ¢4 :

g'(t) = f(a) — f(b) — (a = b)f'(ta + (1 — 1)b)
Theo cong thie Lagrange,l ton tai ¢ = toa + (1 —t)b, t; € (0, 1)
sao cho:a<c<bvaf(a) - f(b) = (a — b)f'(c).
The gid tri f(a) — f(b) vao bién thitc cha g'(t), dugc :
g'(t) = (a = b)[f'(tya + (1 —t,)b) — f'(ta + (1 - 1)b)]
Mat khic, theo gia thi€t "> 0O nén f taing ;a—b<Ovata+ (1 —t)b<
<tsa+ (1 -t )bkhivachikhit>t,tacég'(t)=g,)=0néut<t,;

g'(1) < g'(ty) néu t > t,. Vay g(t) tang trong [C, ] va giam trong [t,, 1] ;
hon nita vi g(0) = g(i) = 0, do dé g chi ¢6 thé 1dy cac gia tri duong
trong (0, 1). I

Nguoc lai khai niém 161 1a khai niém 16m, mot ham s6 f xdz dinh
trong [a, b) duoc goi 1a /6m néu f (hod bat dang thic 16m :

tf(a) + (1 —of(by < f(ta + (1 —t)b) ;1 € [0, 1].
Tuong wr trudng hop 13, ¢6 thé ching minh ring :

Né&u f xic dinh. lién tuc trong I ; ¢6 dao ham cap hai f* <0 trong 1
thi f 12 ham s68 16m trong L.
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Qua minh hoa hinh hoc d trén c6 thé néi rang dd thi cua ham s6
16i ludn ndm rén ti€p tuyén va dé thi ham $6 16m ludn nam dudi 1iép
tuyén (hinh 5.6).

y{t yu
> >
O a) X O b) X
Hinh 56

M6t diém I(c, f(c)) cta dd thi cia ham sa y = f(x) dudc goi la
diém uon clia do thi néu dao ham £*(x) ddi dau khi qua gid tri x = c.

Thi du

1y L
Xéthaim s6 f(X) = ——¢e 2 ,céf(x)= —~ xe 2, f(0)=0,

Van Jar

f(x)>0vdix<0; f(x) <D vd x >0, do dé x = 0 la diém cuc dai ;

-—X

2
hon nira £'(x) = e 2 (xXX=1. ()= =0:f'(x)> 0 Véi

27

x<-lhoicx>!1 ' (x)<0vdi-1<x<l Dodécicdiémx=1=1
12 hai diém udn ca dé thi.

* Cac badt ddng thirc 16i

(2) Bdt ddng thitc Jensen

Cho f 1a m6t ham s6 161 trén [ : = (a, b), khi d6, vdi x|, X5,... X, € ]

n
va véi |, Ay, ... A, € [0, 1] sao cho Z A =1, ludn c6 :
k=1

n n
f[E xkxk} < DM f(xy)
k=1 k=1

Bat ding thifc trén chinh Ia bat dang thic Jensen.
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Chimng minh.

Bit dang thic trén 13 tam thudng khin =) ; v8i n = 2 thi d6 chinh
12 dinh nghia tinh 61 cia f.

Bay gid ta s& quy nap theo n ; that vay, gia su bat dang thac da
ding v61i mot s6 nguyén n > 2 nao dd, nghia la v6i mo1 X, X3, ..., X, € [

n
va vdi moi Ay, Ay, ..., A, € [0, 1] sa0 cho Zkk =1, tacd
k=1

n n
f{zkkxk]s 3 Ay ()
k=1 k=1

Ta 12y Xq. .. Xp Xpap € TVA &y, Ao oy Ayl Ay € 10, 1] sa0 cho
n+l

Z Xy =1 (dé trdph ki hiéu rudm ra, 1a dung X, 2. nhung di nhién, nhimg
k=1

X, & nay khic vai x, & di ding trong gia thiét quy nap). Néu Ay =i, =... =
X = O thi bat dang thirc mudn ¢6 1a hién nhién.
.Giasit &,,1 =1, n khong dong thai triét tieu, dat

n
c= Zlkzl— Apset >0, vax' = —Zkkxk
k=I

k=1
Vi x, e, i=t.nnenx el. Dung dinh nghia ham 16i, ta ¢ :
n+l
1Y x| = flex '+ (1= 0)xqyy) <
k=1

< cof(x) + (1 = o)f(x,4p) = cf(X’) + Aoy f(Xps))
Mat khdc, ding gia thi€t quy nap ta duoc :

1 N
f(X)'f(Z—-—XL] ——:ZZukf(Xk)
k=1 k=1
X A
,\—-ZO\-:L ‘ ""‘_:1
(vi . 1 va z - )

k=]
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N on+l

n+l
SUy ra f{z;.kaJS Z kkf(xk)
k=1

k=1
(b) Bt dang thirc vé s6 trung binh.

Choa; 20;1= l,n,dat:

Khi do : ST

wac la trung binh nhdn cde s6 khong am, khong vuot qud trung binh
cong cua ching.

Chimg minh.
Xét ham f(x) = —Inx. x € (1, o) ; hién nhién ' 1a 16i vi f'(x) = — >0,
X2

n
do d5 c6 thé ding bt dang thic Jensen vi duoe, v&i D Ay =1 :
k=1

=1 k=1
n n )
tirc 12 D g < 2 (%)
k=1 k=1
. . 1
bac biet, lay Ay = Ay, =...=% ;= — suyra
n
<.
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(c) Cdc bdt ddng thic Holder va Minkowski

1 :
Chop>1,q>1saocho —+—=1. Khidé
P q
(i) Cho x > 0. y > 0, ding bat dng thic (*) véin =2 ;a, = x”,

i 1 | 1
ay=yl A =—, & =— taduoc xy <—xP +—y4
P q p
Bit dang thirc nay vin dling khi x hoac y biang khong.

(ii) Bay gio cho x;, y;< € R ; In, dat

(g g

Vi ab # 0, ding bat dang thtic cé dudc & phan (i) véi x :=

1
L

y = ly—;-l va dugce :

P q
|Xkyk|=|Xk1_|yk|si x| +i|yk| k=1n
ab a b p aP q p¢

Suy ra

» leml <— lekr’ +— >:|yk|‘*— Ta" + Ly

qb

I
=—=+—=1.

P -q
Thay gi4 tri ciia a, b vao bat dang thiic trén ta suy ra bat ding thic
Hélder duéi day
1

$aun - [iixklp]“f2|ykiq]“

Pac biét, kh1 p = q = 2 thi bit ding thitc trén dugc goi 1a bat ding
thic Cauchy — schwarz.
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(ii1) Vi cung nhimg ki hiéu nhu trén, ta cing ¢é:

d n n
2|Xk + yk|p < Z]Xkﬂxk +Yk|p_l + Zbﬂ(”xk —Yk\p-ll
k=1 k=1 k=1

Tir d6, dung bat dang thic Hslder hai lan, c6 thé chitng minh dugc
b4t dang thitc Minkowski dudi day :
1

5.2.4. S0 do khdo sdr ham sé

o |-

{g]

Viéc khao sdt ham s6 thuong theo trinh (i duéi day :

(1) Mién xéc dinh cua f.

(2) Chiéu bién thién : tim khodng tang, gidm clia ham s&.
(3) Cuc tr1 (néu cdb).

(4) Tinh 161, 18m (n&u cin thi€t), diém uén (néu cb).

(3) Tiém can (néu cb).

(6) Bang bién thién.

(7) VE dé thi.

Sau day, 1ldy mot thi du c6t dé minh hoa cdc budc khao st :

x3

Xét ham s68 f(x) =
x —
X3
(1) Ham sé& chi xac dinh khi

>0 nghia 12 khi Ll >0, tic 1a

X X-

x<0hoicx>1I.
Mién xdc dinh D¢ 1a (-, 0] L (1, +®).

(2) Muén xét chiéu bién thién ciia ham sd, phai tinh f(x).

3 X
Tacé : f‘(x):[x~—]
2§ (x-1)°

171



3
f'(x)=0khi1 x=0va x :?

f'(x) khong xdc dinhkhiO<x < 1.
Sau day 1a bang dau cita dao ham f(x) :

+o0

O (N |w

Tir bang dau cna f* suy ra :

f(x) giam khi x <0 hoac 1<x <—;~

f(x) tang khi x >%.
(3) Cuc 1ri :

(o . 3 . 3.
Dao ham f doi dau tlr - sang + khi vuot qua x :5 do do x =-2- 1a

. - 3 3
diem cuc téu, f[f] \2/— lra y @ diém x = 0 khong phai 3 diém
cuc tri.
| l X
f(x) 4 (x-1)}

(4) Muén xét tinh 161, 16m ; ta tinh " : {"(x) =

f' cung ddu véi

1 nén f* > 0 trong mién xac dinh, do dé f(x) 12
X j—

ham 56 161.

(5) x = 1 12 didm ham s6 khong xdc dinh, do dé dé thi c6 mot tiém
can ddng c6 phuong trinh x = 1. Muon tim tiém can xién ta viét f(x)
dudi dang :
|

f<x):,/ _|x|1f —|x|l+--—2
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5

Dung cong thic khar trién Taylor cia (1 + x)Ol (xem (5.21a) khai
trién Taylor) ¢6 :

[ 1 ]3 t 1 1 1
|+ =1+ —— + j.o(x)
X -1 2= 8 (x-n* (x-1

Do dé ¢ thé viét :

Ix) 1 xl k|
fx) = Ixl+ —— —~———

2Ax-1) 8 (x—1)2 (x—1)2

.0(Xx)

Tu biéu thac trén suy ra :

X 1
X > +o,c0f(x) ~ x+ ~X+—=
2(x - 1) 2
1
X ~wo,c6f(x) - x- ~—X+ -
2(x—=1)

Viy f(x) ¢» hai tiém can xtén :

1
y=X+= khi x = + o,

S

y=—x—= khiXx —> — o0,

s Chuy

Trong nhiéu truong hop dé viéc khio sét duge don gian, ngudi ta
con chid y phdt hién cac dic diém cia ham s6 f, ching han phét hién
tinh chu ki va tinh chan, I¢€ cha ham s6 f.

Mot ham sé f(x) xdc dinh trong mat khoang déi xing [-a, a] duge
goi 1a ham chdn néu f(x) = f(-x) ; x € [~a, a) :

ham le néu f(x) = - (f(=x) ; x € [-a, a].

Vi dé thi cua ham s chan déi ximg qua truc tung va dé thi ctia ham
s6 1€ d8i xing qua géc toa do nén khi khao sdt cidc ham sd nay chi cén
Xét hodc x = 0, hodc x < 0 161 1dy dai xdimg 12 ¢6 toan b6 d6 thi.
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(6) T nhung két qua trén co bang bién thién sau :

8] 1 .
X —an '2— +0r
y' - - 0 +
Y + + -
" 1
Ar=
Y \ 3 /
| 2
1
2
D -
] 13, x
Hinlt 5.7
(7) Do thi (hinh 5.7).
5.2.5. Duing cong cho diei dang tham so
1. Phuong trinh tham so cua duong cong
Cho h¢ hai phuong trinh
x = f(1)
1[ e (e B (1
Ly =g

Khi d6, va1 méi gid tri t € (. 3) heé phuong trinh (1) cho mét cap
gia Iri tuong ung cua x va y va xac dinh mot quan hé ham sé gira x
va y. Trong hé toa do Heécic, néu ldy cip <6 cd thit wr (x, v) cho bai
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hé (1) 1am toa do cha mot diém M trong mat phang thi vai méi tri s
cla t € (a. B) ta c6 mot diém M(x, y) va khi t bién thién trong khoang
(a, B) diém M vach nén mot dudng cong # nio dé trong mit phéng,
vi thé ta goi hé phuong trinh (1) {2 hé phuong trinh tham s6 clia dudng
cong # ; t 1a tham s& vd M 1a diém chay trén 7.

Thi du 1. Lap phuong trinh tham s6 clia dudng thang di qua hai
diém A(a, c¢) va B(b, d).

Nhu da biét, duong thang di qua hai diém A, B chinh 13 dudng

thing di qua A (hoac B) va c6 vectd chi phuong 12 vecto AB, do dé
phuong trinh cia né la : -

X-a y-c¢
= 2
b-a d-c @
x-b y-d
hoac = 2
b-a d-c
Bay gionfutaditm=b-avain=d-cvadattusd:
X—a —c

thy tir phuong trinh (3) suy ra hé hai phuong trinh vdi tham s6 t :
[x =mt+a
i .teR (4)

y=nt+c

Heé hai phuong trinh (4) chinh la h¢ phuong trinh tham s6 cua
dudng thang di qua hai diém A va B.

Cing twong tu, dang tham s ng véi phuong trinh (2') la :

x=mt+b
{ m teR 4")
y=nt+d
Ban doc c6 thé kiém tra lai rang né€u han ché t chi bién thién trong
khoang ddng [0, 1] (t € [0, 1]) thi h¢ phuong trinh (4) hoac (4') chinh
1a phuong trinh tham s8 cha doan thing AR.
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NE&u khir ¢ tir phuong trinh diu cia (4) hodc (4') ta sé thay lai
phuong trinh quen thuéc cha dudng thang di qua hai diém A va B,
vi€t dudi dang trong hé toa do Décdc :

n
y-c=—(x-2a)
m

hoac y_dzi(x_b)
m

Thi du 2. Lap hé phuong trinh tham
s6 cua dudng tron c6 tdm la goc toa
do va ban kinh bang R.

Trong mat phang toa do Oxy ta vé
mot dudng tron C c6 tam la goc toa do
O vi ¢6 ban kinh bang R (hinh 5.8) ; nhu
da biét, phuong trinh cia dudng wron T
trong hé toa do Décdc 1a:

Hinh 5.8
x4 y?=R? (5)

Bay gid, néu ta goi t la géc gifta truc Ox va vectd OM, v6i M la
mot diém nim trén dudmg trdn T, nghia lat = (Ox, OM) thita cé :
X = Rcost
{ C_ ;te [0, 2n) (6)
y = Rsint
Hé hai phuong trinh (6) chinh 12 hé phuong trinh tham sé ciha
dudng tron . Ban doc ¢6 thé dé dang chuyén hé hai phuong trinh (6)
vé dang (5) va hon nifa cing c6 thé kiém tra lai ring hé hai phuong
trinh dudi day :
X = acost
ﬁ[ . te[0,2m) M
(Y = bsint
la hé phuong trinh tham 56 ctia elip ¢ c6 hai ban truc la a va b c6 truc
dd1 xdng tring v&i cdc tryc toa 36 Ox va Oy.

That vay, he (7) cho :
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e

= cost

= sint

ol | =

Do d6:
2 2
X y ) )
—5—+—5:COS t + S
a b

2=t
va phuong trinh nay chinh la phuong trinh cia elip & viét dudi dang
chinh taic.

Thi du 3. Duéng xicloit. Trong ki thuat co khi thuong gip bai toin :
cho mot dudng trdon ban kinh a, 14y mot diém tuy y (nhung di chon
thi Tuén gir ¢5 dinh) trén dudng tron ; cho dudng tron lan nhung
khong truot trén mot-duong thang ; tim quy dao chuyén dong cia
diém d3 chon trén dudng tron (khi dudmg tron d6 1an trén mot dudng
thang). Ta s& giai bai todn trén bing cich lap hé phuong trinh tham
s6 cha quy dao, va dé cho tién, ta 14y diém duoc chon 12 géc toa do O
(xem hinh 5.9). :

Hinh 5.9

Gia sir M(x, y) 1a mot vi tri méi ciia diém chon, N 1a tiép diém cha
dudng ron ing vaéi diém M, khi d6, theo cdch lan, di nhién ta cé :

NM = ON
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Bay gid, néut = NDM , véi D 1a tam dudng tron dng véi diém M,
thi ta c6 :

x = OF = ON — FN = NM - MG = at — asint
y=FM=NG =ND - GD = a — acost
VAy, phuong trinh tham sé cla quy dao la

{x = a(t —sint) e [0, 21] -
y = a(l — cost)

Quy dao cia diém dugc chon trén dudng tron khi cho dutng tron
ian ma khong truot trén Ox duge goi 13 mét nhip coa duong xicloit.

Né&u cho t bién thién tr - oo dén + o thi hé phuong trinh (8) la he
phuong trinh tham s6 cba dudng xicloit.

2. Khao sat dudng cong cho du6i dang tham sé

Tuong tu khi khao sit, v d6 thi clia ham s6 cho dudi dang y = f(x) ;
c6 thé khao sdt mot dudng cong cho dudi dang tham s6 theo trinh tu
dudi day :

1) Tim mién xdc dinh, cdc difm gién doan cia cic ham s6 x = x(1),
y = y(t), Nhan xét cdc tinh chat chin, 1€, tuin hoan (néu co).

2) Xé1 chiéu bién thién ciia x, y theo t bing cich xét diu cic dao
ham x'(t), y'(V).

3) Tim cdc tiém cin clla dudng cong.

Néu khi t - t, hay t - * o ma ca x hoac y hoic ca x 13n y dén t5i
v6 cung thi dudng cong ¢6 tiém can, cu thé 1a :
Néu lim y=2w vi lim x =a(hifu han) dudng cong ¢oé tiém

t—t, t—t,
(t—>xm) (t —>+00)

can ding la x = a.
Néu lim x=zo va lim y=>b (hitu han) dudng cong cb
t-t, t—t,
(t>+wm) (1>+tm)

tiém can ngang lay =b.
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Neéu ca x JAn y dén t8i v6 cling khi t —> t, (t > $oo) thi dudng cong
6 thé cé tiém can xién vi néu déng thdi tén tai cac gidi han

k= lim 2 :b= lim [y-kx]
t>t, X t—t,
(t—>xm) (1t —>4c0)

4) Can c\ vao cic kEt qua trén ta c6 thé vé dudng cong dé thi clia
hé phuong trinh tham s&. Mudn vé duong cong dugc chinh xdc hon,
ta ciing tim céc diém dac biet (néu ¢6) cia duong cong va 1iép tuyén
v4i dudng cong tai cdc diém dac biet. Chi ¢ ring hé s& géc cla tiép
tuyén tai méi diém cua duong cong bing gid tri clia dao ham y', (véi
gia tri tuong Ung cua t)

dx?  dx ')
Sau day ta néu mot vai thi du.
Thi du 1. Khao sit va vé dudng cong cho bai hé phuong trinh tham sé

{x = acost
te(-o,w):a>0 (9)
y =asip’t

R& rang 13 x va y duge xdc dinh véi moi t va x va y khong vugt ra
ngoai kKhoang [-a, al, vi vay duong cong khéng ¢6 tiém can, hon nita
X va y 1a ham s6 tudn hoan vdi chu ki 2x, do d6 ta cht cin khao sat
dudng cong da cho trong khoang [0, 2=]. Ta ¢6

7 . . 3n
x', = -3acos“tsint =0 khit=0; — ; &n; > D20
.2 o n In
y'y = 3asin“tcost =0 khit=0; -i-;n; ~2— 1 2n



Tir nhitng tinh todn trén, ta c6 bang bién thién sau :

. ' n . 3n
t 0 - b — 2n
2
x| 0 - 0 - 0 + + 0
X a a
\ a
vyl 0+ 0o - 0 - 0 +
' / a\. 0
N Ly
Hinh 5.10 cho d6 thi dugng cong a
goi 1a dudng axtréir. Néu khao sdt ti
mi hon, ta nhan thay ring, vén dudng B
cong naytaco: y
-a o)
dy vy, 3asin’tcost
dx X'\ —3acos“tsint
a
Do 436
dx Hinh 5.10
e 0 tai t =0; n; 21 va tai cdc diém déb ti€p tuyén thing dimg.
Y

Ngoai ra, tir hé phuong trinh (9) ta ciing c6 thé khir t bing cich dé
y rang
2/3 2/3

2P < g Bos? s 32 = g2

sin2l
va do dé ‘
X2/3 + y2/3 - a2/3 (9"
Phuong trinh (9') la phuong trinh axtroit viét trong hé toa doé
bécic ; ciing c6 thé thay ring dudng axtrdit dang (9') luén nam trong
duong tron taim O va bdn kinh a.
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Thidu 2. Ld Décdc. Khao sit va vé dudng cong cho bdi phuong trinh
x3+y3—3axy=0;a>0 (10)

Dé thay rang khi thay x boi y va y bai x thi phuong trinh (10)
khong thay déi, do dé dé thj cla (10) d6i xing qua dudng phan gidc

thit nhat.
Bay gio ta dat y = tx va th€ vao (10) ta duoc
4 - 3ax’t = 0
VA suy ra
. 3at
l+t3;n¢-1 (1)
_ 3at2
) 1+1°

Viy hé phuong trinh (11) la dang tham s6 clia dudng cong cho boi
phuong trinh (10), '

Ti hé phuong trinh (11), ta co :

' =3 LLL 0 khit= —
X, =3a.——— x|, = 1t= —
' a2 "t ¥
) 2_t3 : \ 3
y,=—3—2.3al:y'l=0kh1t=0;l=\/i
(1+17)

Khi t — ~1 thica x 1an y dan t&i v6 cing va c6 :

k= lim Z= lim t = -1,
t=-1X to-]

_ | 3a? 3at
b= lim[y-kx]= Iim — +

t>-1 to—1{ 1403 1443
. 2+t ) t(t+1)
= 3a. lim 3 =3a. Iim > = -a.
t>-1l+t >=1(t+ DA -t +1)
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Vay tiém can xién cia dudng cong 1a y = —x — a. Tlr cac k&t qua

trén, ta cd bang bién thién :

t | —o -1 0

CrE

+ao0

x'l + + +

o - _

X / / 0/ &Q/Z\ a2

\0

Y'e B - 0 M

+

;o
+o0 a ///»ayz
\.0/% \.O

bé vé dudng cong durge chinh xdc, ta khao sit thém mot s6 dac diém :

dy _t2-1%)
dx =263

do vay : %:o tait=0, t=32
X

91:::0 tait=a l=-—l—

dx ’ ’ )

Nhu vay, d6 th; di qua goc toa

35 hai lan img vi hai i s6t=0;

{ = o vi cdc tiép tuyén tai db ldn

lvat la truc Ox va truc Oy. Tiém

c4n xién cia dudng cong 1a dudng

thing y = —x — a (xem hinh 5.11).
D)4 thi nay duge goi 1a ld Pécdc.
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5.2.6. Khdo sat duong cong trong hé toa dé cuc

N R Y4
Hé toa dé cuc
Trong mit phang chon mot diém { M
) e RS Yoo,

O ¢8 dinh, goi 1a cyc va mot vects
don vi OP, tia mang vectd OP £01 r
1a truc cuc ; hé toa do xic dinh b < 4 N
cyc va truc cuc dugc goi 12 hé foa do ol P X X

cue (hinh 5.12a). Hink 5.12a

Vi trf cla méi diém M trong mat phang duge xdc dinh bdi vecto
OM, nghia 1a x4c dinh bdi géc ¢:=(OP,OM) va r=10MI| ; @
duoc goi la goc cuc va r duge goi 1a bdn kinh cuc. Goc ¢ 1a mot géc
dinh huéng, 1ay gid tri duong néu chidu quay OP dén trung v6i OM
nguoc chiéu kim d6ng hé va ldy gid tri Am néu nguoc lai. Nén 0 < ¢ < 21
var >0 cap sd cé thi tu (r. ¢) dude goi 13 céc toa dd cuc cha di€m
M trong mit phang. Bang cich xay dung nhu thé, ta da thi€t 1ap mot
song 4nh giFa tap tich Décdc [0, 2n) x [0, o) va cic diém trong mat
phing toa do cuc : mdi diém M trong mat phing tng véi moét cap s8
thit ty (r, ¢) ; riéng diém O thir = 0 cdn ¢ c6 thé 18y tuy ¥ ; va mbi
cap s6 thi ty (1, @) Wmg vdi mdt diém M cla mat phang.

Bay gidf ta tim m&i lién hé giita toa do Décdc vudng géc va toa do
cuc cia cing mot diém M ; ta 1y truc hoanh triing véi truc cuc va -

truc tung wng vai tia @ =§ , 201 (X, y) va (1, @) lan luot 12 toa do cia

cung mot diém M trong hé toa d6 Décdc vudng géc va hé toa dé cuc
(hinh 5.12). Khi d6, theo cic dinh 1i vé phép chi€u vuéng gbc ta c6 :

(5.22) {xzrc_ow 0<@<2m;r20.
y =rsing

Nguoce lai, ta ¢6 :

(5.23) =x+ y2 : tgcp:-)—,
X
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Trong coéng thic (5.23) cé hai géc @ tuong ung (vi 0 < ¢ < 2n) ta
s€ lay géc ¢ sao cho sing cing ddu v8i y vi y = rsing.

2 Thi du.

Biéu thic qua hé toa do cuc cla diém M(—\/i, ). Ta ¢c6
r=+3+1=2, tg(p:—#%;qaz-slt— va (p:—l—gE ; chi 1ay (p:%t Vi

V3 6
. 5m ) R . N S
sm?>0, do 6 toa do cuc ciia diém (=3, 1) 1 [2, ?]

Chu thich. (*)

Nhiéu khi, chang han khi vé dudng cong trong heé toa do circ, ngudi
ta thudng diing toa dé cuc suy réng, theo dé ban kinh cuc r ¢ thé 18y
gia tri &m, géc cue @ duge xdc dinh sai khdc 2kn véi k nguyén. Trén
hinh 5.12b, cic diém (r, @) va (-, ¢) nim trén cung mot dudng thang,
cung cich O khoang cach o
i, nhung & hai hudng (re)
khdc nhau. Cic toa do X
(-1, ®) va (r, ¢ + 7) biéu
dién ciing mét diém. r. v)

3 3
%

X

Hinh 5.12b
» Phuong trinh duong cong trong hé toa dé cuc.

Cho ham s3 r = (@), d6 thi hAm s6 nay trong hé toa do cuc dugc
goi la duong cong trong hé toa do cuc va phuong trinh r = f(¢) duge
got 1a phuong trinh duong cong trong hé toa do cuc.

* Thidu

(a) Phuong trinh r = a, a > 0 |a
phuong trinh dudng trdon tam O ban
kinh a trong hé toa dé cuc.

4

O a X
(b) Phuong trinh r = 2acos. a >0
l1a phuong trinh dudng tron ¢ tam la
diém (a, 0) trong hé toa d¢ Décac va
¢ bdn kinh bang a (hinh 5.13). Hinh $.13
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Khao sit duong cong trong hé toa do cuc

Gia sir cho ham s& r = f(¢) ; muén khao sat va vé d6 thi ham s6
nay, ta thue hién cdc budc :

(1) Tim mién xéc dinh cia f(o).
(2) X4c dinh mét s6 diém dac biét cia dé thi.
(3) Lap bang bié&n thién, xét sy bién thién cua f(¢) theo o.

Dé v& d6 thj duge chinh Xdc hon, 4y
ta thudng xdc dinh ti€p tuyén véi
dudng cong tai mdi diém M cia nd.

Goi V 1a géc duong giira vecto OM
va vecto chi phuong cia ti€p tuyén véi
dé thi tai diém M (hinh 5.14) ; goia 1
goc duong gila truc cuc va tiép tuyén,
tac6V=o-9.

' tgor— ¢
Do dé gV = 22129 Hinh 5.14
1+ tgatge

Mat khdc, theo y nghia hinh hoc cta dao ham c6 :

dy r'sin@+rcos
dx r'cos@Q-rsing

d
trong d6 r' = L
d

Thé gid tri tgo vao bidu thitc cua tgV, ta duge
(5.24) gv="
T

s Thi du.
(a) V& duong xodn &c 16garit ¢6 phuong trinh

r=acb(p‘ a>0,b>0
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Trong trugng hop nay r duge xic dinh véi moi @, khi ¢ tang r
cingtang, @ =0:r=a; ¢ > 40,1 > +®0; ¢ - —w, r = 0 va lic dé
dudng cong quén vé han quanh cuc O : O duge goi 13 diém tiém cdn
ciia duong cong. Theo cong thie (5.24) €6 :

th:i_zl
T a

Do dé6 vecto chi phuong clta tiép wyén véi dudng cong ludn tao
v8i OM mot géc khong déi (hinh 5.15 (a)).
(b) V& dutmg hoa héng ba cinh c6 phuong trinh

r =asin3¢,a2>0
~ PN N < N x 2, b zn hY r'e A N
O day r 12 mot ham s6 tuan hoan véi chu ki ERhe thé chi cin
khio sit ham s& nay trong mot khoang c6 do dai bang chu ki, ching

han, khoang [—g, g] ; hon nira r 1a ham 1€, do vay chi c4n khao sit

trong khoang [0, %]
Tacd 1 =3acos3do -
n
' =0khi ¢g=—
A
r 1
gV =—=—-1g3¢
r' 3

Dudi day cho bang bién thién cla r theo ¢ :

s L4

0 I r

@ 6 3
r 3a + 0 -~ -3a

r 0/ a\ﬂo

gV 0 ® 0




v e’

P4 thi tng vdi khoang [0, g] gém mot cdnh, tng vaéi chu ki

[ = =

[_‘3‘ 5} gém hai canh déi xifng nhau, lin lugt cho dé thi quay cac
géc -251[- quanh cuc sé ¢6 toan bo d6 thi (hinh 5.15 (b))
yt

a)

Hinh 5.15
5.2.7. Gidi phuong trinh f(x) = O theo phuong phdp Newton

Bat todn gidi phuong trinh f(x) = 0 12 mét bai toan ¢6 nhiéu y
nghia vé 1i thuyét ciing nhu 1iing dung. Cho dén nay ching ta chi xay
dung dugc cong thidc tim nghiém clia phuong trinh d6 cho trudng hop
f(x) la cac da thirc c6 bac 1, 2 ; truong hop f(x) 1a da thite ¢6 bac 3, 4
tuy ¢ thé xay dung dudc cong thic nhung viée tinh todn rdt phitc tap,
ngudi ta di ching minh duge (trong gido trinh dai s8) véi da thic cé
bac cao hon bdén thi khéng c6 cong thic tim nghiém ; trudng hop f(x)
la cac ham luogng gidgc co bdn (sinx, cosx, tgx) 1a cing di cé cong
thitc tim nghiem. Khi f(x) 1a mot ham s6 khong phai thude loai 33 néi
trén thi viéc giai phuong trinh f(x) = 0 dugc thuc hién theo hudng tim
mot day s6 thuc (theo nghia 4n, xem 1.3.9 churong 1) {x,), n € N sao

cho {x,]} hot tu dén nghiém thuc a cia phuong trinh f(x) = 0. Trude kia,
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khi nghién citu tinh chit clia ham s6 lién tuc chuing ta da gidi thiéu
mot phuong phdp, goi 1 phuong phdp phan d6i dé xay dimg day
|x,). bay gid ching ta s& ding tinh chét kha vi va dac biét, cdc dinh
1i trung binh dé x4y dung mot phuong phép x4y dung day {x,) héi tu
dén nghiém thuc a ; dé 12 phuong phdp Newron. Trude hét, ta chiing
minh ménh dé :

Ménh dé 5.2.

Gid sit ham s6 f(x) xdc dinh, lién tuc trén {a, b], khd vi trén (a, b),
ngoai ra gid su fla} f(b) < 0 va f(x) khéng doi dau trén (a, b) ; khi d6,
ton tai duy nhat mot nghiém o cua phuong trinh fix) = 0,a < a < b.

Chung minh.

Viéc 6n tai nghiém o : f(a) = 0 1a hé qua 3.1 coa dinh li 3.7 va,
tinh duy nhdt cia nghiém o 12 hé qua cha tinh don dieu (vi f'(x)
khong d6i d4u) cua f(x). M

Bay gid ta xét phuong trinh f(a) = 0 va gia sir ham sd f(x) thod gia
thiér cia ménh dé trén, ngudi ra gia st f c6 dao ham cdp hai f'(x)
trong (a, b). Ta ldy mot diém x, twy ¥, X, € (a, b) ; v6i gia thiét trén,
c6 thé khai trién Taylor him s6 f tai x, va c6 :

1
f(x) = f(Xo )+ (X = %X ) '(X,) +—2-(x - xo)zf"(c)
V6i ¢ & gilia X va X.
Thé f(x) vao phuang trinh f(x) = 0, dugc
(5.25)  f(xg)+(x=x)f'(xo)+ —;—(x - xo)2 f'(c)=0

Nhu thé, nghiém clia phuong trinh trén ciing chinh 1a nghiém cta
phuong trinh nguyén thuy f(x) = 0. Bdy gio ta xay dyng thu tyc tim
diy {x,} hoi tu d&n nghiem o bing cdch bod qua s8 hang binh phuong
trong phuong trinh (5.25) ta dugce :

(5.26) f(xy) + (X — x)f (x5) =0
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Lam nhu the tic 13 ching ta da thay phuong trinh f(x) = O béi
phuong trinh don gidn hon rdt nhiéu vi bao gits ciing ¢6 thé viét tuong
minh nghiém (vi la phuong trinh bac nhat) d6i véi 4n x. Goi x, la
nghiém cta (5.26) ta c6 ngay :

_ f(xg)
f'(xg)

X1 = Xg

Tir x, c6 thé tim mot cdch trong W x,, Xy,... va mot cich téng quat :

N (¢ D)
(5.27) Yo = Xnt TG D)

v3i X,, chon trudce, x, € (a, b)

Tém lai, véi cong thic (5.27) ta dd cé mot day {X,} véi x, € (a, b).
Néu {x,) hot tu thi lim x, nhat thi€t sé 1a a, 12 nghiém cha phuong
trinh nguyén thuy. That vay, gia xir X, — ¢, chuyén qua gi6i han hé

thuc (5.27) va dé y lim f(x,) = f(lim x,) (do tinh lién tuc cia f(x)),
suy ra f(c) = 0. Mat khdc phuong trinh f(x) = 0 c¢6 duy nhédt nghiem
ae(ab);dodéc=a.

Nhan xét.

« Xét phuong trinh (2.25) ; néu chon x tring véi o (nghiém cta
phuong trinh) thi (5.25) nghiém ding, do dé x, cang gin a thi s6

hang bi bd qua : %(x —xo)2 f*(c) cang bé, nghia 1a viec x4p xi (5.25)

boi (5.26) cang it sai. Noi khdc di, x,, cang gdn nghiém a thi 16c do
hoi tu cla {x,} vé o cang nhanh : viéc chon gid tri xudt phdt x, co

dnh hudng quyét dinh dé€n su hoi tu cia day {x,} trong thil tuc
Newton. Ngudi ta chitng minh dugc ring n&éu £(x), {'(x) lién tuc va

khong dét ddu trong (a, b) thi diy {x,} hoi tu v& a va chon x, sao
cho f(x,) cing dau véi f'(x) : néu f(x).f'(x) < 0 thi {x,} don diéu
tang va néuv f'(x).f'(x) > O thi ddy {x,} don diéu giam.
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* Biy gi&s xét phuong trinh

f(x) = f(X5) + (x — x)f'(xp)

Phuong trinh nay chinh a phuong

trinh ti€p yén tai x, v4i dé thi ciia
ham s8 f(x), do 46, vé mat hinh hoc ; 4Y
X, chinh 13 hoanh do clia giao diém
ti€p tuyé&n véi truc hoanh (h. 5.16).
Nhu thé, phuong phip Newton chinh
132 phirong phdap thay viéc tim giao
diém cua cung AB cia dé thi ctlia

f(x) vdi truc hoanh bdi viéc tim mét O  a;
diy giao diém clla mot "diy" nép : !

X

tuyén cia cung AB véi truc hoanh, A !

Vi thé ngugi ta con goi phuong phap

Newton 1a phuong phép ti€p tuyén. Hinh 5.16
o Thi du.

Tim nghiém duong ciia phuong trinh x}=2=0.Tacé f(x) = -2
f(x)=2x>0khix>0; f(x)=2,1(2)= 22 —2>0, f(2) cing dau f"(x),
f(x).f'(x) > 0 khi x > 0 ; do d6 day {x,} don diéu giam dén nghiém
a =2 (nhuda biét). Chon x,, = 2 va dung cong thitc (5.27) duoc

X = 1,5
X2'—‘ 1,417
X4 = 1,41421
N (R
Xp =Xp—| D)
Xn—1

Nhu da biét /2 =1,414213562... nén ta thay r6 day xdp xi nghiém
{x,} h6i tu khd nhanh dén nghiém J2.
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TOM TAT CHUONG 5

* Cdc dinh li vé gid tri trung binh

Dinh 1i Fermat :

Cho ham s6 f(x) xdc dinh lién tuc trong khodng déng [a, b], khi d6
néu f(x) dat cuc tri tai ¢ € (a, b) va néu f(x) kha vi tai ¢ thi f'(c) = 0.

Dinh 1i Rolle :

Cho ham s8& f(x) xdc dinh lién tuc trong khoang déng [a, b] va kha

vi trong khodng md (a, b) ; khi 46, néu f(a) = f(b) thi ton tai ¢ € (a. b)
sao cho f(c) =0.

binh If Lagrange :
Cho ham s f(x) xac dinh lién tuc trong khoang déng [a, b], kha vi
trong khoang mé (a, b) ; khi d6 tén tai mot diém ¢ € (a, b) sao cho
f(b) —f(a)
b-a
Pinh If Cauchy :
Cho f(x) va g(x) 12 hai ham s6 thoi man gia thiét dinh Ii Lagrange,

ngoai ra, gia sur g'(x) # 0 vdi moi x € (a, b), khi d6 tdntai c & gilra a
va b sao cho

= f'(c) hay 1a f(b) - f(a) = f(c)(b ~ a)

f(b)-f(a) _ f'c)
g(b)-g(a) g

Coéng thic Taylor (md rOng dinh li Lagrange) :

Néu ham s6 f(x) xdc dinh lién tuc trong khoang déng [a, b], kha vi
dén (n + 1) lan trong khoang md (a, b) thi vgi bit ki ¢ € (a, b), ¢6 :

ﬁx)=f@)+£%2{x—c)+f;f)

(n) (n+1) =
n! (n+1)!

(x—c)z. +..+

+

V4l T & gilta x vac.
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Pac bietkhic=0:

(n) (n+l)
f(x)= f(0)+f (O) +f ) 2+...+f (O)x“ +f (ex)x“*‘
2! n! (n+1)!

v6iD<B < 1.
Mét s6 cong thdc thudng dung :

a+x)" =1+ +9-(m—--2x2 +..+
1! 2!

+m(m—l)l(:,"—kﬂ)xk o+ x™,

m nguyén duong.

(- =1- My mm=D o

1! 21
= 1)km(m D..(m=-k+1) k+ +(-1)x
k!
m nguyén duong.
! x4 m (=D (e L
(1+x) (1 +ox)" !
0<6<1
=l+x+x2+...+x“+—l—x““, O<b<!
1-x (1+6x)"!
2
Il 43 = x =g (e ey L L e
2 : n n+1 (1+0x)"*!
0<0B<«<i
2 n
ln(l—x):—x—L—...—L— ! . ! x"“, 0<06<l
2 n o n+l +3x)"!
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2 n 0x
IR SO L. SO S b 0<b<1
It 2! n! (n+1)!
3,5 (20! 20
SinX =X~ —d+— 4+ (=D 2 —p)® sinOx,
3! 5! (2n - 1)! 2n)!
0<B8<« I
2 4 x2n , x2n+l
cosX=1——+—+. .+ (- —— + (- ———cosDx,
a4 (2n)! (2n+1)!
0<08«l
(1+U“=1+ax+g§512x2+m+aab%)ﬁ?_k+nxk+
.+ a(a~D..(a-n+]) X" + x"o(x)

n!
* Ung dung cdc dinh I vé gid tri trung binh
Binh 1i De L' Hospital :

Gia sl cdc ham s6 f(x), g(x) kha vi tai 1an cin a (a hira han), f(a) = g(a) =0
va g'(x) # 0 tai 1an can a, khi d6
f(x)

Néu jim L% A thi tim fX - AL

x—a g'(X) x—2 g(X)

Kht x — oo, dinh 1i van ding.

Khi lim f(x)= lim g(x). dinh } vin ding.

X—a X—=>0
Dung dinh Ii De L' Hospital cé thé khir dugc cac dang v6 dinh.
Khao sdt sie bién thién cua ham s6.
Dinh li ;

Cho f(x) 12 mét ham s6 xac dinh lién tuc trong khoang déng [a, bl.
kha vi trong khoang ma (a, b) : khi d6

f(x) tang (giam) trong [a, b] & f(x) >0 (f(x) <0), x « (a, b).
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Tim cuc tri cua ham s6':

Cho f(x), x4c dinh lién tuc trong [a, b} ; kha vi trong (a, b) (c6 thé
trir ra mét s8 hitu han diém), gia sir ¢ 12 mot diém thod a < c < b (cé
thé tai x = ¢ ham f(x) khong kha vi). Khi dé :

Né&u khi x vugt qua ¢ ma '(x) déi dau tir duong (am), sang am
(duong) thi f(x) dat cuc tri tai x = c.

Téng qudt hon :
Gia s¥r f(x) c6 dao ham lién tuc dé&n cap n tai 1an cin diém x = ¢ ;
giasir: fe)=f'c)=...= £ c)=0; f™(c) % 0
Khi d6, néu :
(1) n chan thi f(x) dat cuc tritai X = ¢ va
x = ¢ 1a diém cuc dai néu £™(c) <0
x = ¢ 12 diém cuc tiéu néu f(")(c) >0
(2) n 1€ thi f(x) khéong dat cuc tri tai x = c.
Hamloi :
Ham s6 f(x) x4c dinh trong [a, b} dugc goi 12 18i trong [a, b] néu
véi moi t € [0, 1] ludn c6 bat ding thic 18i sau :
tfa) + (1 - Of(b) = f(ta + (1 — t)b)
Nguogc lai, mdt ham s6 f(x) duge goi la 16m trong [a, b] néu véi
moi t € {0, 1] ludn cé
tf(a) + (1 — t)f(b) < f(ra + (1 — )b)
Pinh 1i :
Cho ham sé f(x) xdc dinh lién tuc trong [a, b], gid st f(x) cé dao
ham cdp hai £'(x), x € (a, b).
Khi d6 : ,
Néu f*(x) > 0 (< 0) thi f(x) 16i (16m) trong [a, b).
Mot diém 1(c, f(c)) clta db thi ciia ham s6 f(x) duge goi 12 diém ubn
cua d6 thi néu dao ham cdp hai f'(x) ddi diu khi qua gid tri x =c.
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* Sodé khdo sdr ham s6'y = f(x)

Thudng khao sdt ham s6 theo trinh tu duoi day :

— Mién x4c dinh cha f(x) ;

— Chiéu bién thién : tim khoing ting giam ;

— Cuc tri (n€u co) ;

— Tinh 16i 16dm (néu cin thi&t), diém udn (néu cé) ;

— Tiém can (néu cg) ;

— Bang bién thién ;

— VEé dé thi.

Khado sdt duomg cong cho dudi dang tham sé

C6 thé khao sit mot dudng cong cho audi dang tham s6 theo trinh
tu dudt day :

~ Mién xédc dinh, cac diém gidn doan cla cdc ham s6 x = x(t), y = y(1).
Xét cdc tinh chat chin, 18, tuin hoan, chu ki (néu cé)

— Xét dau x'(t), y'(1) d€ xét chiéu bién thién ciia X, y theo t

— Tim cdc tiém can cua duong cong (néu co) :

Néu lim y(t) =+ va lim x(t)=a thicé tiém can ding x = a (1, c6
l——)lu =1,

thé 1a +o0).

Né&u lim x(t) =200 va lim y(t)=b thicd tiém c4n ngang y = b.
t—t, t—at,

Néu lim x(t) vA lim y(t) cing 12 vé cliing thi dudng cong ¢6 thé
-1,

l(}
¢6 tiém can xién, cu thé néu déng thdi i tai cic giéi han
k= lim <, b= lim (y -kx) thi tiém cn xién 12 y = kx + b.
1—t, X >,
~ Tim cac diém dac biét clia dudng cong (néu ¢6) va tiép tuyén
cha dudng cong tai cac diém dac bier, hé s6 géc cia ti€p uyén duoc
dy vy,

tinh theo cong thitc ,
dx x|
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~ Bang bién thién va do thi
Khdo sar duimg cong trong hé toa do cuc

Cong thic lién hé giita toa do6 Décac va toa do cuc

X =rcosQ ya
. ,0se<2m,r20
y=rsing N M
r=\/x2+y2‘tg(,o=-31 va chon ¢ r
X
sao cho sing cing dau val @R >
ao sing cung y. o °p —
Cic budc khao sat ham s6 f = f(o) : Hinh 5.17

~ Mién xdc dinh cia (o) ;
— Xdc dinh mot s6 diém dac biét cda d6 thi ;
- Bang bién thién (xét su bién thién cia f(@) theo o).

* Giai pluomg trinh fix) = 0 theo phuong phdap lip Newton
(phitong phdp tiép tuyén) :

Né&u ham s6 f(x) xdc dinh lién tuc trong [a, b], kha vi trong (a, b),
ngoai ra néu f(a)f(b) < O va f(x) khong déi dau trong (a, b), khi d6
tén tai duy nhat mot nghiém X = a clia phuong trinh f(x) = 0.

Tha tuc lap dudi day (lap Newton) cho cich tim nghiém x4p xi-
nghiém x = a:

Chon x,, € (a, b). tinh X, x3, ..., X, ... theo cong thic

f(xn~l)

Xn = Xpot —
n n-} f'(xn—l)

* N&u f'(x). f'(x) lién tyc, khong doi dau trong (a. b) thi {x, | hoitu
vé a va chon x, sao cho f(x,) cung dau vai £'(x) : n€u f(x)f'(x) < 0O

(> 0) thi {x,} don diéu ting (gidm).
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BAI TAP
1. Xét xem dinh I{ Rolle ¢4 dp dung duge cho ham so
f(x) = (x = 1){(x = 2)(x — 3) khong ?
2. Him so f()()zl—\/3 x2 triét tiéu khi x, = -1 va x5 = |, nhung
f'(x) = 0 véi |x| < 1 ; di€u d6 ¢6 mau thudn vai dinh Ii Rolle khong ?

3. Chitng minh rang néu moi nghiém ciia da thirc
P (x)=a,+aX+ ... +ax (a, #0)

Vi a, € R, k=0, n) I thuc thi cdc dao ham P (x), P’ (%), ..., P87 P(x)
ciing chi c6 nghiém thuc.

4. Tim trén dudng cong y = x> mot diém cé tiép tuyén tai dé song
song vdi day cung ndi hai diém A(~1, ~1) va B(2, 8).

5. Chimg minh ring trong khoing hai nghiém thuc cha phuong

trinh f(x) = 0 ¢6 it nh4t mot nghiém cita phuong trinh f'(x) = 0.

6. Chimg minh ring phuong trinh X" + px + q = 0, n nguyén duong
khong thé cd qud 2 nghiém thuc phan biét néu n chan, khong qua ba
nghiém thuc phan biét néu n 1.

7. Giat thich tai sao cong thitc Cauchy khong dp dung duoc doi voi
cac ham s6 :

f(x):=x2:g(x):=x3,—| <x< .
8. Chitng minh cédc b4t dang thiic :
I. Jsinx - siny| < [x -y},
2. |arctga — arcigb| < |a — b},

a—b a a-b

3. <Iln—<
b

:0<bx«a.
a
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9. 1. Cho f, g, h 1a ba ham.s§ lién tuc trén [a, b] va kha vi trén (a, b).
Véi x € [a, b] ; dat ;
f(x) f(a) f(b)
F(x):=[g(x) g(a) g(b)
h(x) h(a) h(b)

(i) Chiing minh rang tén tai ¢ € (a, b) sao cho F'(c) = 0.

(i1) Chiing t6 ring v&i cdch chon g va h thich hap thi tir (i) c¢6 thé
suy ra dinh i Lagrange.

(iii) Ching 16 ring véi cach chon h thich hop thi tr (i) ¢6 thé suy
ra dinh I{ Cauchy.

2. Cho f 12 m6t ham s6 s6 lién tuc trén {a, b}, kha vi trén (a, b) va
f(a) = f(b) = 0. Chimg minh rang vdi moi o € R, tén tai mot diém
¢ & (a, b) sao cho f'(c) = af(c).

3. Cho f !a mot ham s6 kha vi trén [a, b] va d 1a mot s6 thuc & giita
f(a) va f(b). Ching minh rang t6n tai ¢ € (a, b) sao cho f'(c) = d.

10. Tim cac gidi han

X _ X
1. lim (\/x+\/x+\/;—\/;). 2. lima b

X+ x—0 X

eX —cos— !
3. lim ——=X, 4. lim(l+atg2x)“‘5‘"" az0

S 0
X—> (- l—-—l—,) X--
\f x>

11. Xdc dinh a. b sao cho biéu thic san day c6 gi6i han hiru han
khix »0:
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12. Cho { 12 mot him s6 thuc kha vi trén [a, b] va ¢6 dao ham f'(x)
trén (a, b), chimg minh ring Vx e (a, b) ¢6 thé 1im duogc it nhat mot
diém ¢ e (a, b) sao cho

f(b) - f(a) e —a)2(x L) O

f(x) - f(a)——b“(x—a)

13. Cho f(x) = xlo ~al e e 2, im ba s6 hang diu tién cda

Khai trién Taylor tai x, = 1, 4p dung d€ tinh f(1,03).
14. cho f(x) : = x® —2x” +5x®—=x+2 ; tim ba s6 hang ddu tién

ctia khai trién Taylor tai x, =2, dp dung dé tinh xap xi £(2,02) va
f(1.97). ’

1S. Tim x4p xi cdc gid tri sau va dénh gia sai s6:
1. cos10°, 2.1In (1.5)

16. Khao sit tinh don diéu cdc ham s§

l.y=x3+x‘ 2.y =arctgx - X

17. Tim cuc tri cdc ham s6 :

2
l‘yz 2)(3—3){2s 2 y:M_ti,
x2 +X+1
3.y=X\]x2—2‘ 4.y=x-lh(l+x),
5. y= 1+3x

\J4+x2-

18. Khao sit va v& d6 thi cac ham s6 :
2

— 3
=2 X, 2.y= x3—x2~x+l‘

l.y 7

1+x



4
+ _—
3'y=x3 8‘ 4 y= X 2‘
X"+ 2 +1
I+ x> x>
5. y=—7-: 6.y=1-x+
y & y Xx+3

19. Khao sat va vé d6 thi cic ham 6 :
l.r=a + bcos® {(0O<ax<h),

a
\fcos 3

20. Dung phuong phip Newton tinh gin ding nghiém cdc phuong

2.r=

(a>0).

trinh sau véi sai sd tuyét d6i khong qua 107 :
2 . X 1
. x“=sinnx =0, 2.2lgx— —=+1=0, 3. lgx - —=0.
2 x?
DAP SO VA GOI Y
2. Tai x = 0 khong t6n tai dao ham.
4. A1, -D,C1, D
9. 1. (ii) Chon g(x) = x ; h(x) = 1 ; (iii) Chon h(x) = 1.
2. Xét ham s6 g(x) = e " **f(x) v&i moi x € [a, b]

3. Xét ham s6 g(x) =d(x — a) — f(x)

!+1

10.1.\lx+\lx+\f_—«/-= 7; —9—1-;
\{1+\/x+\/;+1 ?
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xIna

2. a* =e"™ =] + xIna +o(x),

a* ~b* 1+xlna-1-xInb

a
—ln—;
b

<
b

P | ,
I-—=1-——+o0|-=|:gidihanla w: 4. €.
x2 2x2 [xz]
11.a=0;b: l
2
b) ~ - -
-a

A € R. Cho x,;e&(a,b), dinh nghia A sao cho @(x,)=0, suy ra
o(x,)=0p(a)=wv(b)=0 va suy ra ¢(x) thoa gia thiét dinh Ii Rolle,
suy ra tén tai ¢ e(a, X5):@'(c;)=0 ; tuong tu ton tai c; (x4, b)
sao cho ¢'(cy)=0. Vi

Q'(x)=f'(x)~

f(b)—f(a)_l[x_ﬁb}
b 2

-a

f ¢6 dao ham " nén ¢ ciing ¢6 dao ham ¢", lai 4p dung dinh Ii
Rolle cho [cy, c4]. suy ra 3¢ € (a, b) thoa yéu ciu.

13.0,821.

14. 342,399 ; 288,873.

15. 1.0985,8<0,001; 2.0.42,5<0,01.

17. 1. yep=y(0)=0; ycr=y(h)=-1;

(9]

8
- Ymax =Y(O)=4 | Yyin =y(-2)= '5

(98]

. Khéng cé cuc tri; 4. Ypmin =¥(0)=0.
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18. 1. D6i xtng doi v6i Oy ; y = O khi x=v2 : vp =y(0)=2 :

5 .. .
Ymin = Y(im) =1—i2_— 1diém udn tai X, 5 =£0,77, y;, =104 ;
X34 =%2,67, y34=-0,010 ;tiémcany=0;:

1\

2. yer=y()=0 ; ycp =y{—5J—%i/Z, di€ém udn tai : x = -1,

Y=0:tiémcany=x,%;

2 .
3. yCT:Y(z)=2§’ yep =¥(-2.4)=-3.2 ;di€mubnx=0;y=8;

tiémcanx =-1;y=x.
s . 3+441
4. Ymin = y(=0,5)=—/5 : diém u6n Xy =~ g/— y; = -2,06;
1-3 . . ' .
x2=\/4_8 . Y2 =-1,46 ;tiéncany = -1 khi x = —0 ; y = | khi
X —> 400

5. Mién xédc dinh : x > 0, Ynin -‘-)’[l

3
}=§\/§ stémcin y=X+—
2) 2 2

vax=0,;

. 5
6. yop=¥0)=1, yer=y(4)=13 ; tiém can y=—2x+5 2

y=--.
2

19. 1. Mién xéac dinh : r > 0, l(plSa ;o= a.rccos(—%) . dudng
cong kin, dé1 xdng qua truc cuc, r,,, =r(0)=a+b ;
2. Mién xic dinh |(p|<-1E va E(l(pl<£1‘t, chu ki X ;
6 2 6 3

27r] . ) m Sn
Lpin =F0)=a=r|*— | ;tiémcan ¢=%—, ¢g=x— ; p=+—.

20. 1. 0,75983 ; 2. 0,39754 ; 3. 1,89665.
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Chuong 6
NGUYEN HAM VA TiCH PHAN BAT BINH

6.1. Tich phan bat dinh. Cac thi du don gian

Trong chuong trudc chung ta da biét ring n€u mét ham s6 f(x) kha
vi trong khoang (a, b) thi ¢4 dao ham trong (a, b) va néu cho mot ham
s6 f(x) (kha vi) thi ta c6 thé tinh duge dao ham f(x) cha né. Bay gid
ta dat bai toan nguoce lai, nfu cho trudc mot ham s6 f(x) xac dinh
trong khoang (a, b), hot ring ¢6 ching mot ham s& F(x) kha vi trong
(a, b) va c6 dao ham F'(x) = f(x) hay dF(x) = f(x)dx, va n&u c6 F(x)
thi tim no6 ra sao ? Chuong niy nhim tra 181 cdc cau hoi dé.

Pinh nghta nguyén ham.

Cho ham s6 f(x) xac dinh trong khoang md (a, b) ; n6i rang ham sé
F(x) xdc dinh trong (a, b) [a mét nguyén ham cua f(x) néu F(x) kha vi
trong (a, b) va F'(x) = f(x) hay dF(x) = f(x)dx. v&i moi X € (a, b).

Thi du.

4 4
(a) 54— la nguyén ham cta x> véi moi X € R vi [XT] =x>.
<4 /x4
(b) T+10 12 nguyén ham cua x3, véimoix € Rvi [THO =x3.

1, X . . -
(c) gsm 5x 12 nguyén ham cla cosSx vi (—ls—smS)(] =cos5X.
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'Q.

4
() 1“4—+c 1a nguyén ham cha x>, C la hing s6 bat ki va

' -S—SiHSX +D 13 nguyén ham cua cos5x, D 12 hang s6 bat ki vi:

v

x4 1 '
T+C =x> va [gsin5x+DJ = Ccos5x

Dinh i sau day t8ng quit hod cic thi du trudc.

Dinhli6.1.

Gid su F(x) khd vi trong (a, b) va F(x) la nguyén ham cua f(x) voi
mor x € (a, b). Khi d6 :

(1) Véi moi hang s’ C, F(x) + C ciing la nguyén ham cua f(x) voi
moi x € (a, b).

(2) Nguoc lai, moi nguyén ham cua f(x) véi moi x € (a, b) déu cé
dang F(x) + C.

Chitng minh.

(1) La hé qua tat nhién cla gia thi€t F(x) 1a nguyén ham cia f(x) ;
x € (a, b).

(2) Gia sir G(x) 12 mot nguyén ham nao dé cua f(x) : x € (a, b).

Khidé: G'(x)=f(x) va F(x) = f(x) (gia thié&r)

Suy ra G'(x) -Fx)=f(x) - f{(x) =0, 1ic la

(G(x) —F(x))" = 0 (tinh chat tuyén tinh cila dao ham)

Suy ra G(x) - Fx)=C

nghia 12 Gx)=Fx)+C. 1

Tt dinh I trén ta thay ring néu biét F(x) 12 mot nguyén ham cia
f(x), x € (a, b), thi biét vé s6 nguyén ham khidc cha f(x) va cic
nguyén ham dé co dang F(x) + C vdi C 1a hing s6 tuy ¢ ; ho vo s6
nguyén ham cha f(x) dé, x € (a, b) duge goi 1a tich phdan bdr dinh cia

f(X), X € (a, b) va ki hieu 1a J'f(x)dx = F(x)+C.
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Ki hieu | goi 1a ddu tich phan . x goi 1a bién ldy tich phdn ; f(x) 12
ham sd’ldy tich phdn ; f(x)dx 12 biéu thic dwdi dau tich phan.

Trd lai cdc thi du trén ta cé :

4
Jx3dx=L+C
4

jcos5xdx :ésinSX +C

Chuy.

Trong mot s§ trudng hop. ngudi ta can sir dung khdi niém nguyeén
ham F(x) cia ham $6 f(x) trén khoang déng (a, b). Khi d6 cd nghia a :

* F(x) la nguyén ham cba f(x) ; x € (a, b) va

* F'(a + 0) = f(a) : F'(b — 0) = f(b)

Bay gio néu mot s6 tinh chat don gian ctia tich phan bat dinh.
Cic tinh-chat don gian nhit

(1) Néu F(x) 1a m6t nguyén ham cia f(x), x € (a, b) thi
J.kf(x)dx - kjf(x)dx v&i & 1 hiing s6 khéc 0.

(2) Néu F(x), G(x) 14n lugt 12 nguyén ham cia f(x) va g(x). x € (a, b)
thi
J(Af(x) +Ba(x))dx = A J' f(x)dx + B j g(x)dx =

= AF(x) + BG(x) + C
véi A, B la hai hing s6 tuy y.

Ching ta bo qua cich ching minh céc tinh chit nay vi qua don
gian (chi cin diing dinh nghia tich phan bat dinh) va luu ¥ dén cdc §
nghia : tinh chat (1) néi ring c6 thé dua mot hing s6 tuy y ra ngoai
dau tich phan ; tinh chat (2) néi rang c6 thé tdch tich phan cia tdng
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thianh 8ng cac tich phan. Cic tinh chil ndy dugc dung thudng Xuyén
ciing v6i bAng nguyén ham cdc ham s6 thong dung dugi day d€ tinh
c4c tich phan.

Bang tich phan ciac ham sé6 thong dung

Tir bang dao ham cdc ham s6 thong dung ta suy ra bang tich phan,
goi 1a bang tich phan co ban

206

J'o.dx ~C

J-l.dx=J‘dx=x+C

x(1+l
Jx"dx: +C, aa#-1
a+l

Jldx =J‘ﬂ= lnixl-«-C
X X .

F X
5 X=J. 2=arctgx+C
“l+x I+x

! dx—J dx =arcsinx + C
J1-x? J1-x?
X

a"dx =~ +C ; |e*dx=e* +C
J Ina

[

sinxdx = —cosx +C

v

J‘cosxdx =smx+C

J ! dxz_[ d;( =—cotgx+C

sinzx sin” X
1 dax

J 3 dx=J 3 =tgx+C
COS™ X COS X



w
43

Trudc khi néu cdc thi du 4p dung bang tich phan co ban, ta phat
biéu dinh lf vé su tén tai nguyén ham va sé chimg minh dinh i & phin
tich phan xic dinh (dinh 1 7.2 chuong 7).

Pinh li 6.2.

Moi ham sé f(x) xac dinh lién tuc trong khodng [a, b] cé nguyén
ham rrong khodng dé.

Mudn tinh tich phan bat dinh cia mét ham sé f(x) ta ludn d6i sdnh
tich phan cin tinh v3i cdc tich phan co bin, dé thuc hién cdc phép
bi€n déi thich hgp, dua tich phan c4n tinh d6 vé dang tich phan co
ban ro1 ap dung cdng thifc.

Thi du,
(a) Tinh I = J(3— x2)3dx. Ta cé :
G-x2yP =33 -332x2 +33x% —xb
=33 332 4324 x5,

Do dé 1=j(33—33x2 +32x% < xSydx =
:J33dx—J33x2dx+_[32x4dx—Jx6dx
=33Idx—33jx2dx +32.[x4dx —Jx(’dx
=27 -9x3 4+ 255 -l_x’ +C.

5% 77

X +1 B}
dx ;tacod:
Vx

I= j(x.x'”z +x‘_”2)dx= Ix‘”dx +Jx‘”2dx

(b) Tinh I:J

=%x&+2\/£+c
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(c) Tinh 1=J'
1+x

=Idx—j dX2 =x —arctgx+C
I+x

(d) Tinh I=J(2x—10)12dx ; ta dé y ring %d(2x—10)=dx
vay, 1a viét

, do

I= I(2x - 10)”%d(2x -10) = %_[(Zx -10)2d2x - 10)

=-l—(2x—10)13+C
2.13

() Tinh 1:]‘2‘_ tach - I=J‘d(x+a)
X+a

=ln|x +al+C
{(x +a)

(f) Tinh I= J.m a¢h:

I _(x+2)=(x=1) l[ 11 }

(x+2)x-1)  3x+2)x-1) 3lx-1 x+2/

do d6: I=J.-1—[ ! - l }dx:llnx_l
ILx~1 x+2 3

X+2
d
(g) Tinh I=J- +c:)sx

+C

p X
Tacé: 1+cosxX =2cos? —

X
2 cos2 — cos
2

i



dx

sin X

(h) Tinh 1=J

. . X X )
Ta c6 stnx = 251n50055. do d6:

X (X
i dx ) cosid[i]
) X

. X X X9 X
2sin—cos—  §Sin—cos g~
2 2 2
X
I=lIn|tg—{+C.
g2
x2
(i) Tinh 1= [— - dx
(1-x)

Dé y rang x2 =[1-(1-x)]* nén

Y Ry
J‘[l—(l—x)] J‘l 2Al-x)+(1-x) dx

(1- X)IOO
I RS S
99(1-x)"°  49(1-x)"* 9701-x)"7

+C
(k) Tinh I= _[sin 3xsin5xdx :tacd
. . 1
sin3xsindx = 5(cos2x — cos8x),

dodé: 1= %J‘(cos2x —cos8x)dx = %sin 2x - —l~sin8x +C*

(1) Tinh I=JL :
eX +e7*
X X
tacéd: I=j ;dx =J- dee )2=arctg(cx)+C
11 Y14
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(m) Tinh I=J staco:
aZ +x?

)
I:Jd—szJf‘_lej_azlamch
<\2) a2 )2 a2 ¥ a a
a2 l+[—j 1+[_] 1"'[;]
a (N

2

d > ) e

(n) Tinh I=J—. _ s ta vict a” —x? =a2{1—[£| ] va di dén
\};\:--XQ a,

d .
(0) Tinh IZJ - h 5+ thuc hién tuong tu bai (f) di dén
a~ —x-

lz‘[i[ ! + L ]dx
2ala—-x a+X

I rdta-x) 1 rda+x) 1
= —_—— +— i :_ln
2a a—X 2ad a+x 2a

LTX

+C

a—x
6.2. Phép déi bién
Trong nhicu trudng hop, khi tinh Jf(x)dx ; néu dé bién tich phan

1a x th1 khéng thay duoe tich phan can tinh dé gin vdi dang tich phan
ca ban nao (dé€ ¢6 1hé ap dung duge tich phan co ban), khi dé ta tim
cich doi sang bién mdi, dé hi vong véi bién méi thi tich phan can
tinh gan vdi tich phan cd ban hon. Khéng ¢é mot quy tic cu thé nao
gitip ta thyc hién rhép doi bién thich hop dugc, tuy nhién ciling ¢6 thé
phat biéu mot cich téng quit vé quy tac cia phép déi bién, dé la
ménh dé :
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5,0

s Ménhdé6.1.

Néu biét ring j g0t = G(1)+ C thi

[aweoww0dx = Gwon +C

(trong dé cac ham 56 g(t), wix), wix) déu dugc gid thiél la nhiing
ham so6'lién tuc).

Quy tac trén 12 hé qua cha quy tiac 18y vi phan mot ham sé hop
(dinh )i 4.2 chuong 4) :

Ed—G(W(x)) = G'(W(X))W'(x) = g(w/xWw'(x)
X

vi G'(t) = g(t)
Mat khac, vi tinh bat bién cba vi phan (xem 4.2 chuong 4), ta c6

dG(1) = g(v)dt
Bay gids, gid sir can tinh tich phanjf(x)dx

Trong nhiéu trudng hop, dé tién 10i, ta thuong thue hién phép doi
bién t := w(x), va khi dé biéu thirc dudi ddu tich phan g thanh

f(x)dx = g(w(x))w'(x)dx
v6i hi vong rang Jg(t)dt gan vadi tich phan co ban niao ds. Khi da,
theo ménh dé trén, thay vi tinh j £(x)dx ta chi can tinh Jg(t)dt va ¢6
jg(t)dt —G(1)+C

Khi ad tim duge nguyén ham G(t), chi cdn thay t boi w(x) vataco :

Jf(x)dx = I g(0dt = G(W(x)) +C
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Thiduy.

Trong tich phan I= Jsin3 xcos xdx, ta dé y d(sinx) = cosxdx nén
dat t := sinx thi biéu thic dudi dau tich phan trd thanh

sin> X cos xdx = sin> xd(smx) =dt
: .
va It3dt =%t4 +C; do vay l-—-J-sm3 X cos xdx =Z(5mx)4 +C

e Chuy.

Trong mot 56 trudng hop, ta lai thuc hién phép ddi bién x = ¢(t) va
ta dugc

f(p()@'(t)dt = g(t)dt,
va khi dé biéu thic dusi dau tich phan f(x)dx lai trd thanh g(u)dt.
Sau day néu thém mot so thi du :

(a) Trd lai nhimng thi du o phan trudc, ta thay trong thi du (d), ta da
thuc hién phép doi bien 1= 2x — 10 ; rong (¢) la t=x + a ; trong (g) 1a

l:% ; trong (h) la t=lg§ ctrong (Y lat=(1-x);trong () : t= e ;

X
trrong (m) : t=—, ...
a

(b) Tinh = J Va? —x2dx, vi mudn khir can bac hai ta thuc hién
phép déi bién x := asint (8 day ta coi X bién thién tir—a dén a ; con t

U S - X,
bién thién tir —3 dén 5 :nghia la t=arcsin—) vacd :

a

\la2 - x2 =acost ; dx = acost at,

do do

. \
1= azJ‘cos2 tdt = azj(ic;h—th dt = a® [:_lz-t +%sin2t:|+C
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2
Mat khéc, %Sin 2t= -;—asim .acost :»é—x\}az ~x?

2

Cudi ciing : j a’ _xde:%Naz —x? +a—2-arcsin—x-+c
a
d
(¢) Tinh IzJ' X cditt=1Inx ; dt=9)i chd
XxInx X

Izj.ﬂzln]th C=lnlinxl+C
t

cosdx

1+sin2x

(d) Tinh 1= J - dat t = sinx ; dt = cosxdx va

dt
I=J 3 =arctgt +C=arctg(sinx)+C
L+t

dx

(e) Tfnh I= Jm

Thuc hien phép ddi bién x = atgt (¢ bién thién tir -g dén g ;

nghiala t= arctg%). Khi d6 :

2
dt
dx = az ;x2+a2= a2 ;
cos” t cos“t
Jo dé : I=—1-—J.<:os2 tdt :—L(t+sintcost)+C (xem thi du (b)).
2’ 2a°

. e i L X . .a
Muén chuyén két qua vé bién x, ta luu y rang : t =arctg— va bicu
a

e X . L ey
dién sint va cost qua tgt =— r6i th€ vio két qua cia I ; duoc :
a

I*I dx - X 4 I arctg£+C
()(24-32)2 222 xZ+a2 243 a
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dx
0 Tinh 1= [——*—, a e R.
Vi +o
Ta thuc hién phép d6i bién Euler : \/E= t~x ; lay vi phan ca
hai vé ta dwoc : '

Xdx

\}x2+a

")

2
V2 +a+ '
—‘Z(&a)gdx=dt ; nhung X2+ +x=t
Vx? +a
(do cich déi bién) nén ta cé :
tdx dx dt

——=d1, e ld —=—
Vx? ta X+

=dt—dx ;

dx=dt ;

Do vay :

.I_J‘ dx _J‘gt_
Vi +o t

6.3. Phuong phap tinh tich phan timg phan

=ln|tl+C=1n|x+x]x2 +a‘+C

Gia slru = f(x) va v = g{x) ]a hai ham s& kha vi va cé dao ham u' = f'(x) ;
v' = g'(x) 12 hai ham s6 lién tuc. Khi d6 theo quy tac 14y vi phan cia
tich ta ¢é : d(uv) = vdu + udv hay udv = d(uv) — vdu ; vi nguyén ham
cla d(uv) Ja uv nén ta suy ra

(6.1) judv=uv—Jvdu
Cong thifc (6.1) cho quy tdc 14y tich phan timg phin, quy tic nay
chuyén viéc 14y tich phan coa biéu thitc udv = uv'dx vé tich phan cia

vdu = v.u'dx. Muéa ditng quy tic 14y tich phan wmg phan cin chd y
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hai diém : thi nhat, trong tich phan can tinh : Jf(x)dx. nén tach biéu

thitc f(x)dx the nao dé f(x)dx cé dang udv : thit hai, bat ké tich theo
kiéu gi thi tich phan bi&u thic vdu ciing khong khé tim (néi chung,
phai dé tim) hon biéu thitc f(x)dx ban dau.

Pham vi ing dung clia quy tic 1ay tich phan timg phin han ché
hon quy tac d6i bién. Tuy nhién, trong nhitng trudng hop khong ¢é co
s& dé tién doan duoc sé dung tich phan co ban nao thi nguoi ta
thuong nghl dén dung quy tic ldy tich phan timg phan. Dac biét
nhitng loai tich phan sau day thuong dung quy 1ac nay :

jxk In™ xdx, Jxk sin bxdx, J.xk cos bxdx, J-xke"“dx‘ V.V

Thi du.

(a) TinhI = J‘ln xXdx.

. s 1 .
Dé ¥ rang d(Inx)=—dx nén ta dat u = Inx ; dv = dx, khi dé :
X

du:-l—dx TV =X
X

Izjlnx dx=xlxlx—jdx= x(Inx-1)+C

(b) Tinh 1= ’[arctgxdx.

Datu = arctgx : dv =dx va cé:
1

du=
1+x2

dx ; v==x.

Do d6:

d
I = xarctgx — j bl = Xarctgx ~-1—1n(x2 +1)+C
1+ x2 2
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(¢) Tinh I= _[xcosxdx

Piatu=x;dv=cosxdx:cd:du=dx;v=sinx va duoc :
[=xsinx - Isinxdx:xsinx+cosx+C

(d) Tinh 1= fxsin2 xdx

2

Dung cong thic sin” x =%(1 —co82x), taco:

I= J—;-x(l —cos2x)dx =%- jxdx —%chosudx

:l)(2 ~-LJ v J: = jxcostdx
4 2

Pé tinh J ; ta thyc hién phép ddi bién 2x = t, x=%t ; dx:%dt va
di dén
1 1. .
J== J(costdt =—[tsint +cost]+C
4 4
(xem thi du (c)), tuc la
J= %[2xsin2x +cos2x)+C

Cuéi cung :

I:—l-x2 ——é[?_xsin2x +cos2x]+C-

(e) Tinh 1= jx2 sinxdx. Ta ¢co:

I—Ix d(- cosx)*—x COSX — J( cosx)d(x )=

2

=-X“CcosX +2chos xdx = —x2

cosX +2(xsinx +cosx)+C

(xem thi du (c)).
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(f) Tinh I = Je“x cosbxdx va J= Jc“xsinbxdx‘ ba = 0

Trong c4 hai tich phan ta dat dv =e*dx thi v= Lo
a

, 1 . b ¢ . .
Jc‘”‘ cosbxdx = —e** cosbx + — Ie"x sin bxdx
a a

je"‘x sinbxdx = -l—c"x sinbx — b _[e"“‘ cosbxdx
a a

b ,

[I——J =ledx cosbx

tirc [a a ;‘
—I+J==esinbx
a a

Coi 1, J 12 4n, tir hé hai phuong trinh trén suy ra

ax
I= Ie“ cosbxdx = (bsinbx +acosbx) + C
2 2
A +b
ax
)= Je“ sinbxdx = — (asinbx —bcosbx)+C
aZ + b2

Chu y.

* Trong nhiéu trudng hop cu thé, tuy chi cdn tinh [ nhung qua tich
phan timg phin & trén : lai gap I ; khi dd, lai ti€p e dung quy tac tich
phan timg phin dé tinh J nhung cich dat u va dv phai nhat quin voi
cdch dit ban dau, néu khong sé rai vao vong luan quan s& di dén he
thic tdm thuong 0 = 0(!). Cu thé & day, d€ tinh J ; nhat thiét phai dat
dv=edx, v =—l—eﬂx
a

; vau = smbx ; du = becosbxdx va dugc :

, | .
J-c"x cosbxdx = —e** cosbx + b

[l e®* sin bx _b je“ cos bxde_
a a

a a

I b . ’
J=—e cosbx+—2c: sinbx ——1L
a a a

N 1 b A



Chuyén vé, dugc :
b2 1, .
[1 +—2JI =—e" cosbx +%eax sinbx
a a a
tir d6, suy ra I nhu di tinh & trén.

* N&u dé ¢ ring dao ham cdc biéu thic e® cosbx hoic €™ sinbx

ciing cho lai dang e® (A cosbx + Bsinbx) thi ta c6 thé viét

Ie“x cosbxdx = e (A cosbx + Bsinbx) + C

-

trong d6-A, B 1a hai hang s3 sé xdc dinh ngay bay gid. That vay, tir
dinh nghia tich phan bat dinh ta c6 :

( J-ealx cos bxdx)' = (e*™ (A cosbx + Bsinbx) + C)’

tic 1a - e® cosbx = e?*[(aA + bB)cosbx + (aB —bA)sin bx]

Bang cdch can bang h¢ s6 clia cosbx va sinbx d ca hai v&€ suy ra
aA+bB=1va-bA+aB=0.

va B= b

Suyra: A=
at +b? a’+b?

(g) Tinh I= Ix2e3xdx.

Di nhien & day, c6 thé dat u=x2, dv=e**dx dé din dén tich
phan don gian hon Ixe3xdx réi ti€p tuc tinh, nhung, dung nhin xét

vira néu trong thi du (f) ta c6 thé viét :
1= Jx2c3"dx =X (ax2 +bx+c)+C
Suy ra :
x2e™ = (e (ax? +bx +¢)+C)f =e¥*Mav 2B 2a)x + (b +3¢))
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Diing cdch can bang hé s§ ca hai vé&, duoc :
Ja=1; a:l 3b+2a=0; b=——2— 1b+3¢c=0; c:l
3 9 27

va cubi cung :

I= Ix2e3xdx =X [—l-xz —3x+—2~]+C
3 9 27/
(h) Tinh T= J‘«/xz +Bdx ;BeR.

Tacd: I—J-x +Bd =

Vil +p BJW IXJPX+BdX
=Bln'x +l\}x2 +B|+ de( X2 +B) .

(xem thi du {f) muc 6.2) va
IXd( x? +B)=X\/;2 +B- _NXZ +B dx+C= xyJx2+B-1+C

Nhu vay I:Bln‘x+\ﬁ2+ﬂ‘+x x2+B—{+C

Chuyén vé, duoc

2I=B1n‘x+\/;2+ﬁi+x\/x2+[5+c
Cuéi cung

=—:12-[x\/x2 +B+Bln|x+\lx2 +BH+C

(k) Trong thi du cuébi cung nay ching ta xay dung mét cong thic
truy chiing dé tinh tich phan

j n=1,2, ..

(x2 +2%)P




| . .y
Ta datu:ﬁ va dv =dx va co
(x“+a=)"
2nxdx
du=— o V=X
(x* +a“%)

Dung cang thite (6.1) duge :

1. = +2n
n (x +22 ) .(- 2., )n+l
’)
bat J: = Jﬁldx taco:
+acy!
7= (X2+a?—)—a2dx:‘(- dx ‘an dx
(X2 +,d2)ﬂ+l (x2+a2)n J(XZ +212)n+l

2
=In —alyy

Thé J vao biéu thic cta I, duge :

_ X 9,2
[n-(x2+az)" +2nl, —2a%nl
Suyra:
L= l X +2n—1 lI
l— . « .
" opal (x2 +22)" 2n A"

Tir hé thae cudi cung nay ta két luan rang mudn tinh T, phai

bi€t 1, muon tinh I, phai biét I,_y, v.v... qué trinh d6 din dén I, :

2 2

1,=j & _LarcigX +C (thi du (m)),
X“+a~ 2 a

Chang han, véin =2 ; ta ¢6 : (thi du (e))
J‘ dx 1 X

i
5 5+ 2arctg£+C.
(x* +a”)” 2a xZ+a2 2a a

12:
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6.4. Tich phan cac phan thitc hitu ti

Nhin lai qud trinh tinh tich phan mot ham s6 (qua cic thi du da
néu) chiing ta thay raing muén tinh tich phan mot ham s6 phai dung
quy tac doi bién hodc quy tac 1ay tich phan timg phin dé dua tich
phan can tinh vé dang tich phan co ban dé 4p dung cong thic va khi
ding cdc quy tac 1ay tich phan d6, nhiéu hay it ching ta di dung
nhitng 'k1 xa0" dé dat muc dich mong mudéh. By gid, trong muc nay
ching ta s& hoc cdch tinh tich phan ctia mét 16p ham s6 dac biét : cac
phan thuic hire ti ; mudn tinh tich phan cdc ham s6 thudc loai nay
khong doi hoi (it ra 13 vé nguyén tic) mot ki Xao nao ma chi c4n tuan
theo mot 56 trinh tu, quy tac nhat dinh.

Trude khi gidi thiéu cu thé cach tinh tich phin cdic him s8 dé
chiing ta fuu ¥ rang trong bai gidi thiéu cac ham $6 s6 cip co ban, vi
cdc ham $& so cap, nghia 1A cic ham s6 c6 thé biéu dién qua mot s6
hou han cac ham $8 so cdp co ban va ching ta ciing thdy ring cic
ham s6 so cap kha vi trong mién xdc dinh clGa nd, hon nira, dao ham
cua ching ctng la cac ham so cdp. Tuy nhién, nguyén ham clia mot
ham s3 so cdp khong nhat thiét 1a moét ham s6 sa cap, ndi khic di. co
nhitng him s6 so cAp mi nguyén ham ctia ching lai khong thé biéu
dién dugc qua mot s8 hitu han ham s6 sg cip co ban. Chang han, cdc
ham $6 sau day thuc su tOn tai nhimg nguyén ham cia ching khong
phai 14 moét ham sé so cap :

£ —x2 ) 9 SIn X dx
e " dx, simx“dx, [cosx“dx, |——dx, |—,
J J. f .[ X lnx
. .. +1 | ’
jxm(a+bx“)pdx véi a, b € R, véi p, mel mt +p khéng
n n

phai la nhimg s0 nguyén.
X o
JE—dx. Jsmx dx, Icosxdx vSi n nguyén.
x" x" x"
Bay gid ching ta xét mot phan thire hifu ¢ nghia 13 mét ham <6
R(x) c6 dang :

m
R(x) = P(x) _ byt b x+..+byX

- n
QX)  a,+ajx+...+a,x

Vol a;, b; e Rvaa,, b, =0.
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Néu m < n thi R(x) dugc goi la phdn thitc thuc su.
Né&u m > n thi R(x) dugc goi 12 phan thac khong thue su.

Néu R(x) khong 1a phan thic thuc su thi biang cich chia tir cho
mau bao gid ciing cé thé biéu dién R(x) dudi dang téng clia mét da
thitc va mét phan thic thuc sy. Tinh tich phan cdc da thic thi qué dé,
do vay ta chi cdn tim cédch tinh tich phan cdc phan thic thuc sy va
trugc hét ta tinh céc tich phan sau :

L. II1.
X—a (x— a)

I1i. IM’”N X WJ' 2M“N dx
X“+px+y (x +px+q)

trong do A, M. N, 4, p. g € R : k., m nguyén duong, ngoai ra ta g1a
2
p
thi€t q—-—> 0.
177

Truec hét. 1a thdy rang hat dang I va II d3 quen thube :

A :
J-—de=A_|' ds =Alnlx-al+C
X-a X-a
dx-t\j :‘A. L ke
(x—a)

.[ k-1 (x-—a)k_l
Mudn tich cdc tich phian dang III va IV, chiing ta biéu dién

(X - at

i et
X~ + px +q dudi dang

2 2
2 2,0 (P [p]
XT+px+q=x"+2.—x+[=| +|q-] =
pEra ) (2) [q 2 }
2 2
p P
=[x+ +[q-—1|.
[ 2] [q 4)
2 2 2
Theo gia thiét, q—pT>O nén ta dat a’ =q—p7. VO a = q—%.
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Biy gid thuc hién phép ddi bién x+~§—=t vdx=ad

x2+px+q~t +a®, Mx+N-= Mt+( _MER]

Khi dé, tich phar dang I1I s€ la

Mp
Mx +N dx = Mt+(N_—2‘} .
3 XAJ‘ T
X“ +px+q t” +a
M [ 2tdt Mp} dt
= e + — —
2],2+a2 ( 2 ’[[2+a2

t
arctg~+C
a

: Mln(tz + a2)+—l—(N- M
2 a 2

oz

RO cudc trd vé bi&n x ta dugc

Mx +N dx--w 2x+p

m —2~ln(x +pxX+q)+ — ,___+

Cung v6i phép d6i bicn nhu trén, tich phﬂn dang IV <€ la:

C

Mt +
Mx + N [ J
fgz—jf‘;:dx: PV IC
px+q) (t +a2 ym
2tdt Mp dt
Y (- s
(t° +a )"‘ 2 70 vy

C6 thé tinh tich phan th¢ nhat cia vé phai bing cich ddi bién
2 2

t“+a”“ =u ; 2tdt = du va co
J 2tdt du o 1 1 C=
(t2+az) um m-1 ym-!
|
=— 3 12 +C
-1 (17 +a%)
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Con tich phan thi hai thi chinh la thi du (k) & muc truée. Sau khi
tinh dugc ca hai tich phan dé theo bié€n ¢, ta chi cn ird vé bién x bang

cich the 1= 2X+P

vio két qua, ta 5& duge két qua cudi cing,

Dinh 1f dai so sau day cho phép két luan rang viéc 1ay tich phan
mot phan thuce thuc su 16t cuoc dan dén viée 1ay tich phan b6n dang
I, II, 1, IV da néu trén.

Dinh 1i 6.3 (Khong chimg minh)

Moi da thiic bdc n, véi hé s6 thiee :

Qx)=a,+ax+..+a,x" ;a,=0
déu ¢6 thé phdn tich thanh tich cdc thica s6' la nhi thicc bac nhadt va

tam thite bdc hai khong c6 nghiém thic trong dé c6 thé c6 nhimg
thita s6 tring nhau :

0x)=a,(x—a)* (x = b (x> + px+ g (x? +lx+5)"

trong déa, b.... eR; p2*4q<0, PP —45<0 vaa+ B+ ..+
Au+ ...+ v)=n

(x)

Khi dé phan thic thue su tuong ung P ) ¢6 thé phan tich thanh

1dng cdc phan thiic 161 gian :
P(x) A A,
= + +
Q) (x-2)* (x-a)*"!
Boy, B B
x-a (x-b)’ (x-p)P!
Ba Mx + N M x +N;
+ +o+ +
(x—b) (x2+px+q*  (x*+px+ !

.t

4.-—“—-—1““'})(+N”-1 T
x2 +px+q
PX+Q N P]X+Q - Pv_]x +Q\,_|
(x2rlx+s)’ (X2 +lx st (x2 +1X +5)
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trong d6 A, Ay, ... Ag_j. B. By, ., Bgy, oo M, N, M), Ny, L

My, Nyop -0 PLQUPYL Qg o Py, Qyp 12 céc hing s6 dugc

xdc dinh theo phuong phdp hé s6 bat dinh ma chiing ta sé giGi thién
qua céc thi du dudt day.

* Thi du.
(a) Phin tich ham s8
R(x)=

1
x —xt+2xd - 2x? 4 x -1
thanh cac phan thac 61 gian. Trude hét ta c6 :

x> —x“+2x3 —2x? +x—l:(x—-l)(x2 +1)2

Do do:

1 A +MX+N+MIX+N|
x5~x4+2x3—2x?+x—1 x-1 (x2+1)? x2 +1

Bay gid, d€ x4c dinh cdc hé s6 A, M, N, M;, N, ta ding phuong
phip hé s& bat dinh, nghia 13 ta quy déng miu thdc & v€ phai, sip x&p
tlr thiec (d1 nhién 12 mot da thic) réi cho déng nhat cdc hé s8 cuia cic
don thic d8ng dang cta i thitc & ca hai v€. Trong trudmg hop cu thé
nay ta cé :

I=(A+MDx* +(N; -Mx> +QA+M+M; -Njx2 +
+(N=M-M, +N)x+(A-N-N))

Pong nhdt hé s6 cic don thic déng dang & hai v€ ta cé he 5
phiremg trinh 5 4n :

/

A+M,; =0
N, — M, =0
2A+M+M; -N, =0
N-M-M,;+N,; =0
| A-N-N,=1

S
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Nghiém cta hé phuong trinh trén la :

A=—l—; h&zl\l'—_—l N M| =Nl :—l
4 2 4

Vay
1 _ 1 x+l x4+l
S oxtrad —axZax-1 AHx=D 203 +1) 4(x%+))
) :
6 . .
(b) Phan tich X 20t thanh téng c¢4c phan thic t61 gian.

(x—1)(x-2)(x-4)

Tiu dinh 1f dai sd trén ta c6 :

X2 +2x+6 __A B C
(x-D(x-2)(x—-4) x-1 x-2 x-4

DI nhién, c6 thé ding phuong phip hé sé bat dinh dé tinh céc he
s6 A, B, C wrong phan tich trén (nhu di 1am trong thi du (2)) ; tuy
nhién, trong trudng hop cu thé nay khi da thiic mau s6 chi ¢4 nghiém
thuc don, chiing ta cé thé tinh A, B, C nhanh gon hon theo cich sau
day : Truéc hét, dé ¢ ring phan tich trén 1a déng nh4t thic, nghia 12
cach phan tich d6 diing véi moi gid tri cha X ; bay gid, chang han, dé
tinh hé s& A : ta nhan ca hai v& véi (x - 1), va cé

2
X' +2x+6 _, B (X1 +—S—(x—1).
(x—2)(x—-4) X—-2 x—4
Trong dong nhat thic trén ; ta cho x = 1 va cé
1+2.1+6

—————=A ;nghiala A =3,
(1-2)1-4)

Tuong ty, mudn tinh B ta nhan ca hai v€ cia déng nhét thite ban
dau véi (x — 2) r6i cho x = 2 ta duge

B:M:
2-D2-49

va cudi cing C= 5.
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Do d6 :

X*+2x+6 3 7 5
x-Nx-2)(x-4) x-1 x-2 x-4

x2+l

(x— 1)3(x +3)
Dung dinh Ii dai s6 trén ta c6 :

(c) Phan tich thanh 18ng cic phan thic t6i gin.

X +1 A B B, B,
3 T3 3t e
(x-1Y(x+3) x+3 (x-1)° (x-1)* (x-1)

Luu y rang trong thi du nzy, néu ding cich lam cia thi dy (b) thi

chi tinh duge A = —555 va B :—;», do vay,tacé:

x2+1 5 1 B, B,
=— -+ 3+————'2 +——
x=-D2x+3) 3243 2x-1) (x-1%2 x-1

Muén tinh nét cic hé s6 B;, B, ta phai diing cach lam nhur trong
thi du (a) {nhung chi gap 2 phuong trinh, hai 4n), va c6 :

3 5
B :—‘B =-—,
7 273
do do6 :
x2 +1 5 1 3 S

R + + +
(x-D3x+3)  20x+3) 2x-1 8x-1F 32(x-1)

(d) Phin tich —2—~1—2—~— thanh tdng cac phan thifc don gian.
(x“+3)(x“ -1 -

V& nguyen tic, ta c6 thé biéu dién :

1 _ 1 A . B +Cx+D
- x-Dx+)x2+3) x-1 x+1 x243
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r6i diing cdc cich da gi6i thiéu trong céc thi du trén dé tinh A, B, C,
D. Tuy nhién, vi muc dich phan tich c6t dé d& dang 14y tich phan nén
ta c6 thé viét :

R+ HE-1) 42+ 4
va nhur vay, ta c6 :
1 _l[(xﬂ)—(x—l)_ ! }_
o2 +3)x2-1) 4L 2x+)(x-1) x243]

1 _(x2+3)-(x2—1)_1[ 1 1 }
2 2
x“=-1 x“+3

I
8(x—1) B(x+1 4x%+3)

Chu y.

» Qua nhimg thi du trén, ta thdy rang muén tinh mét tich phan
dang phan thic thuc su chi cdn phan tich phan thic d6 thanh nhimg
phan thic t6i gian (theo dinh Ii dai s6) thudc cac dang I, 11, ITI, IV
(muc 6.4) r6i ditng cich tinh tich phan cdc dang dé6.

# Viéc gidi thiéu cach tinh tich phan cic biéu thic hitu ti (d6i véi
bién 14y tich phan) dd m& ra mét phwong phép rat hitu hieu d€ 14y tich
phan cdc biéu thirc khong hiru ti d6i véi bi€n 14y tich phan : trong
trudng hop nay ngudi ta c8 ging diing phép dbi bién va tich phan
timg phan dé dua biéu thic cdn 14y tich phan vé mét biéu thirc méi
d61 véi bién 14y tich phan méi va bi€u thiic méi nay lai hir ti d6i véi
bi€n mabi. Chiing ta s€ minh hoa y nay trong vai trudng hop dudi day.

6.5. Tich phar céc biéu thitc lwong gidc

Gia sit cin tinh tich phan 1= IR(sin x, cosx)dx trong dé R(u, v) 1
mot bi€u thitc hitu ti dSi véi u va v, nghia 14 khi tinh gi4 trj clia R(u, v)
chi cin thyc hién cic phép tinh cong, trir, nhan va chia d6i véi céic
bién v, v. Khi d6, thuc hién phép déi bién :

X
t:=tg5.—.n<x<n
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X 2 X
S . 2tg—2- 2t 1-tg 7 1-22
vaco: sinx= = ; COSX = = 5
2 1+t 2 1+t
1+tg”— 1 +tg©—
2 £2
1=arctgt 1 X = 2arctgt ; dx = 2dt2
2 1+t

Do d4, c6 thé dua tich phan I vé dang

2
2t 1-t 2ds
I‘IR{ * 2] 2

1462 1+¢2 )1+t
va 15 rang & day biéu thifc dudi ddu tich phan 1a hifu ti d6i véi t.

That ra, trong nhitng thi du v& tich phan cic biéu thic lugng gidc
da gap & cic phdn uén ta da ding y tudng hir ti hod réi tuy ring
trong cac trudng hop cu thé d6 khong ddi héi phay hitu ti theo kiéu

thuc hién phép d6i bién téng quat t =tg§.

Bay gid ta 14y mot thi du :

2
(a) Tinh 1_-J'—~——a———dx (O<a<l;:-n<x<n).

1 —2acosx +a°

Thyc hién déi bién t: :tg§ 6

dt I+a
I:(l—az) = arct [[—Hm
I(l ~a)? +(1+2)%t2 Bll1-a

(b)TmhI:j 173C0SX  4x (0<a<l, -m<x<m).
1—2acosx-l-a2
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Ta co :

2
1-
I= ¢—1—+l ———a—z]dx:-l-x+axctg[i+—atg—x-)+c
N2 21-2acosx+a 2 1-a "2

(¢) Tinh 1= Isinz x cos> xdx. Datt: =sinx ; vacéd

3 5 .3 . 5
I:_I‘fz(l—tz)dt=t——-t-—+c=5m X _sin"x .
3 5 3 5
{ dx 1 P - A, .0 .
d) Tich I=j 2. Vi d(gx) = va ¢6 thé biéu dién
sin~ Xcos“ x cos? x

sin? x theo tgx nén ta dat tgx =t va duge

232
12J0_+t)_ —t—z—%+c—tgx-i— ' ¢
4 t 3 tgx  31g3x
P dx p
(¢) Tinh I= J_——.Ta ch:
sin xcos 2x
ot dx _J- sin xdx
Jsmx(2c052x—l) sin’ x(2cos x-—1)
:J sin xdx
(1- cos? x)(2 cos2 x — 1)
Vi d(cosx) = —sinxdx nén ta ddtt: = cosx vacd :
I=f dt j2(1—t2) (1- 2:)
1 -12)(1-212) ~12)(1-2t%)
enf2 1 (1]

+C

—IL "> -tz}dt—_l

1+«/§cosx

- \/Ecosx

—t\/—l |1+t|

=—=In

\/_

+C

ln\tgi
2
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6.6. Tich phan cac biéu thirc dang IR(x, var —x?)ydx va
[Rex, Vx? £ a?)dx

Ta dé ¥ ring ham dudi dau céc tich phan trong cé hai tich phan
IR(){,\./CL2 —x? Ydx va IR(x, Vx2 +a?)dx khong hiru ti ddi véi bién

x (Vi X con chira trong d&u can thirc), nhung R(u, v) thi lai hitu 0t déi
vdi u va v, do vay mudn tinh cédc loai tich phan dé nguoi ta tim cac
déi bién hoic dong thdi ddi bién va tich phan timg phan vdi hi vong,
vdi bién maéi thi bidu thite dudi dfu tich phan trd nen hitu ti déi véi
bién mdi ; trong trudng hop nay, ngudi ta tim cich khir can thuc.
Chang han : véi tich phan

IR(x, \lo.2 + x2 Ydx

ngudi ta thudng ding phép bién déi x : = atgt.
V6i tich phan [R(x, Va2 — x2)dx ngudi ta thuong dung phép déi
bién x : = asint, hay x : = acost.

Vi tich phan IR(X‘ Vx2 —a2)dx nguoi ta thudng ding phép d6i

) a
bién x =——,
cost

Sau diy néu mot sé thi du c6t dé minh hoa phuong phép
= Thi du

(a) Tinh 1= > 0.

Va2 - X2
j‘—?—dx ,

. e . n S
Thuce hign phép d6i bién x : = asint ; -3 <t SE‘ khi d6 dx = acostdt ;
\Jaz ~x? :a|cost| =acost, Vi cost > 0.
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Vay :

2 a2
I=‘[aco_S tdtza.’rl §m tdt=a}'fh —ajsintdt:
sint sint sint _

1 cost
—alntg—+acost+C alnf—-——+acost+C
2 sint  sint
2 2
.. X a‘—-x N
Vi sint == ; cost =——— nén, cubi ciing cé
a a
2 2
a-va‘—-x
I=aln +Va?-x2 +C
X
, dx
(b) Tinh I= ,a>0.

'[xx,/ a? +x2
Vé nguyen tic, c6 thé khir cin thiic bing cdch d6i bi€n x : = atgt,
—% <t<Z > nhung vdi bai nay ta dé ¥ rdng c6 thé viét :

IJ‘ : ) I !
X

do dé ta d6i bi€n —=1t
—+1

va dugc (04 = -ldt
x2 a

I=—%Iﬁ———lnlt+\h +1 |+C (thi du (f) muc 6.2)

1 1
LN S S T T N Y e
a a2 +1 a
2 2
va cudi cung I=11n a*x CaLc
a X
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(c) Tinh [=J'

dx
(x=IW1-x2

Thuc hién d6i bi&n x -1 h-l— dx = —ﬁ
V1 -x? ’ 1+ /_l_-"}_[
_2
do d6 1=_J —L :j d
—1=2t J-1-2t

titl
(viphiic6 1 - x* >0 < [xj<1=>x—1<0=>t<0nénf| = -t).

Cudi cung
I=—J-1-21+C=- H*—’HC
-X
2
x“dx
(d) Tinh 1= J'ﬁm‘ 2> 0
Vx? —a?
1 2x
Ta viét 1= —J‘xA————dx
2 /xz — a2
< - , , . . . 2xdx )
va ding cdch 14y tich phan timg phdn : u=x va dv=—2——2 : khi
’ X“—a
décéd:

I=xVx?-a ~Imdx=xm J‘X —a?

dx )
= xVx?-a _j J___
= x«sz—az—l+a2'[»ﬁ——dx >

x2—a
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Chuyén v& - I sang vé€ trai, dugc :
2I=X\lx2 -a? +a2J—dx—-
Vx? —a2
Dung thi du (f) muc 6.2, duge két qua cudi cung

=lxxjx —-a +—lnlx+\fx -a |+C

(e) Tinh I—J' a )
- X

Taco[—J 4/ dx, datt—*ﬁ
I-xVi-x 1-x

tuc la X = ;dx=—2dt
1+t (l+[)
I=J(1+t2)t. “dtzzj
(1+t%) 1+t

+C
-X

=2J P-— Jat =22~ 2arctg
1402 I-x

TOM TAT CHUONG 6

*» Tich phan bat dinh

Cho ham s6 f(x) xdc dinh trong (a, b), ham s8 F(x) x4c dinh trong
(a, b) duge goi 1a nguyén ham ctia f(x) néu F(x) kha vi trong (a, b) va
F'(x) = f(x) hay dF(x) = f(x)dx, vdi moi x € (a, b).

Dinh li :

Gia st ham s6 F(x) kha vi trong (a, b) va F(x) 1a nguyén ham cta
f(x), x € (a,b). Khi d6 :
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1) F(x) + C cling 1a nguyén ham cua f(x), voi C 12 mot hing s& tuy
Y, va v@i moi x € (a, b).

2) Nguoc lai, moi nguyén ham cua f(x), x € (a, b) déu ¢6 dang
F(x) + C. ‘

Khi d6, ta ki hiéu moi nguyén ham caa f(x) 1a j f(x)dx va doc 12
tich phan bat dinh cia f(x) ; nghia la :
Jf(x)dx = F(x)+C.

Céc tinh chit don gian cna tich phan bat dinh :

1) Néu k 12 mét hing s khdc O va néu F(x) 12 mot nguyén ham
cua f(x), c6

_[kf(x)dx - ka(x)dx = KE(x)+ C

2) N&u F(x), G(x) 1a hat nguyén ham cta f(x), g(x) va A, B 12 hai
hang s8, ¢6 :

I[Af(x)dx +Bg(x))dx = AJf(x)dx + BI g(x)dx =

= AF(x) + BG(x) + C
* Bdng tich phan cdc ham sé thong dung

JO.dsz

Jl.dx=de=x+C

X(1+]
Jx“dxz( S+Caw-l
o+

Jldx=_[d—x=1n1x|+c
X X

d
J 12dx=I x2=arctgx+c
1+x 1+4+x

1 dx
J‘ dx = =arcsinx + C
N
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X
Jaxdx=—a—+C | e*dx=e* +C
Ina

Jsinxdx =-—cosx+C

Jcosxdx =sinx+C

J ! dx=J dx =—cotgx+C

sin? x sin2 X
1 dx
J—de=j 5 =gx+C
cos“ x cos” x

dx 1 X
J >3 =—arctg—+C,a#0

a® +x 2 a
dx 1 a+x
j =—In +C,a=z0
a2_x2 2a a-—x

dx ]
J‘——=arcsmi+c, az0
/az_xz a
2
j\laz —xzdx =%X\Ja2 —x2 +a?arcsin-)£+C
a

J‘——,xg_):-;=ln(x+dx2 +a)+C,aeR
J‘\/xz +13dx=%[x\fx2 +B+BlIn|x +x +B|+C]

Pinh i :

Mét ham s6 f(x) xdc dinh lién tuc trong (a, b) thi ¢6 nguyén ham
trong khoang d6.
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Phép déi bién
Né&u biét ring J g(O)dt=G(1) +C thi:
Jg(m(x))w‘(x)dx =G(o(x)+C

trong d6 g(t), o(x), ©'(x) la nhimg ham lién tuc.

Trong nhiéu trudng hop, ta thudng thyc hién phép déi bién t = o(x).
Khi d6 biéu thitc dudi dau tich phan trd thanh f(x)dx = go(x)o'(x)dx.
Né&u G(t) ]a nguyén ham cta g(t) thi :

Jf(x)dx = Ig(t)dt = G(m(x)) +C

Phép tinh tich phan ting phan

Gia st u, v 12 hai hAm s6 kha vi va cé ciac dao ham u', v' 13 hai
ham s6 lién tuc, khi d6 :

J.udv= uv—Jvdu

*» Tich phén cdc phan thuc hitu tf

Mot phan thitc hitu ti 12 mot ham R(x) cé dang

T eM
R(x) = by +bix+..+byx

ag +aX+..+a,xX"

a,, by, # 0 vam < n, thi R(x) dugc goi l1a phan thite thire su.

Pinh li (dai s0) :

m
Néu R(x)= P(x) _by+bjx+..+byX

= ) m<n,a, by #0.
Q(x)  a,+apx+..+apx”

Néu Q(x) cé6 dang :

Q(x)=ay(x—a)*(x - b)B...(x +px+ q)“...(x2 +1x +3s)Y
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voia,b,...e R; p -4q9<0; I —4s<0va
a+B+ .. +2(k+...+V)=n
thi c6 thé phan tich R(x) thanh t8ng cic phan thic t6i gian :

P(x) A Ay
= + +
QX)) (x-a)® (x—-a)*”!

R(x)=

+

Au—l + B B,

+ +...1
x-a  (x-bP (x-b)f!

BB—[ . Mx + N M]X+N]
+ to¥— +— -
x—b x“+px+* (x*+px+q)
L’“-IX-FN“_I+...+————P7H‘Q + +——P"“X+Q"‘l

¥2 +px+q 2 +lx+5)”  xE+lx+s)

+...+

+

trong a6 A, Al" caay AQ.—I' B. Bl‘ Ceas Bﬁ_l, Cies M, N, Ml‘ N], ..

My-1, Npo1, o, P, Q, Py, Qy, ..., Py_t, Q1 la cédc hing s6 duge
xdc dinh theo phuong phdp hé s6 bat dinh.

b

Dinh Ii dai s6 trén suy ra rang viéc 4y tich phan mot phan thiic
hiru ti din dén cdc tich phan :

j 4% nix—al+C:

X—a

I dxk=_1 1k1+C,k>1;

(x—a) k-1 (x-a)“”

J‘——2MX+N dx=Mln(x2+px+q)+ -—Mp 2X+p
X“ +px+q 2 \f4q p? \[-q p?
I _J‘ dx _ 1 X N 2n-3 _1.

I (x2aly" 2n-1)a2 (2 +a2)™ 2(n-1) 52 nl
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» Cdc tich phan khéng biéu dién dugc qua cdc ham s6 so cdp (tuy
ring 16n tai nguyén ham)

I -x? dx, Jsmxzdx J.cosx2dx Jsmx J
Inx’

jx'“(a+bx )Pdx, a, b € R, p, r_n;f_l m# !
n

+p khong phai la

nhiing s6 nguyen,

x .
N
J-e——dx, J‘smx dx, J‘co X dx , n nguyén duong.
x" x" x"
* Tich phan cdc biéu thitc dang :

JR(x,\/az +x2 Ydx, JR(x, Jx? +0?2 )dx

trong d6 R(u, v) la biéu thitc hiru ti ddi v4i u va v.

Véi f R(x, Vo +x2)dx, ding phép déi bicn x = atgt ;
Vé J.R(x, \/(12 -x2 )dx, dung phép d6i bién x = asint hay x = acost ;

Vé JR(x Vx% —a? )dx, dung phép déi bién x~—9—[
cos

BAI TAP
1. Tinh céc tich phan :

1. sz(S—x)4dx : 2.

3. J"H—I X 4. J‘{l—;—lz—]\[)ﬁi:dx ;
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x+1 x—1
5 Jz -5 . 6. J‘ )

e+1

dx ;8. J'\/l+sin2xdx O<x<m;

7 J\/1+x2 —Jx% -1
x4

-1
~ dx
Q.I———- ; 10.
(5x=2)/2 d2-3x?
V2-3x2 T V3x? -2
13. J'(sinSX—sinSy)dx ; 14. —-—d-x—— ;
.2 s
sin“| 2x +—
23]
SJ ; 16. | d’.{ ;
1+cosx J1+sinx
17. J : i, [—9% .
h2X ’ (1+X)\/;
X dx
o [ & 0. [,
X +1 (2 +1)>2
. X
21;j—-2—"‘“—32—; 22.] € dx
x% -1 2+e*
s dx sinx
23, |- ; 24.j dx ;
Jet+e™* Veox3x
25. '_2_dX_T; 26. IX +1
Y sin“x+2cos° x X +l
r x“/2 xdx
27 [ X 4x . 28._[ ;
J /l+x“+2 i+ 2)(x+5)
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dx

29. Iﬁ : 30, J' sin? xdx ;
(x +2)%(x +b)

31. Isinxs'm(x +y)dx ; 32. Jcos%cos%dx
2. Tinh cdc tich phan :
1. jmctgxdx ; 2. JI+COSX
sinx —1
3. j : 4, J-\/ex—ldx :
te3x
S. Jsin6xcos4 xdx ; 6. _[ x+2
Vx -5x+6

7 j——’@‘—— : 8. Ixx]—x2+3x—2dx :
x2+x+2

9, J-sin2>u3053 xdx 10. J_z_——z
(x° +2x+5)

eHTCLEX
1. jsin"“ xsin(n+)xdx : 12, j 77
(1+x )
13. _[ ~ 14, J :
1+x l+x
15. Jmax(l.xz)dx . 16. J(ll+xl—|l—x|)dx

3. Tinh céc tich phan :

1.1, :J dx .n e N, tinh L, I}, [, va lap cong thic trﬁy chiing
cos" x ‘

dé tinh I ;

- 1
2. I,,=Ix"exdx,neN; 3. ]=J‘1’x+ldx .
x-._

" 16-THCC-Tap 2 : ’ 241




4, I “cos3xdx 5. J.xz Inxdx ;

T

PAP SO VA GOI Y
(Khong viét hang s6 C vao dap s6)

1. 1. ég—5~x3 —~125¢% +30x5—-19x6+—l-x7 :
3 3 7

2 3
2 yinixi-—-¥_.
X

2x2

6. ie2x —e"+x
2

In x-vx2 -1 .
x+VxZ -1

2 X
9 —— 15 15—
15(5x - 2)3/2 2
X
17. 2th= : 18. d(/x) = - 2arctgVx
5 )= J" g
1+Vx? +1
19. ~In|~—>——
X
1) Ly
(chia tir va mauchox vaidéy d| —|=~—— :
xJ 2
20. ——me 2. e
x2 +1 xZ -1

22. 102 + &) ;
23. arctg e* {nhan tir va man vdi e*, dé y d(e”) = e*dx) ;

2 ! tg )
24, ; 25. arctg
Jeosx 2 (\5
(chia tif va mau cho cosx, dé y d(1gx) = ); )
cos” x
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«®

e

1 f !
26. —arct (dé dx=d[x——J);
\/— g[ Xv2 J y L x2] X

n+2
27. 2 In| x 2 +\/H~>("+2 Idmin#-z,—l——lnlxlkhin:a;
n+?2 ﬁ
25, 22x+a+b L2 in x+a|:
(a—b)*(x+a)x+b) (a-b) x+b|
30. i—lsinZ)( :
2 4
X 1 x 3. 5x
31. —cosy ——sin(2x+vy) ; 32. 3sin—+-—sin—
5 Cosy msin(Ex+y) 5 6
1 2 . X n
2. 1. xarctgx ——In(1 +x°) ; 2. Intsinx - I-tg| —+—
TS fz07]
(tich thanh hai tich phan J‘>dx +j COSX _ax : viet
sinx —1 stnX — 1
. n
sinx=-cos| Xx+— |);
(<+3)
A . 3 .2
3. — 3 —Inlsmnx| (vi€t cos'x = (1 — sin"x)cosx) ;
2sin“ x
4. 2(Ve* -1 —arctgVe* 1) (date* = v’ + 1) ;
1

3x —lsm2x —sin4x ——l—sméx +— L —sin 8x ——l—smle
256 2 4 8 20

(dung cdng thirc sin? x = l___czisﬂ va cos? x :m) ;

2
[x—-;-]+\}x2 —-5x+6 +\!x2 -5x+6

(viét x2 - 5x '+6=:1{[(2x =52 1)) ;

6. gln
2
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6‘“

7. \/x2 +x+2—-;—ln (x+%]+\)x2 +x+2

g -1 ! +§(2x—-3)\j—x2+3x—2 +-3—arcsin(2x—3)
32 +3x-2)y 8 16

(viet —x2 + 3x - 2 = %{1—(2')(— 32

. 6 -8
g 3 X _Sm X (dat sinx =u) ;
6 .
1. —sinnxsin” x (dung céng thifc sin(n + 1)x = sinnxcosx +
n - '
..n ' - '
. .. . =1 sin” x | | sinnx
sinxcosnx ; d€ y cosxsin x=[ ] va cosnx=[ ]);
n n
x—1
12- can:lgx
2W1+x?
2.2 _ )
13, viet = XX 27X X
1+x A+x}x“=x+1) x“—=x+1 1+x
4 =
14. Viet 16= ("2 d) 21) <
1+x° 2(x“+ D)7 =-x°+1)
_ x x4 142 x? -1
(1+x2)(x4—x2+1) x* —x2 +1
: 1
]——
11 + x? [ x2]
20142 1432 2.1
X2

3
15.x, [x|] < 1; x—+zsngx,1xl> 1.
3 3

244



16.—;-[(1+x)ll+xl+(l-x)|l—x|].

N
3 LY, Ii(x)=1In tg[£+E , Ih(x) =1g8x ;
2 4
sin X n-2
I,(x)= + L2 (x)
" (n-Deos"1x n-1."
1 -
(Viét = nl-z . 12 .datu = cos2 "x)

cosx  cos"“x cos”x

n X .
2. I“:X € —‘_nln-l,

1 X+1
3 In—YE=Lie iy
- x+1 .
x-1
I 3

4. l—3-e‘2"(35in:<xx—2cos3x) .5, %(BInx-—l)

6. Pt x =& ; 2Jx - 3¥x +68x - 61 +§x)+C.
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Chuong 7
TICH PHAN XAC BINH

7.1. Dinh nghia tich phan xic dinh

* Bai todn dién tich hinh thang cong

Cho ham s6 y = f(x), xdc dinh lién tuc trén khoang déng fa, b],
ngoai ra gia st f(x) khong am trén [a, bl. Xér hinh thang cong AabB la
hinh gidi han bai db thi cia ham s6 f(x) (trén [a, b)) ; cdc dudng
thang x = a ; x = b v truc hoanh Ox (hinh 7.1) ; ta dat van dé dinh
nghia dién tich S cia hinh thang cong AabB.

VA

O] a Xy Xp Xq Xi ¥44 D X
Hink 7.1
Ta chia doan [a, b] thanh n doan nho bdi cic diém chia :

1.0 Xg=a< X <Xp< ... <X <X;<..<X,=b
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Céac diém chia x; (i = 0, 1, ..., n) dugc chon tuy ¥ mién 12 tuin
theo thif tir tang dan va di€m ddu x trung vdi a, diém cudi cing x,
tring vai b, ta goi cach chia d6 la mot phdn diém 7.

Bay gio, tif cac diém chia x; (i= 0.n)ta dyng cdc dudng thing X = x;,
nhu thé ta da chia hinh thang cong AabB thanh n hinh thang cong nho
P X—yX,P; (i=1,n) (hinh 7.1), m&i hinh thang cong nhé d6 c¢6 ddy
AXj D= X~ X (i=l,_n ). Theo gia thiét, ham s6 f(x) lién tuc trén [a, b]
nén cung lién tuc trén [X;—. X1, (1 =fﬁ) , do dd dat duoc gia tri nho nhat

m, (m; ;= min f(x)) va gid tri Idn nhat M;(M; : = max f(x)),
xe[x,_1.x,] xelx_y.x]

theo dinh 17 3.2 chuong 3 :

miSf(X)STV[P Xi—1 SXSXi
dodé:
(7.2) m;Ax, < f(x)Ax; < M Ax,, Xiof <X <X,
V& mat hinh hoc : tich s6 mAx;, ¢

M;Ax; chinh 1a dién tich cna hinh chir
nhat "trong” va "ngoai” ¢d chiéu rong la
Ax; va chiéu dai trong tng la m; va M,
(hinh 7.2) : hinh thang cong nho thy i

P—1x,-1x;P; luén bi cdc hinh chi¥ nhat
trong va hinh chir nhat ngoai kep.

e} Xi.4 X, X

. Hinh 7 2
Goi lan lugt S« va S 1a t6ng cdc dién tich cha cdc hinh chir nhat

. B %
trong va hinh chif nhat ngoai, dé cho gon, goi S. la tong trong va S
12 t8ng ngoai, luon cd bat dang thirc (tir 7.2) :

n n
(1.3) S+ <SS, :=ZmiAx, .S :=2MiAxi
i=|
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Sau ddy ta néu mot s& nhan xét vé tdng trong va téng ngoal.

(1) V&i mdi n da &n dinh va v6i mébi phan diém .# da chon thi S.

va $ la nhing s6 xéc dinh.
(2) Véi phan diém -# da chon. néu trong doan thir i [x,—. x;] ta lay

thém mot diém chia x'j nita, v6i X', € (X;-, ;) thi s& ¢6 hai hinh chir
nhat trong va hai hinh chit nhat ngoai vA
(hinh 7.3) va do tinh chét ciia minf(x)
va maxf(x). téng dién tich cua hai
hinh chir nhat wrong /én hen dién tich
cdl cia hinh chi nhat trong va dng  m} 1 —
dién tich cta hai hinh chit nhat ngoai  m}...
bé thua dién tich cua hinh chir nhat

ngoai cd, nhung bat ding thirc 7.3 vin ~ Of X Xi X X
ludn dung.

M

Hinh 7.3

(3) Tir nhan xét (2) suy ra, néu tang n thi S tdng va s’ glam, do
dd, voi bat ki phan diém 2 ; luon ¢6 hai diy s6 {St") don diéu tang
(v bi Sy, chdn trén) véi moi n, va day s6 {Siy,} dun diéu gidm (va
bi SI™ chan duéi) véi moi n.

Theo dinh 1i 1.4 chuong 1 vé su hoi tu cua day don didu ta két
luan rang khi m tang vo han va moi Ax; = 0, ¢6

(7.4) limS™ = § va limS(y, =S

n n

Do gi thiél va dinh I 7.2 chuong nay ta c6 S=S va ta n6i ring
hinh thang cong AabB cd dién tich va ta dinh nghia dién tich S cia
hinh thang cong chinh la giéi han chung dé :

S=S=8§
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Bay gid, tir (7.2) va (7.3) c6 thé viét
n 1 - n

(75) zmiAxi SZf(Xi)AXi SZMiAXi
i=1 = i=I

Mat khdc, néu goi A; = Ax; va A ;= max(Ax;) thi cic hé thic (7.4)

I1<i<n
c6 thé viét duéi dang :
f n -
(76) lim lTliAXi ‘—‘_.S va lim MiAXi =S
A0 -0

Do vay, néu hinh thang cong AabB c6 dién tich nghia la néu
S=S=S thi tir bt ding thirc kép (7.5) va tir dinh If chuyén qua gidi
han cac bar dang thitc kép (dinh 1i 3.2 chuong 3) ta ciing c6 :

n
(1.7 S=1h f(x,)Ax,
xl—%z x)ax,

1=1

Gi61 han dang (7.7) ¢6 mol vai erd cuc Ki guan trong trong giai
tich va trong cic ting dung da dang ctia giai tich va bay gig ching ta
s€ néu chi tiét hon giéi han dang do.

Dé két thic phén dién tich hinh thang cong ta lvu ¥ ring gia thi& -
vé tinh lién wc cta ham sé f(x) trén khoang déng [a, b] 12 gia thi€t bin
chat, cdn gia thiét f(x) khéng am thi cé thé bo qua vi néu f(x) am thi
luén cé thé day truc hoanh xu6ng dé thoa diéu kién f(x) khéng am.

* Dinh nghia tich phdn xdc dinh

Cho ham sé f(x) xdc dinh va bi chian trong khoang déng [a, b],
chia [a, b] thanh nhimg khoang nhd bdi mot phan diém # (7.1), trong

mdi khoang nho [X;—|, x;] My mot diém & iy y :
xi'—l < §| Sxi (l = 1, 2, ... n)

R



va lap 1éng

n
(7.8) 6= Y f(E)AX;
i=1
véi AX; == X; - X;_ (i=1,n)

DI nhién téng o dinh nghia theo (7.8) 12 mot s6 xdc dinh ; s6 d6
phu thuéc s6 khoang nhoé n, phu thuéc &, chon tuy y trong [x;—|, x;]

va phu thuoc cdch chon phin diém 7.

Néu khi n tang vo han (n — ) sao'cho max ;=i .k - 0 vdi
1<i<n

A= Ax; (0 =I.,—n), g c6 gidi han (hiru han) I, va giGi han I nay khong

phu thuéc cich chon diém &;, cling khong phu thuoc cach chon phan
diém # .

(1.9) Iim o=1
70
(n—oc«<)
thi I duoc goi 12 tich phdn xdc dinh ciia ham s6 f(x) lay trén khodng
b

déng [a, b] va ki hiéu la jf(x)dx :
a
b
(7.10) 1= jf(x)dx
a
Khi d6 ta ciing ndi rang ham s6 f(x) khd tich trén [a, b], [a, b] 12
khoang ldy tich phan, a 1a cdn duai, b.1a cdn trén cla tich phan, x la
bién s6'14y tich phan, f(x) la hdm s6 12y tich phan va f(x)dx 1a biéu
thite duéi dau tich phan.

V@i céng thic (7.7) va v4i dinh nghia (7.9) dién tich S ciia hinh
thang cong AabB la:
b
S= ﬂf(x)ldx
a
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s Chu y.

(1) Heé thic dinh nghia (7.9) c6 thé dién dat theo "ngén ngit ¢ - 8"
cha khai niém gidi han : 6 - I ¢6 nghia la véi moi € > O cho trudc,
tim duge & > 9 sao cho

(7.11) A<dcolo-ll<e

(2) Trong dinh nghia, chding ta di gia thiét f(x) xdc dinh va bi
chan trong [a, b]. Khi d6, goi m = inf f(x), M = sup f(x), x € [a, b] ¢4

(7.12) m < f(x) <M, x € [a, b}
(3) Ki hiéu m; := inf f(x) , (m; 1a can duéi ding cha f(x) trong
XE[X,‘_|.X"]

[xi—;, x;] . xem 1.3.6 chuong 1) va M; := sup f(x), (M, la can trén
ding cua f(x) trong [X;— [, X1, x €[X;—, x;]).

Ta cé :

m; < f(x) € M;, x € [x,y, x;]
n n
(7.13) s:= Y miAx; ;8= ) MjAX,

lan lugt dugc goi 13 téng (tich phan) didi va téng (tich phan) trén.
(Trong bai toin dién tich o trén, vi f(x) duoc gia thi&t 1a lién tuc nen

m, trung vai min f(x) va M; tring vai max‘f(x) (voi x € [x;—. x;]) va

téng dusi chinh 1a téng trong, tdng trén chinh la téng ngoai). Tir
(7.9), (7.12) va (7.13) suyra :

(7.14) s<a<S
Hon nita, téng dudi s va téng trén S cdn ¢6 cac tinh chat sau :

(a) Khi tang 56 diém chia trong phan diém # thi t6ng dudi tang va
tong trén giam.
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(b) Néu goi sy, S) 12 téng dudi, téng trén dng vai phan diém #),
S5, Sy 12 téng dudi, tong trén img véi phan diém #,, c6: 5[ < S,.

Cluing minh. .

(a) D€ khoi rudm 13, chi lwu ¥ cach lap luin tuong tr nhan xét (2)
va (3) trong bai toan dién tich.

(b) Got # 1a phan diém thu ba, cé duge bang cich hop tap cic
diém chia cta phan diém # va phan diém #, va goi s, S 14n luot 12
tong dudi, tdng trén ing véi phan didm 2, khi d6, theo (a) :

sp<svaS<§,

Nhung, di nhién s < S, dodé suyras; <S,suyras; <S,. l

(4) T tinh chat cta t8ng dudi va téng trén suy ra ring tap cic
téng dudi {s) dng véi cic phan diém # khic nhau 12 mét t&p bi chin
trén ; cy thé 12 bi mot tong trén b4t ki S chan, do d6 theo m3nh dé 1.2
chuong 1, tap {s} c6 can trén ding I« :

« = sup {s}
Tuong tr tap cdc tdng trén {S} bi chian dudi, do d6 cé can dudi
ding 1
I" := inf {S}
Hién nhién, ta c6 :
(7.15) s<lL<I'<S$S
Véi tit ca nhimg nhan xét trén, bay gidf ta c6 thé tra 18i cau héi rat
tr nhién 1a : d€ ham sG f(x) kha tich trén [a, b} thi f(x) phai thoa diéu
kién gi ?

7.2. Diéu kién kha tich

Dinh li 7.1. Voi nhimg ki hiéu da ding o trén ; diéu kién dt cé6 va
di dé ham s5°bi chan f(x) khd tich trén {a, b] la :

(7.16) Iim({S-s)=0
-0
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Chitng minh.

"=" Gia sir 16n tai tich phan (7.10), khi d6, theo nhan xét (1) ; ¢d
(7.11) nghia la cé
I-e<o<l+eg

Mat khic theo bat ding thiic kép (7.15) va theo tinh chat clia can
trén ding va can dudi ding, suyra :

l-e<s<S<I+¢
Tu d6 :

ms=1im S=1
-0 p=)} ’

va (7.16) duge chitng minh.
"¢<=" Bay gid gid sir ¢6 (7.16), khi dé tir (7.15) suy ra
s<I<S; I-hml*—lxml
~ K&t hop bat dang thirc kép nay véi bat dang thite kép (7.14) ta c6
déng thoi :
s<1<Svas<oc<S$§

Hon nira vi lirr})(S —s)=0 (gia thi&t) nén ciing suy ra : lc - I| <E
-—)

B4t dang thiic cudi ciing nay chimg t6 ring { kha tich trén [a, b). W
Né&u ta ky hiéu
(717 @; =M;j —m;,

o; duge goi 1a dao dong ca f trong [X;—|, x;] thicé:
n n
S=—s= Y (Mj —mAx; = ¥ @Ax;
1=t i=1
va c6 thé viét diéu kién khi tich (7.16) dusi dang

(7.18) lim Y oAx; =
)\.—)02
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Bay gid, tir diéu kién kha tich (7.16) ta c6 thé rim cac dau hiéu kha
tich cha moét ham sé quen thuoc.

Pinh 1i 7.2.
Néu fix) Lién ruc trong [a, b] thi fix) khd tich wrén [a, b].
Chirng minh.

Vi f(x) lién tuc trong khoang déng [a, b} nén theo dinh Ii 3.12
chuong 3 ; f(x) hén tuc déu trong [a, b], do dé véi bat ki € > 0 ludn

tim duge & >0 sao cho Ixi —xi_1| < & véi x;—|, x; € [a, b] ludn c6

|f(x;)—f(x;_})| <& nghia 13 o; < & ; tir d6, ding (7.18) ¢6

n 1l
Z(ﬂiAXi < EZAXi =g(b-a)
i=| 1=1

Vi (b - a) 12 hing s6, € bé tuy ¥ nén (7.18) duoc thoa, do d6 f(x)

kha tich trén [a,-b]. W
*Dinhli7.3

- Néu f(x) bi chdn trong [a, b] va c6 moét s6 hitu han diém gidn
doan trong [a, b] thi f(x) kha tich trén [a, b].

Dé da nang né, chiing ta khong chiing minh chi tiét dinh 1i ndy ma

chi gai y cach chimg minh. Trudc hét, dé ¢ rang chi cdn ching minh -

cho trudng hop khoang [a, b} chita mo6t diém gian doan tai x = x' (?),
sau dd, vdi € > 0 cho trude, chia [a, b] thanh 3 khoang [a, X' — E],
[x'— €. X"+ €] va [x" + g, b] 161 4p dung tinh chat lién tuc déu cua f(x)
trong cdc khoang déng {a, x' — €], [x' + €, b} d€ xay dung cdc hé thic
thude loai (7.18) ; trong khodng [x' - €, X' + €] chi chda mo6t sG hiru
han diém chia clia phan diém .# nén viéc chiing té hé thic (7.18) gin
nhir hién nhién (7).

Dinh i 7 4.

Néu f{x) bi chdn va dan diéu trong [a, b] thi khd tich trong [a, b].
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Chimmg minh.
Gia st f(x) don diéu tang trong [a, b], khi dé :
(Di = Ml — mi = f(Xi) — f(xi_])
Biy gio chotrugc € > 0 ; dat 8 == L f(x) don diéu tang

f(by-f(a)
nén f(b) — f(a) > 0.

Khi d6 chi can Ax; < §;,i = Lin, luébncé :

Y ;A% < SZ[f(x-, )= f(xi_1=3[f(b) - f(a)]=¢

1=1

Nhu thé f(x) thoa (7.18), do dé f(x) kha tich trén [a, b]. Trudng
hop f(x) don diév gidm ciing chdng minh tuong tw. W

* Vai thi du

(a) Tinh J‘xzdx‘
0
Vi f(x) = x* lién tuc trong [0, 1) nén f(x) kha tich (dinh li 7.2). do dé :
I

szdx: lim Z!;,Ax,

A O
0 max Ax; —

Theo dinh nghia kha tich ; ¢6 thé chon &; € [x;

day 1a chon &, = i.l i AX; =g:— (chia [0, 1] thinh n khoang
n n n

-1 Xl tuy yva g
1
nho bang nhau), khi dé maxAx; — O trong duong véi n — o, do d6 :

_[ x%dx = lim Z[: —]2 ~=lim %Z::

n—x n n—w0

- lim L.n(n+ D2n+ 1) =l
n—)®n3 6 3
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(xem bai tap s6 11, 2 chuong 1) :
|
Ixzdx = l
3

b
(b) Tinh |sin xdx
a
Vi f(x) = sinx lién tuc trong [a, b], nén f(x) kha tich tréa [a, b], do
dé6 6 thé chon phan diém sao cho

Xo =2, ..,X;=a+1h,vih:= ;1= L,n.

n
Khi d6 maxAx; =Ax; =h.
Né&u chon &; :=a+(i-1)h; i=1,n theo dinh nghia (7.10), c6 :
b
J'sm xdx = lim Z(smﬁ )h

n—>0
a

mn
bat 6, = Z(sinéi)h, co:
i=l
G, =[sina +sin(a + h) +sin(a + 2h) +...+sin(a + (n — Hh)]h

Nhan ca hai v€ dang thic trén véi 2sin% va ding cong thic

lugng gidc : 2sinusinv = cos(u — v) — cos(u + V), suy ra

) )
cos|la——|—-cos|{a+|n——|h
) et

o, = =.h

ZSinE
2

h h

cos(a—5}~cos{b—5]
= h (via+nh=D>b)

2sin—
2
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Cuéi cling, thé gia tri o, vdo biéu thifc cin tim gidi han, duoc :

b h

J'sin xdx = lim 2 cos (a —ll-)— cos(b —EJ
h—0 . ( h] 2 2

a sin E

b
Jsin xdx =cosa—cosb (?)

4

* Chiuv.

(1) Qua hai thi du, ta thiy ring n€u chi ding dinh nghia d€ tinh
tich phan thi khdi lugng tinh toan ciing nhu cach tinh toan rit céng
kénh va da dang vi khong c6 mot cong thirc ¢ tdng quat dé goi ¥
cich tinh cac gidi han, chinh muc 7.4 saun sé cai thién tinh hinh nay.

(2) Trd lai hai thi du trén, ta dé dang thiy :

| | 1 1
Neéu x2dx=lth‘1 2di= [y?dy = u2du=l
frovsm Jfas pors pass
Ciing vay
b
Néu jsinxdx=cosa—cosb thi

a

b b b
jsin tdt = Jsin vdv=..= Jsinydy =cosa—cosh
a a a

b
Tir hai thi du d6 c6 thé két luan : jf(x)dx (néu c4) thi chi phu
a
thudc céc can a, b va ham s6 14y tich phan f(x), khong phu thuoc bién
56 tich phan :

b b b
(7.19) ff(x)dx = If([)dt == If(u)du
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(3) Khi dinh nghia tich phan ta xét ham s6 f(x) trong khoang déng
[a. b], tirc )2 1a da gia thiét a < b. Bay gio néu b < a ta dinh nghia

b b
(7.20) jf(x)dx = If(x)dx
a a
va khi b = a ta dinh nghia :

a
(7.21) jf(x)dx -0

a
7.3. Céac tinh chat cua tich phan xéac dinh
Pé khodi phai nhac lai nhiéu 1an, trong cdc ménh dé duési day khi
n
ndi dén tich phan ff(x)dx chiing ta déu hiéu 1a f(x) dugc gia thi€t
[53
kha tich trén [a, B].
» Tinh chdt 1. (Khong chimg minh).
(i) C6 thé dua thira s6 12 hiang s6 ra ngoai ddu tich phan :

b b
(1.22) IC,f(x)dx -C ff(x)dx

da a

b b
(7.22') Diac biét fc.dx e Il dx =C(b ~a)
a a
(i1) Tich phan cla tdng hai ham s& bing téng hai tich phan :
b b b
(1.23) _[[f(x)+ g(xX)}dx = jf(x)dx + jg(x)dx
a a a
o Tinh chdt 2.
Cho 3 khoang dong [a, b], [a, c] va [c, b), néu f(x) kha tich trén

khodng c¢6 do dai dai nhat thi cling kha tich trén hai khoang con lai va :

b c b
(7.24) jf(x)dx - jf(x)dx + jf(x)dx
a a C
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Chung minh.

bPau tién gia sira < ¢ < b va f(x) kha tich trén (a, b]. Xét mot phan
diém 7 trong dé diém c dugc chon 1am diém chia, khi d6 :

b b
ZcoAx :imAx +Zm£\x
a a C

vim=M-m>0;AxXx > 0 nén néu v€ trdi dang thic trén dan téi
khong sé kéo theo hai tdng v€ phai ding thic d6é dén tdi khong, néi
khdc di, theo dinh 1i 7.1 f(x) kha tich trén [a, b] thi ciing kha tich trén
(a, c] va trén [c, b]. Mit khic, hién nhién c6 :

b c b
D HEAx =D [(E)AX+ Y f(E)AX
a a c

Chuyén qua gigi han, cho L — 0, suy ra (7.24).

Bay gio, gia sir b < a < ¢ va f(x) kha tich trén [b, c] ; khi d6 theo
phin da chimg minh : f(x) kha tich trén [b, a] va trén [a, c] va co :

C a C
Jfoodx = foods+ ffoodx
b b a
Chuyén vé dang thic trén va ding céng thitc (7.20) suy ra (7.24). B
» Tinh char 3. (Trong tinh chat nay : a < b).

b
(i) Néu f(x) = 0, x € [a, b] = If(x)deO

2

b b
(11) Nén f(x) < g(x). x € [a,b] = J'f(x)dx < jg(x)dx
a a

(ifi) N€u f(x) kha tich trén {a, b] = If(x)l kha tich trén [a, b) va

(7.25)

b
j‘f(x)dx
a

b
< J]f(x)ldx
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(v)yNeum<f(x) <M, x € [a,b] =
. b
(7.26) m(b—a) < J'f(x)dx <M(b-a)
a
Ching minh.

(i) Hién nhién.
(i1) Chi can ap dung (i) cho hiéu g(x) — f(x).
(i) Trudc hét, 1a ching minh tinh kha tich cta If(x)! ; n€u trong

khoang [x;,—;, x,;], 1dy 2 diém bat ki x', x", ¢6 (bat dang thuc (1.25)
chuong 1) :

[ECx)] = [FxO) < [Fexy = £x)|
Do d6. néu ki hieu o; la giao dong ciia ham s6 If(x)! trong khoang

[X;{, X;], thi theo dinh nghia (7.2) ¢6 - @; <, do d6 :

0< Zm:Axi < ZwiAxi

Vi f(x) kha tich ten [a, b] (theo gia thi€) nén D @;ax; — O
(dinh 1{ 7.1). kéo theo »_w; Ax; —» 0, do d6 Ifl khi tich trén [a, b].

Cuéj cling, bat dang thuc hién nhién (vi Ax; > 0)

> reEoax|< Y |fE|ax,

kéo theo (7.25).

(iv) Chi c4n ap dung (ii) chom, f va M va 4p dung (7.22"). @

o Tinh chdt 4.

(1) Bini li trung binh thir nhdt.

Gia sut f(x) khd tich trén [a, b], (a < b) va gid sum <f(x) <M, vdi
x € fa, b], khidéténtai p:

b
(1.27) If(x)dx=p(b—a), m<u <M.

a

260

- 00



Dac biét néu fix) lién tuc trong {a, bl, tén tai ¢ ; ¢ €/a, b]

b
(7.28) _[f(x)dx = f(c)(b—a).
a
Ching minh.
Gia sir a < b, ding bat dang thirc (7.20), ¢6
b

l .
T If(x)dx <M

m =

a

va dat pi=

b
= _[f(x)dx
a

a
Néu a > b, 1 xét tich phan dang If{x)dx va diing cong thic
b

(7.20) cung suy ra (7.27).

Bay gid gia su f(x) lién tuc trong (a, b], khi d6, theo dinh 1i 3.8
chuong 3, m = mun f(x) ; M = max f(x), x € [a. b], vA theo hé qua 3.1
chuong 3, suy ra tén taic € [a,bl,sacchofic)=p:m<u<M. B

* Nhan xer.

(1) Cong thic (7.28) cd mot ¥ nghia hinh hoc thi vi. That vay, gia
sir f(x) = 0, khi dé vé trdi (7.28) chinh 14 dién tich kinh thang cong
ABCD (hinh 7.4) va vé phai v
chinh la dién tich hinh chu
nhat ¢6 chiéu rong la (b - a) D
va chiéu dai la f(c). N6i khdc w
i t6n tai mot hinh chir nhat
c6 chién dai la tung do f(c)
cia mét diém M nam trén te)
cung DC ciaa dé thi f, co A L B
hoanh d6 ¢ & gilfa a va b, sao Of a c b
cho dién tich hinh chit nhat do Hinh 7.4

¥
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bang dién tich hinh thang cong ABCD cé chung ddy AB. Chinh vi gid
tri f(c) trung gian d6, céng thac (7.28) mang tén dinh Ii trung binh.

(2) So sanh cong thic (7.28) va cong thirc (5.2) chuong S -
f(b) — f(a) = f'(c)(b — a)

c6 thé néi ring néu f(x) c6 moét nguyén ham 1a F(x) (nghia 1a f(x) = F(x))
thi (7.28) cé dang :

b
J‘f(x)dx =F'(c)(b-a)

b
Chinh hé thic nay goi ra lien he giita tich phan If(x)dx va gid trj

a
cu thé clia nguyén ham F(x), trong muc 7.4 ta s& nghién ctru quan hé dé.

(ii) Dinh li trung binh thir hai.

Gid su :

(1) f(x) va tich f{x).g(x) kha tich trén {a, b].

(2) m <flx) <M.

(3) g(x) khéng doi ddu trong [a, b] : g(x) = o(g(x) <0).
Khidé :

b b
(1.29) If(x)g(x)dx - _[g(x)dx m<u<M.
a a

Dac biét, néu f(x) lién tuc trong [a, b], ¢4 :

b b
(7.30) _[f(x)g(x)dx = f(c) _[g(x)dx, a<csh.

Chung minh.
Trudc hét, gia sir g(x) > 0 va a < b, khi d6, tir gid thiét (2) c6 :
mg(x) < f(x)g(x) < Mg(»)
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Ap dung tink ~hat 3 (iv) suy ra :
b b b
m [g00dx < If(x)g(x)dx <M jg(x)dx
a a a
Mait khiéc, vi g(x) 2 0 (a < b) nén dung tinh chat 3(i), ¢6 :
b
jg(x)dx >0.

d
Né&u tich phan nay bang khong thi hién nhién ¢6 (7.29) vi khi d6
b
jf(x)g(x)dx -0.
F:]
b
Né&u Ig(x)dx >0, suyra:

a

b
ff(x)g(x)dx
— =p, p € [m, M]
jg(x)dx
a

do dé6 c6 (7.29).

Bay gid, dé ¥ rang han ch& g(x) 2 0 va a < b 12 khong can thiét vi
khi déi can tich phan hoac ddi d&u cha g(x) trong bidu thitc trén dau
bang vin khong thay déi.

bac biet khi f(x) lién tuc trong [a, b), ciing lap luan nhu phin
tuong ing trong dinh 1i trung binh thit nhat, suy ra (7.30). B

7.4. Cach tinh tich phan xac dinh
Néu f(x) kha tich trén [a, b], f(x) ciing kha tich trong [a, x], x € [a, b]

(tinh chdt 2 muc 7.3, néu biy gid thay can trén b boi bién x thi ta cé
tich phan

X
(7.31) D(x) := jm)dt, x € [a, b]

a
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®(x) |2 mot ham phu thudc can trén X, va dé€ phan biét can va bién
s6 tich phan ta viét bi€n s6 tich phan la t (xem nhan xét (2) muyc 7.2).
Ham ®(x) ¢6 cédc tinh chat sau.

Pinh li 7.5.

(1) Néu f(t) khd tich trén {a, b] thi @(x) lién tuc déi voi x € {a, b].

(2) Néu f(xj lién tuc tai t = x thi @(x) c6 dao ham tai x va :

(7.32) @ (x) = f(x)

Chimg minh.

(1) Cho x mot 56 gia Ax = h sao cho x + h € [a, b], khi d3, theo

dinh nghia (7.31) ¢6 :
x+h X x+h
®(x + h) = j f(t)dt = If(t)dt+ j f(t)dt (cong thiic (7.24))
a a X
do do:
x+h
(1.33)  ®(x + h) — B(x) = j f(t)dt = ph, (cong thic (7.27))

X

VoI p & gilta m' va M’ 1a hai can dudi va trén cua f trong khoang Ix, x + h]
(xem hé thirc (7.2) trong chi y (2) phan dinh nghia tich phan xdc dinh).

Néu bay gid cho h — 0, hién nhién ¢6 :
®O(x + h) — ®(x) > 0 hay la D(x + h) > O(x)
va diéu d6 chitng o tinh lién tuc cia O(x).
(2) That vay, uir (7.33) suy ra :

O(x +h) - P(x)
h

=u

Mat khac f(t) lién tuc tait =xnén véie >0 tuy y tim duoc 8§ >0
sao cho khi |h| < 8 co
f(x) —e<f(t) <f(x)+e,te[x,x+h]
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Vim' :=inf f(t), M :=sup f(t), t € [x, x + h] (xem ménh dé 1.2
chuong 1) c6:

f(x)-e<sm' <M <f(x)+¢
Ngoaira, vipgthoda : m'<p <M nénsuyra:
fx) —& < pu<f(x)+ehayla [p-f(x)|<e
Do dod:
d(x +h)—D(x)

d'(x):= lim
h-0

= lim p=f(x). B
h—0

¢ Nhdn xét.

Két luidn (2) cia dinh 1i cé mot ¥ nghia quan trong vé I thuyét
cing nhu dng dung. Néu f(x) lién tuc trong toan khoang [a, b] thi né
kha tich (dinh }i 7.2) va, hon nifa, tai bat ki x € [a, b] cong thifc
(7.32) ding : Khi dé dao ham cua tich phan (7.31) theo cdn trén x
luén bang ham sé' ldy tich phan trong khodng ldy tich phdn dé.

Néi khdce di, ching ta da ching minh dinh 1i 6.2 chuong 6 :

Mér ham f(x) lién tuc trong khodng [a, b] luén cé nguyén ham
trong khodng dé va mét trong cdc nguyén ham dé dugc biéu dién
dudi dang 7.31.

Dinh li 7.6. (Lién hé giira tich phan xdc dinh va nguyén ham).

Néu f(x) lién tuc trong khodng déng [a, b] va néu F(x) la mét
nguyén ham cua f(x) (luén 1on tai nguyén ham nay, theo nhdn xét
trén) trong khodng do thi

b
(7.34) _[f(x)dx = F(b) - F(a)
a
Cong thic (7.34) dugce goi 1a cong thitc Newton—Leibnitz (doc la
Niuton—Lainit) va ciing thudng duge viét dudi dang :

l]f(x)dx - F(x)|:
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Chitng minh.

Vi F(x) la mot nguyén ham cua f(x) trong [a, b] va tich phan (7.31)
ciing 12 mot nguyén ham cia f(x) trong {a, b] nén theo dinh 11 6.1 (2)
chuong 6 ¢6:

(7.35) O(x) =F(x) +C, x € [a, b]
véi C la mot hang s6 cong.

Tir dang thiic (7.35) suy ra :

®(a)=F@)+C
nhung ®(a) =0 (xem (7.21)), suyra: F(a)=-C.
Bay gid trong (7.35) cho x = b sé suy ra (7.34). B

Cong thiic Newton ~ Leibnitz cho cdch tinh tich phan xdc dinh
b
If(x)dx, khong can phai trd vé dinh nghia, mién la bi€t mét nguyén
a
ham F(x) cta f(x), nhu viay, néu chiing ta di quen véi cic ki thuat tim
tich phan bat dinh da hoc & chuong 6 thi vé nguyén tic cé thé tinh
dugc cic dang khdc nhau cua tich phan xdc dinh.

« Thi du.
(a) Tro lai hai thi du trong myc 7.3, d& dang thay :
]
2,. 131 1
J-X dx—~3-x ‘O—g
0
b b
Isin xdx = —cosx‘a = cosa — cosb
a
b e B+l M+l
Mgy — - _ -
(b) [xdx “HL 7 et (w—1).
a
b dx b
© [F=Inx|; =Inb-1na (a>0,b>0)
X a
a
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I‘—lim[ +n++n}
noo| n? 412 n? 422 n? +n?

Goi I = n + n +..4 n
D n-— "5 o
n?+12 n?+22 n? +n?

thi cé thé viét [, dudi dang :

n n n

2 2 2

__n n n
I, = 12+ 22+.A+————n2
1+[—-} l+[—) 1+[—)

n n n

_1 1 | {

n

Xét ham f(x) : = . ham s4 nay lién te wong [0, 1], do dé kha

1+x2

tich trén [O, 1] ; diing phan diém déu Ax; = —1—:—12 :ln va cic diém chia :

1 1 .
x0=0;x|=;‘...,xi=;, 1=0,n;

chon diém &; = x;, ¢6 t6ng tich phan chinh 12 1, do d6
- 1

lim 1, =1= | dx

n—>0 ol+x

I =
arctgx 0= 7"

2

100m

(e) Tinh I = I V1 —cos2xdx
0
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eé-o

Taco 1l - cos2x = 2sin2x, do dé

100

1= 2 I Jsin x| dx
0

n 2n In 4n
=2 (Ilsinxldx+ Jlsinx{dx)-t-( I\sinx|dx+ Iisinx|dx)+
0 n

2n 3n
991 1007
+. 4+ ( Ilsinxldx+ _[ sin x|dx)
98n MYn
m n n 2r
—SOﬁ[Jlsinx]dx+ I lsin xjdx | = 50\/_2—{ J-sinxdx— Isinxdx] :
0 n 0 n

= 50\/5 ((cosO ~ cosm) + (cos2m ~ cosm)] = 200\/5
|
(H) Tinh (o) : = lex—aldx, a 12 tham s6.
0
X—a néu x>a

Vi:lx-al={

oa—-xnfux<a

Do dé I(a) phu thudc vaioa <O hoicO<a <1 hoica>1.

Véia<0,x>a,tacéd:
1
1 o
I(a) = _[x(x—a)dng—i
0
Vai0<a<l,tacod
1 1
(o) = lex—a|dx+Jx|x—aldx

0 a
a 1 3
1 o
= é[x(a—x)dx+ Ix(x—a)dx —§—a+T.
a
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Véia>1l.x<a,tacd:
1 ]

a !
(o) = lex —aldx = Ix(a~x)dx =373
0 0
(g) Tinh cdc dao ham :
b b
L4d 1. 2 Lod ey
(1) E;J.smx dx, (11) b sinx“dx ;
2 a
b x2
o d . 2 . N T
(itd) a—;_[smx dx va (lv)a; J-smt dt.
a 0
d b
N s s 2.
(i) Via, b la hang nén = J‘smx dx =0
a
d b
(i) Theo cong thiic (7.32)  — [sinx’dx = sinb?
a
b a
(iff) Vi [sinx”dx = - fsinx2dx
a b

Dung cong thic (7.32)
b
—d-;js'mxzdx = -sina2
4
D]

(iv) Patu =x*; ®(u) = [sine’dr

' d
Do d6 dung (7.32) va diing dinh {i dao ham ham s6 hop c6 :

X2

u
d . . d d .
= Ismtzdt=a%— smtzdtza—)zcb(u) =-ac—:-(<b(u)).a—:-— = 2xsinx

a 4

4
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7.5. Phép dai bién trong tich phan xac dinh
Tuong tu tich phin b4t dinh, trong tich phan xidc dinh, nguoi ta
ciing ding cic phép d6i bién thich hgp dé tinh tich phan.
Dinh 1i 7.7 (D6 bién x : = ¢(1)).
b
Xér tich phan If(x)dx. voi f(x) lién tuc trong {a, b].
a
Gid su thuc hién phép doi bién x = ¢(t) thod :
(1) @ft) c6 dao ham lién tuc trong (e, )
(2)pla)=a; p(f)=b

(3) Khi t bién thién trong [a, B] thi x bién thién nhung khéng ra
ngoai khodng lién tuc cua ham sé f(x). Khi dé

b p
1360 [ fwdr= [ floleoar
a a

Ching minh.

Gia st F(x) 12 mot nguyén ham cila f(x) trong [a, b], khi d6 F(e(t))
s€ 1a mot nguyén ham cia f{(p(1))e'(t) rong {a, Bl (meénh dé 6.1
chuong 6). Mat khic theo cong thirc Newton — Leibnitz c6

b
If(x)dx = E(b) — F(a)

a

p
va [flo]owdr =F[(p(t)“2 = Flo(B)] - Flo(a)) = F(b) - F(a)

a

So sanh hai dang thitc trén suy ra (7.36). B

* Nhdn xét.

(1) Ca ba diéu kién cta dinh If déu khéng thé bd qua dugce. Diéu kién
(1) dam bao tén tai tich phan v& phai he thitc (7.36) ; diéu kién (3)
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dam bao ham s6 hop fie(t)} duge xac dinh v6i moi t € [o, B] ; va
diéu kién (2) 43 duge dung khi chimg minh cong thic.

(2) Thuan lgi cla cong thirc (7.36) 1a, sau khi déi bién khong can
phai trg vé bién cil.

» Thi du.
(a) Tinh I:= j 4 -x%dx
0
bat x : = 2sint ; cé 4-x? = 2cost, -;Stsg ;
n

2sina =0 > a=0;2sinB=2=B= = ;dx = 2costdt.

Cic diéu kién cua dinh If déu thoa, do d

7T

T
2, ,
- Joou=s j (Leeos2t) | S |

ud
2

=]

z
2

(b) Cho I, : = feos"xdx : J, = [sin"xdx, n & N. Chiimg minh
0

(=W RN N1

rang I, =J,.
. n . . T
Thar vay, dat x = 5-1 s cosx = sint, dX = ~dt, khix =0 =3t = o) ;

khi x = 123 = t = 0. Do dé, diing (7.36) ¢6 :

hid

0 0 2

Icos [— - tj - Isin“ tdt = jsin" tdt =1,
r d 0

2 2
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(c) Chitng minh rang néu f(x) lién tuc trong [-a, a] thi:
0 néu f(x) lé

Ca .
7.37 dx =1 %
( ) _-[ f(xdx 2 If(x)dx néu f(x) chan

0
That vay, theo céng thitc (7.24) cé
- a 0 a
[foodx = [fodx+ [foodx
-a —a 0
Trong tich phan thit nhat cia v& phai ding thic trén, ta thuc hién
phép d6i bién x = —t c&

a 0 0

(]f(x)dx = —(_)[f(~t)dt = ?f(—t)dt = ]f(—x)dx

a a
Do d6 : j f(x)dx = I [£(x) + f(-x)}dx
—-a 0
Tir dang thic cu6i cing nay ding tinh chat ham s6 chén, 1& va
dung tinh chit 1 (i) suy ra (7.37).

Dinh li 7.8 (D61 bién t : = ¢(x)).

b
Xét vich phan Jf(x)dx, voi f(x) lién tuc trong {a, b).

a
Néu phép doi biént : = ¢(x) thod :
(1) @(x) bién thién don diéu ngdr va cé dao ham lién tuc trén [a, b}

(2) flx)dx trd thanh g(t)dt, trong dé g(t) la mot ham so' lién tuc
trong khodng déng [¢(a), p(b)] thi :

b o)
(7.38) Jf(x)dxz j g()dt
a o(a)
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Chitng minh.

Gia sir Jewdt = Fay + €, khi do -

Jfxodx = [awat = Flgeo1 + C

Do dé :
oy OB
jf(x)dx Floool]} = Flo®] - Flo@) = Fo | " = [ godt.
WEY)
« Thi du.
™
2
(a) Tinh I:J' COSX _ ax
01+sin X

P3i bi&n t = sinx, ham s6 t = sinx don diéu trén [0, —g]

Dimng (7.38) ¢6 :

(b) Tinh (0 <o<m).

I..
I x? —2xcoso. +1

Vi0 < o < 7 nén ham s8 f(x) : = lién tuc trong

1
x2 - 2xcosa +1
[-1, 1] ; thuc hién d8i bi€n t =X - cosa ; dt = dx va

1-cosa

dt 1 | —cosa 1+ cosa
I= I 2 ain2 =sina arctg sina +arcig sina
fetosa b FSIN Q@
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® o
f[[

1 (L
. 2amn” .
.1 -cosu p) )+ cosa o
Vi - = :lgz._—zcoth
a o 5
s 4@ O sinaQ
2 2
1 a T o n
o do - [=— _— =
sitnal2 2 2, 2sna

7.6. Phép lay tich phan tirng phan
Gna s u(x) vicvix) la nhing ham 6 c6 dao ham lién tuc trong [a, b].
KL do
d(uv) = vdu + udv
L4, rich nhan dine thue nay wrén [a, b] duge :

r b b
iy = Iudv r JA\v'du
a 3 a
. N b
Vi |dcuv - (u.\-'). nen
» 3
a
b N h
- 0 ;= . _ .
(7 39) fudv = (o] [vdu
4 a
Cong thite (7.39) duge 20t 1o cong thire tich phan timg phan.
Thidu.
() Tinh 1= [Inxdx

[
Taco:I= xlnx\:—jdx =elne—1.Inl -(e~-1)=1
I

(b) Tinh Joi=

0 sin" xdx, n e N.

e vlA

< . n-l . P . )
Pit u = sin’ 'x va d(-cosx) = dv, ¢6 du=(n—1)sin® " xcosndx

Va V= —COSX
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Dung cong thic (7.39) dugc

n
™ —_

Jy =(—cosxsin" " 'x)[ " + J‘(n—l)sin"’2 xcos? xdx

n

r r
2 2

= (n—l)J-sm“'2 x(l-:;in2 X)dx = (n—-1) J\‘sm Jm xdx
0 0 0

hay J, = (a -1J; 5 — (n~ D],
Suy ra c6ng thic truy héi :

(7.40) 5, -E;JJH
¢ T
2 x 2
bac bier o Jo = 6[1 dx =5 i= ‘J)‘einxdx =1

Hé thic (7.40) ching o rang muon tinh J,, phai biét J,_,, muén

tinh J._, phat biét J,_4. ..., cuoi cing phai bi€t J, hoac J| tuy theon
chdn hay 1&. Chang h.gn. véi n chan (n = 2m). cong thic (7.40) cho :

2m - |
hom = 5 ——Jm-2
2m-3

am-2 =55 am-4

3
Jo= =
=7 h
1 1=
=1 = =
Ty 2 272
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Nhan vé v6i v€ cic déng thic trén, suy ra :

1. _@m-D@2m-3)..3.1
(7.41) Tom = 2m2m -2)..42 2

Néu dung ki hiéu :
1.3..2m - 3)(2m — 1) : = (2m - D!
(doc 1a (2m - 1) giai thira cich) va
24..2m - 2)2m : = 2m)!!
(doc 12 (2m) giai thira cach) thi c6 thé viét (7.41) dudi dang :

Cm-DI' «n
(742) sz =*‘(2m)” -2‘

Tuong tyvéinlé :n=2m+ 1, co

Cm)!!

(7.43) Tamet = Qm+ D!

Ding thi du (b) trong phin dinh i 7.7, c6 thé viét gon

n —-\N"
7 ; (n(n)l|)|“‘g khi n chan
(7.44) jsin" xdx = Icos“xdx = N
(n—DHN P
) 0 ———— khinle
(m)!!

7.7. Tinh gin ding tich phan xic dinh

Nhu da biét, cong thirc Newton — Leibnitz cho céch tinh tich phan
xdc dinh ctia céc ham s6 kha tich mi&n 13 biét nguy&n ham cua cic
ham s6 d6. Toy nhién, chiing 1a ciing di biét cé nhiéu ham s6 so cp
nhimg khong thé biéu dién nguyén ham cta chiing dudi dang cdc ham
6 sg cap, ngay ca khi c6 thé biéu dién duoc nguyén ham duéi dang
cdc ham s6 so cdp nguoi ta ciing timn cdch tinh gdn ding tich phan
xdc dinh mién 12 dat d6 chinh xac thich hop va cich tinh don gian.

Muc nay sé€ giéi thiéu hai cong thic tinh gin diing tich phan xdc
dinh : cong thic hinh thang va cong thiic Simpson.
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* Cong thitc hinh thang.
Gia str can tinh tich phan

b
(7.45) I:= ff(x)dx
a
trong dé f(x) 1A mot ham s6& xdce dinh lién tuc trong [a, b].

Diing hé phan diém déu, chia [a, b] thanh n doan con bing nhau
bdi cic di€m chia :

it

Xo=a,X;=a+h,..,x;=a+ib,..,x,=b: 1=0,n

(746) h::Axi=xi—xi_1= lzi_,;

Tai cdc diém chia, ta tinh : f(x;) va dat:
(7.47) f(x;):=y;.i= 0,n
N6i khéc di, ta cé bang gid trj tuong ung (X;. ¥;) :

X ’ a=X, Xy X Xp=b

y l Yo yy - 7B Yn
Tacé:
b X] X2 Xy
(7.48) j £(x)dx = j £(x)dx + If(x)dx - j f(x)dx
a Xy X) Xn-1

P& tinh tich phan & v€ phai cia (7.48) ta thay ham s6 14y tich phan
f(x) bdi cdc da thic ndi suy bac nhat Lagrange L,(x) trong cic
khoang [x,, x;], [X;, X5} ... [X4-1. X,] (di nhién trong cic khodng
khéic nhau, c6 cdc da thitc ndi suy khic nhau).

Chang han trong [X,, X,], ding cong thic (2.6) va (2.7) chuong 2
tacd:

(7.49) £(x) = Ly (%) = Yolo(X) + yy/1(X)
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irong do
/ (X)“ X=Xy
Xo =Xy

(7.50)
L(x)= X—-X,
X

X X

Xy
Nhu the, ta & xdp xi [ f(x)dx bdi ILl(x)dx:

(A}

Xl ‘X]
(7.51) _[f(x)dxz ILl(x)dx

xl\ x(\

trong dé Ly(x), ham s& dudi dau tich phan & v& phai (7. 51) thoa cac
cong thuc (7.49) va (7.50).

Thuc hién phép d6i bién x = x, + ht ; dx = hdt, khix = x, =>t=0;
khix=x,,c6xy=x,+h=x,+ht=>t1=1.

Khi do
X, +ht—x X, +ht=x,~h
I,(x)=-2 L-Zo 9 =—(1-1)
° -h ~h
J(0) = X0 SXotMtoXe g
Xl—xo h

LX) = yolo(X) + ¥y (X) = yo(l =) + yqu
Do 46

IL,(x)dx hJ y0(1—1)+y,t] di=h. y(,;v,
X 0

Tir (7.51) ¢6 cong thire xap xi
Xy .
(150 [foodxsh 2L

X(l
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e
,C«'

.thire ¢ vé& phai cla (7.52) va

Nhan thdy v& phai cha (7.52) khong phu thuoc céc cén 13y tich

phan x,. x; ma chi phu thuoc t(x,) = y,. f(x;)
¢6 thé suy ia:

[\

|

|

ff(x)dx:h.M

! 2
o
5, |
il | foodx =p . 2ot o
{Xn-1
Tir cc he thic (7.48), (7.52) vi
b

(7.54)

Goi bi€u thic & vé phai (7.54) 1a I, c6 :

(155)  1xlp= bl Yot¥n
L 2

yh
Cong thirc nay duogce goi la

cong thiec hinh thang, vi néu
f(x) 20, x € [a, b] thi cdc biéu

(7.53) chinh 1a dién tich cta
cdc hinh thang ¢6 chiéu cao h Yo

e Y |
—

va cdc day lan luot v vy
(hinh 7.5,

Y1

=Yy, (xem (7.47)) nén,

(7.53) suy ra cong thuc x4p xi

[f(x).ix:h e :)—+y|+yv ’--"’Yn-ljl

‘\'y] +y2 +...+yn_]},

Yn-1 | Yo

Hinh 7.5
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C6 thé chimg minh dugc ring néu x4p xi I bai It theo cong thirc
(7.55) thi :

(7.56) -1 < %hz(b—a)
trong d6 M, : = max|f"(x). x € [a, b].
! dx
* Thi dy. Tinh gén ding 1= [ ——-
I+x

0
[}
Ta da biét1 = arctgx|0 = arcigl = -415 do d6, néu da biét s6 n thi cd

I=0,78539816
Néu dung (7.55) va chia [0, 1] thanh 10 khoang bing nhau, ta c6 bang

X ) = ——
| 1 +x2)
0,0 =x, 1,0000000 = y,,
0,1=x, 0,9900990 =y, .
0.2 =x, 0,9615385 ~ y,
0,3 =x4 09174312 = y,5
0,4 = x4 0,8620690 ~ y,
0.5 = x5 0,8000000 = y5
0,6 = Xg 0,7352941 ~ Ys°
07=x; | 06711409 ~y,
0,8 = xg 0,6097561 = yg
0,9 =Xg 0,5524862 =~ y9
1,0 = X, 0,5000000 = y,,
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Dung cong thuc (7.55) ta duoc

I = Iy =0,784981S vdi sai s6 tuong dd6i 0,054%
» Cong thitc Simpson. ‘
Khi xay dung cong thic hinh thang ching ta di x4p xi f(x) bai cédc
da thic ndi suy bac nhit, bay gid ta s€ x4p xi f(x) bai cdc da thiac noi
suy bac hai, do dé trong mdi khoang xap xi cdn dén ba ndt, vi th&
phai chia [a, b] thanh 2n khoang bing nhau bdi cic diém chia

a=X,<X;<Xy<..<X;<..<Xp=b

2 {=0.2n
n

(1.57) x,=o+ihh= 2

Tai cic diém chia x; ta tinh f(x;) va dat

(758) f(xi) =Y
Khi d6, tacé :

b X3 Xy X2n
(7.59) I= jf(x)dx: _[f(x)dx+ J'f(x)dx+...+ j £(x)dx
a Xo X3 Xn-2

X3
Pé tinh If(x)dx ta x4p xi f(x) bai da thic ndi suy Lagrange bac

x(\

hai L,(x) va dung cong thirc (2.8) va (2.9) chuong 2 tacé :
(7.60) La(x) = yolo(X) + y 1 11(X) + y3 (%)
véi
(X =X (X —X3)
(Xo ~ X1 )Xo —%2)

Io(x) =

(X =X} (x - X3)
7. < = it
(7.61) hx) (X] =X XX —X2)

(X=X Ux—-X;)
(X2 = X)Xz —Xp)

h(x)=
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Taco:

.\'_\ X:
(7.62) Jfeodx= [Laexux

x\‘ xl.\

trong d6 L,(x) dugc tinh theo (7.60) va (7.61).
Dé tinh tich phan & vé& phai cha (7.62) ta tauc hién phep doi bién
X =X, +htvacddx =hdt, ing x lat=0ng xylat=2 khido:
1
I(x) = 5 (=Dt - 2),
/l(x) = —[(( - <
1
IH(x) = =1(t — |
2(X%) 3 ( )
do dé:

X2 T -
le(x)dx:hJ { 1\2‘—'(1— l](t—2)—y|t(t—2)+%2—t(t—-l) L

X, 0

3y :
' ————\1 r—)12+[ Do —2 42y, ——}1 4 y(,-‘dt

VA cuoi cung ¢

\l h

(7.63) [fx0dx =2y, + 4y, +v2)
o :

Tuong ty, suy ra:

rx-l h
jf(x)dx = 7(}’2 +4v3+Yyy)
X )
(164 T
X),, h
' _[ fO0dx = 2 (Y22 +4Y20-1 ¥ Y2n)
L\En )
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Cudi cling, tir cac céng thdc (7.58), (7.63) va (7.64) suy ra

h
(7.65) I=1 = —3-[3’/0+y2n)+4(yl +Y3+t.atYoay)t

+2(yy + Yyt o+ ¥y, )]
b-a
2n
Cong thite (7.65) dugc goi la cong thaic Simpson.
Ngudi ta ciing chitng minh dugc rang

vdi h =

h4
(7.66) I-1j< M4_l§6 (b-a)
. - £ - ,
Vi My @ = maxif "(x)| ; x € [a, b).

Thi du.

L4y lai thi du trong muc cong thic hinh thang, vdi n = 10 ta tinh
duge I = I, = 0,78539815 véi sai s6 tuong dor 0,000002%.

¢ Chd y cudi cung vé tinh gan ding tich phan. Viéc diing cdc cong
thic hinh thang va Simpson chi thue s thudn loi khi biét duoce cédc
214 tr1 f(x;) = y; (cdc hé thic (7.47) va (7.58)) nhung rit ti€c 1a trong
thuc (&, khéng phdi lhic nao ciing c6 thé tinh dé dang va chinh xdc gid
tri ham s& f(x) tai bat ki diém x = x;, chinh dé khic phuc khé khan
d4. hién nay ngudi ta dang ¢6 gang phat hicn cdc phuong phip s6
hiéu qua hon.

7.8. Mot s6 ing dung hinh hoc cua tich phan xac dinh

7.8.1. Tinh dién tich hinh phang

s Irudng hgp bien cua hinh phing cho trong hé toa do Décic. Tir
bai toin dién tich hinh th2ng cong, ta da biét dién tich cla hinh thang
cong gidi han bdi cdc duong thang y =0, x = a, X = b va cung d6 thi
ham s6 liéntuc f(x) >01a S :

b
S= jf(x)dx
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b
Néu f(x) <0.x € [a, b] thi S = -jr(x}dx

a

Do d6, trong moi truéng hop véi [(x) lién tuc trong [a, b] ta cé :

b
(7.67) s= [ |ftx)ldx
a
Truéng hop hinh phdng gidi han bdi cdc dudng thing x =a, x = b,

y =1£,(x), y = f5(x) v&1 £}, f5 la hai ham s6 lién tc trong [a, b] (hinh 7.6)
thi dién tich S dugc tinh theo cong thic
b

(7.68) s= [ fe0-fx]dx
a
oyt ¢ i
x=o(y)
c
o a b X o) X
Hinh 7.6 Hinh 7.7

Tuong tu, néu phuong trinh dudmg cong cho dudi dang x = @(y), ¢(y)
lién tuc trong [c. d] thi dién tich hinh phidng gidi han béi cic dudmg
yv=c, y=d, x =0 vadé thi x = p{y) dugc tinh theo céng thic (hinh 7.7) :

d
(7.69) S= j |o(y)] dy
C

Truong hop dudng cong cho dudi dang tham sé

{x = @(1)
y = (1)
thi dién tich hinh thang cong ciing duoc tinh theo cong thirc (7.67)

trong d6 y = f(x) dugce thay bdi y = wi(t), dx duge thay bai dx = @'(t)dt
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coOn hai cén a, b duoe thay boi hai can mdi 1y, 15 1dn lugt la nghiém
cua cac phuong trinh

=9t} b=0ly)
tire la
15

(7.70) S= _[ lw(te (vt

0

trong d6 (1), w(t) va ©'(0) la cdc ham lién tuc trong [}, (5].
*Thi du.
{(a) Tinh dién tich cua elip (hinh 7.8) :

:
xz y©

al b
V1 lé déi ximg, cong thic (7.67) cho :

= 1.

= nab (thi du (b) muc 6.2 chuong 6). Hinh 7 8
Ciing ¢6 thé tinh S theo cdch biéu dién tham s6 cla phuong trinh
Jx = acost

elip )
¥ = bsint

0 = 1< 2n. Khi do, dung (7.70) ¢o :

. ]

n
2
B cos2t . 2p
S = 4ab [sin” wdt = 4ab ]'————d; =mab T g
0 3 )
(b) Tinh dién tich clia hlnh gém giita 2o
hai dutmg cong Y = 2px ; X° = 2py. o) 2 X
p > 0 (hinh 7.9). —
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2
B diy : £,(0 = J2px : f5(x) = ’;—p do d6, dung (7.68) cé

2 2 3.3
X 2 > x (2P 4 4
= —_—_— =| — 22 = —D"
i j{“z‘”‘ 2de" [3Vsz 6,,]% 3P
(¢’ Tinh dién tich hinh gici han bdi dudng cycloide

X = a(t —-sint)
y = a(l —cost)

0 <1< 2n vatruc hoanh Ox s L 1),

Hinh 7 10
~Theo cong thae (7.70) c6 :

2n

, : \ (3 o 2n
S= J-a‘(l —cost)y-dt =a- 7(—-251n1+z"1n2t
4 /

_ 2
b = 3na

Al

* Truomg hgp bién cua hinh phang cho trong hé toa do cuc.

Gia sir dudng cong gigi han hinh phirg cho trong h¢ toa do cuc.
Ngudi ta goi hinh quat cong 1a mot hinh gici han bo hai tia di qua
cuc va mot dudng cong ma moi tia di qua cuc cit dudng cong dé
khong qud mat diém. DéE tinh dién tich ctia hinh quat cong gidi han
bai hai tia ¢ = o, ¢ = B (o < B) va cung AB cia duong cong r = r{Q)
trong dé r(¢) 12 mot ham s6 lién tuc trong {«. (3] (hinh 7.11), ta chia
géc AOB thanh n géc nho, ki hiéu la Ag;, 1 = Ln.
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Nhu thé hinh qu n do duoe chia
thanh n hinh quar nho ¢é dien tich

AS,.i=ln (hinl 7.11).
(ia sir OKYL la hinh quat nhe

tha 1. dien tch cua nd xdp x1 bang
dién tich Innh quat tron OK'L co

cung g & tim A, va ¢o hin kinh

lar=ripj) g€ 0| < + \p

ughia la 0 p

[} Ll
A5, = o 1707, AN, Hinh 7 11

Deddd dién tich hi-hguat ceng da ol an ! bang
n I B

(7.1, E-:*l'_(\"i'}ﬂol
-1

Adp xiocang ot neu nocang o Ag, cang nko, do d6 dién uch S
cua hinh quat. theo dinh nghia tich phan xdc dinh la

. Lo
(7.72 S= Ejrthndqa y

¥l Pl
.

o T/l du.

(a) I'inh dicn tich dudng tron co
ban kinh R.

Phuong ah duoee ton ban kinh
R trong he toa do cuc tar = R, do dé
dung (7.72) co6 (hinh 7.12) :

’

S= -4 |R"dp = nR? Hinh 7.12

:;.___wml:l

2
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(b) Tinh dién tich gién han bai dudng hinh tim r = a(l + cos@), a>0
(hinh 7.13).

Dung cong thire (7.72) ¢6 :

s
_5 1 2
S= 3_‘ (1+cosp)“dop
0

I{] +2cosQ + cos’ @)dop
0

3 1 x 3
= a%| = o —gi . .
=g (2(p+2smcp+4sm2q}Jlo = 2rL::\ i Hinh 7.13

7.8.2. Tinh dé6 dai duémg cong phdng

Cho ham s& y = f(x) lién tuc va ¢é dao ham hén tuc trong [a, b],
go1 cung AB la do thi cua f(x). x € [a, b]. Ta sé dinh nghia d¢ da: s
clua cung AB va tinh s (hinh 7.14).

Yi
Mo=A Mi.1 Ms M-+
M, M.=B
a _ b —
@] Xg X4 X1 X Xni Xn X
Hinh 714

Lay trén cung AB nhimg diém My(x,. f(x,)), M;(x, f(x;), ...,
Mi(x;, 1(x;)). ... Mu(x,, f(x,)) v x, = a; x, =b. Ta goi do dai s la
gidt han cha do dai duong gdp khuc M M... M, M, ... M, khi s&
canh cua dubng gip khic ting vo han sao cho d6 dai canh 16n nhat
cua nod dan ta1 khong, nghia la :
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o ———

n

(1.73) s= tim Y MM,
k—+0i=1

trong d6 A : = max M;_(M;

[<ign

Mi‘_[Mi 1a do dai dO'z}ﬂ Mi_] Mi

Hién nhién ta c6 :

(1.74) MM, = J(ax,)? + (Ay; )2

Vol AX;: =X, - X 1 Ay, = (X)) - f(x5-))-
Theo cdng thiic Lagrange (cong thic (5.2) chuong 5), cé

Ay; = f(x;) - f(xj-p) = FEPAX;, Xj-| < & < X
Thé gia iri Ay, vao (7.74) ta dugce :

M. M, = 1+ £2(E)Ax,
n
Suy ra : s= lim S+ 2 EDAX
.0
1=

Vi f(x) lién tuc nén y/1+ £2(x) lién tuc véi X € [a, b] nén ham s6

\/I+ £'2(x) kha tich trén (a, b] (dinh Ii 7.2), do d6 ludn tdn tai d6 dai
s, va, theo dinh nghia tich phan x4c dinh, cé

b
(1.75) § = Imm(
a

Trudng hop duong cong cho dudi dang tham s8
X =x(t), y=y(t), t € [a, B]

y@o

thi ti (7.75) chi can thay dx basi x'(t)dt, thay £(x) bdi o
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ta co cong thiic :

B
(7.76) 5= I\/x'2(t)+ y'2(yde
o

Trudng hop dudng cong cho trong hé toa do cuc

r=1(9), ¢ € [a, ]
ta chi can dang cong thirc (5.22) chuong 5 :

X = r(@)cosQ, y = r(@)sing
Vi coi X, y dugc biéu dién theo tham s& ¢ ta dugc

X'(@) = r'(p)cosp — t(p)sing
y'(¢) = r'(Q)sing + r(g)cosg

. , 2 .
Do dé : X 2(<p) +y ()= r2(<p) + rz(cp)
Khi d6 cong thirc (7.76) tré thanh :

B
(7.77) s = j\/ﬁ(cp) +12()do
a

s Cau y.
Néu s 1a do dai cung AM, 13 dé thi cha ham s6 f(x) lién tuc cing
voi dao ham f'(x) ; trong d6 A(a, f(a)) 12 mot diém c6 dinh va M(x, f(x))

thi cong thice (7.75) cho
X
s = J‘\’l+f'2(t)dt
a
Ti dé, theo cong thirc dao ham theo can trén (7.32) ta cé

3—; —J1+£2(%)
suy ra:
(7.78) ds = \1+f2(x)dx

Vif'(x)=y'= g—i nén c6 thé viét (7.78) dusi dang

4

(1.79) (ds) = (dx)* + (dy)*
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Trudng hop dudng cong cho duéi dang tham s6, (7.79) 14y dang
(7.80) (ds)” =[x’ + y2(0ldn®

Hai céng thic (7.79), (7.80) thuting duogce goi 12 cong thitc vi phdn cung.
o Thi du.

(a) Tinh d6 dai cung parabén y = E%xz , p> 0 lay tr géc toa do
dén diém M c6 hoanh do x.
Cong thic (7.75) cho :

X 2
1 X
S=;j1’X2+P2dX = %[%X )(2+p2 +%—ln(x+ X2+P2):“0
P X+\/X +p
2p x? +p + = l

(dung céng thitc & thi du {h) muc 6.3 chuong 6).
(b) Tim d6 dai dudng tron ban kinh R.

Phuong trinh dudng tron trong hé toadé cuc lax =R, 0< ¢ < 2n,
do 46 dung cong thiic (7.77) c6 :

x
2
s=4. [Rdo =2nR
0
(c) Tinh d6 dai duong cycloide

x=a(t—sint); y=a(l —cost) ; 0 <t <2nm
Diing cang thiic (7.76) cé :

2n 2n ¢
_ [ 2, .2 _ U
§ = Ja (1 =cost)” +sin“t dt Qaismzdt
0 .

= —4a cos—,
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ve

Theo dinh nghia tich phan xdc dinh, gié1 han d6é chinh la
b
JS(x)dx, tich phan nay chic chan 16n tai vi S(x) dugc gia thi&t lién

a
tuc trong [a, b]. Vay, néu goi V 1a thé tich vat thé néi trén ta duge

b
(7.82) V= j 5(x)dx

a

s Thidu.
Tinh thé tich cia elipx6it (hinh
7.16) :

Cit elipxé6it bdi mot mat phing
vuéng gdc vai truc Ox tai diém cé
ho2anh d0 x € [-a, a] s& dugc mot
thiét dién 13 moét elip ¢6 phuong trinh

72 2
Y I _y_x Hinh 7.16
b c a
2 2
hay y Z =1

2 2+ 2 2
[b 1—"—2} [c 1—"—2]
a a

Theo thi du (a) muc ap dung céng thitc (7.67), dién tich elip d6 1a

a

2
S(x)=nbc{l—}—2—}

Do d4, dung cong thic (7.82) ta c6 the tich V ciia hinh elipxoit 12

. 4 a XZ
V= J S(x)dx = nbc I (1 ——2—]dx

a
-a

4 3
= 2n;)cj(a2 —x%)dx =—2—n2£[a2x——x—J|a =inabc
a> | a 3 .
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» Vdrt thé tron xoay. ty
Gia sir phai tim thé tich cia vt
thé tron xoay tao bdi hinh thang A
cong AabB gidi han boi duong
v = f(x), x € [a, b), wruc Ox, cdc o y

y=f(x)

dudng thang x = a, x = b khi quay
no quanh truc Ox (hinh 7.17). a

Hinh 7.17

Gia su f(x) hién tuc trong [a, b], khi d6 moi thiél dién vudng géc vai
truc Ox déu 12 mit trdn ¢é tdm nam trén OX va ¢6 bin kinh la y = f(x)
nén dién tich S(x) cta thiét dién ng véi hoanh do x la

S(x) = ‘J'I:)'z = nfz(x}

Do dé, dung 'cf)ng thic (7.82) ta suy ra cong thire tinh thé tich caa
vat thé tron xoay :

b
(7.83) V= [ (0dx "

a

Tuong tr. néu hinh thang cong
CedD gidn han boi dudng x = o(y),
v & [c, d], o(y) lién tuc rong [c. d],
truc Oy va cdc dudng thang y = ¢ ;
y = d (hinh 7.18) thi thé tich vat
thé tron xoay tao bdi hinh thang
cong d6 khi cho né quay quanh
truc Oy duge tinh theo cong thic

d
(7.84) V= n:j-cpz(y)dy Hinh 7.18
C
* Thi du.
2 2
Tinh thé tich ciia vat tron xoay tao bdi elip : ~5+ :’— =1 khi cho
a

elip quay guanh truc Ox.
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2

o} day fz(x) = y2 = —by(a2 - x2) do dé, dung cong thuc (7.83) ¢6
a

a 2 28

b
V=nj—(a2—x2)dx=2n2—j(a2—xz)dx .

a2 2

~-a 0
b2 2 ij a 4 2

= 21!—3'2—[3 X—'—3— 0 —inab

7.8.4. Tinh dién tich mat tron xoay

Xét cung AB, d6 thi ctia ham s8 y = f(x), x € [a, b], v6i f(x). f '(x)

lién tuc trong [a, b], cho cung AB quay quanh truc Ox va xét vat thé
tron xoay tao thanh (hinh 7.19).

¥4

Xy

X,

X

Hinh 7.19

Ta s€ dinh nghia dién tich mat tron xoay nay va tinh dién tich d6.

Trudc hét xét truimg hop f(x) > 0 : LAy trén cung AB nhimg diém
Mo = A(a’ f(a)). Ml(Xl, f(xi))v EEERY M‘(XP f(x‘))\ AEEXY Mn = B(bs f(b))‘

trong d6 x;, i = O,n tuln theo thit tu :
AT X <X < <X <X <. <X =D

n
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Khi quay quanh Ox day cung M;_;M; sinh ra m6t mat nén cut c6
dién tich xung quanh 1a
an_lMl[f(xl-l) + f(xl)]
trong dé (Xem (7.74))

Mo M; = 1+ 2EDAX;, & € [xioy) ]

Do dé, dién tich cia mat tron xoay sinh ra bdi dudng gép khiic
AM M,... B khi quay né xung quanh truc Ox bing

(7.85) 3 w1+ 125 [(xi—p) + f(x)]AX;

i=1

Gidi han cua 16ng (7.85) khi n - += sao cho maxAx; — 0 dugc

goi 12 dién tich S cia mat tron xoay ducc sinh ra bdi cung AB quay
quanh tryc Ox.

Luu y ring 18ng (7.85) khong phdi 1a téng tich phan cha ham
2(x)y1+E2(x) Vi trong cic s6 hang cia téng dé ung véi khoang

[Xi=1. x;] hién dién ba diém x;-|, &, va x; clia khoang [x;~y, X;}. Tuy
nhién, ngudi ta cing ching minh duge ring gidi han clia téng (7.85)
bang gidi han (gidi han luén tén tai vi theo gia thi&t f(x), f'(x) lién tyc

trong (a, b]) cha 18ng tich phan cia ham s6 2f(x) \fl + f'z(x) .Viy, tacé:

S=  lim Y N1+ £2E) [f(xi-)) + f(x)]AX

max Ax; —0 im1

= lim 2n2f(gi),/1+f'2(g-,)Axi
=1

max Ax; —0

hay la :

b
(7.86) S= 2an(x)\/1 +£2(x) dx
.
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Né&u #(x) cé dau bat Ki ta dinh nghia :

b
(1.87) s = 2n flfe0ly1 + £ 2 (xdx
a

Truong hop dudng cong cé phuong trinh X = @(y), ¢(y) lién tuc
trong [c, d] thi dién tich m#t 1rdn xoay sinh ra bdi cung cva dé thi

x = ¢(y) quay quanh truc Oy la

d
(788)  S=2x flo)|y1+92(y)dy
‘ ¢

* Thi du. Tinh dién tich caa vong xuyén
sinh bdi dudng tron x2 +(y - b)2 = a2 (b>a)
quay quanh truc Ox (hinh 7.20).

Dién tich cda vong xuyé&n bing t8ng hai
di¢n tich sinh bdi hai nita dudng tron khi
quay quanh Ox : nua dudng tron trén ¢6
phuong trinh

y=b+ a? —x?

va nira duang tron dudi ¢é phuong trinh
y=b-va¥-x?
2

Trong ca hai trudng hgp ¢6 y’2 =

a® —x
Dung cong thic (7.86) ta duge :

a 2 .
S=2n_|‘(b+\/a2—x2)"l+ 2x 2c{xﬂt»
a“—-x
a

a
b
————————
O X
Hinh 7.20

a 2
+2nj(b—\/a2—-x2)1)l+ 2x 2dx
a® ~x
—a

a
= 4nab = 8nab_[
0

: dx
-a \]az - x?

————d-x——- = 8abrarcsin -{‘a = 4n23b
[2_ 2 alo
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7.8.5. Hai so dd iing dung tich phén

Trong cdc ung dung hinh hoc néu & trén, khi dinh nghia va lap cdc
cong thitc ching ta da theo mot phuong phidp goi la phuong phip lap
16ng tich phan.

So dé dung phuong phap tong tich phan nhu sau : Gia sit c4n tinh
mot dai Tuong A(x) phu thuoc mét dai luong x khac, gia st x bién
thién tir a dén b ; ngoai ra, gia sir A(X) thoa tinh chdt cong hiéu véi
nghia : néu chia [a, b) thanh hai khoang (a, c] va [c, b] thi dai lugng
A Ung v4i [a, b) bang dai lugng A tng véi [a, c] céng vdi dai luong A
ung véi [c, b]. VGi nhimg gia thiét trén, khi cin tinh A ta tién hanh
nhu sau :

* Chia (a, b] thanh n phéin bai phan diém

(7.89) Xo=a<X;<X3<..<X,=b

* Phan tich dai lugng A thanh téng ca n s6 hang

L
(7.90) A=A
i=1

trong d6 A, la dai lugng A tuong itng trong khoang thiri : [x;—;, x;1.
* Tim mét ham s& f(x) sao cho c6 thé bi€u dién gin diing

(791) A. = f(gl)(x] - Xl‘_l), él € [xi_l‘ XI]
sao cho khi Ax; := x; — x;—{ cang bé thi xip xi cang tot sao cho khi
dung (7.91) pham sai s6 bé thua A;.

* Thé biéu thiic v€ phai cta (7.90) bsi biéu thitc xap xi

n

(1.92) A=Y f(5)Ax,
i=1

« Diing dinh nghia tich phan, viét
b

(7.93) A= j £(x)dx

a
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Trong cdc Gng dung da dang cda tich phan, n€u tién hanh theo
nam budc trén, méi budc yng va4i mot “nhiém vu toan hoc”, xay dumg
céc he thac tir (7.89) d&€n (7.93) di nhién dua vao cic hiéu biét co ban
vé dac thii clia dai lugng A cdn tinh, so do6 tmg dung nay cdn duge goi
ngan gon ta so d6 tich phan.

Bay gid ta xét he thic (7.91), c¢6 thé hiéu biéu thic v€ trdi cia
(7.91) 1a hiéu cha gia tri A tai x; va gia tri A 12i x;, nghia l1a méu
A(X;) — A(x;—;) va chinh la dai lugng A dugc gia ting thém khi x
bién thién tir x;— | dén x;, vi thé ta ki hién biu thic vé trdi cia (7.91)
{3 AA, nghia la

(7.94) AA = f(E)) Ax;. &; € [%;), x{]

bit x = x;- ; X + Ax = x;, &; = £ tht AA cé dang

(7.95) AA = f(E)AX

Trén kia, trong budc thi ba, ta di yéu ciu do chinh xic clta cong thic
xap x1 (7.91) la : sai s& khi dung (7.91) khdng vuor qud (x; - %;-;) ; do
vay, thay vi biéu dién x4p xi (7.95) c6 thé viét (xem (4.3) chuong 4)

AA = f(xX) Ax + 0(AXx)

Do dé, thay vi diung {7.94) 1a diing

(7.96) dA = f(x)dx

Vay. néu bi€t dA (vi phan cha A) thi c6 thé viét ngay

b
A= jf(x)dx

ma khong cdn qua cic budc ing vdi cac cong thirc tir (7.91) dén
(7.92). So d6 nay thudng dugc goi 1a so' dé vi phan.

* Tém lai, ¢ thé tinh A theo so d6 vi phan :
* Liy x € [a, b} ; 14y x + dx.
¢ Tinh gia tri A tai X va tai x + dx.
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* Tim phan chinh bac nhit dA cha AA.

* Lay tich phan ctia dA tir a d&n b.

* Thidu.

Lyc ddy gitra hai dién tich cing dfu e, va e, dat cdch nhau mot

khoang r dugc cho bai cong thic :

€€
o 122
7

Gia st dien tich e; dugc dat ¢§ dinh & g6c hoanh d6 O, hay tinh céng
ctia lyc day F san ra do dién tich e, di chuyén tir diém M, ¢6 hoanh d¢
r; dén diém M, c6 hoanh do 1, trén truc hoanh Ox (hinh 7.21).

r1 X x+dx ry
[l

o) M M M M X

Hinh 7.21

Goi A(x) 12 cong clia luc day F sinh ra do €4 di chuyén tir M| dén

M c6 hoanh dé x ; cho x s gia khd bé dx ; vi dx khd bé, trong
&6
x2

do dé cong cia lyc ddy 1am cho e, di chuyén tir x dén x + dx la vi

khodng [X, x + dx] c6 thé coi luc ddy F nhu khong d6i va bing

phan céng dA,; va

dA = el_e_zdx
X2

Vay cong cia luc day F sin ra khi e, di chuyén ir M, dén M, 1a

r o
- R 1= _ 1_1
A= J‘dA—J. ) dx = e,ez.x‘n—elez(rl 5
it

Ty
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7.9. Tich phan suy rong

Trong phin 7.1 chuong nay chiing ta di x4y dumg khai niém tich
phan xdc dinh trong trudng hop cdc can lay tich phan la hitu han va
ham s6 14y tich phan 1a bi chan, bay gig ching ta sé md rong sang
truong hop : can 18y tich phan 12 vo han va truong hgp ham s6 13y
tich phan khong bi chan va khi dé ta cé khai niém tich phan suy rong.

7.9.1. Truong hop can ldy tich phdn la vé han

Gia sir ham s8 f(x) xdc dinh trong khodng [a, +) (di nhién a hiru
han), nghia 1a f(x) xac dinh v3i moi x 2 a va kha tich trong bit ki
A
khoang hitu han (a, A] ; khi d6, nhu di bi€t tich phan [f(x)dx c6
oa
nghia vai bat ki A > a.
Né&u tdn tai
A
(7.97) lim | f(x)dx
A-+x .
thi giéi han dé duoc goi 12 tich phdn suy réng cia ham s8 f(x) trong
khoang {a, +o) va ki hieu 1a

+
(7.98) jf(x)dx
a
Khi dé, ta cing n6i rang tich phan (7.98) hgi tu va viét
foe A
(7.99) j f(x)dx = lim ([f(x)dx

A+
4 ,

Néu khong t6n tai gidi han (7.97) thi ta n6i ring tich phan (7.98)
phdn ki.
Tuong ty (7.99) ta cling dinh nghia dugc tich phdn ciua ham s f(x)
1y tr —o dén a :
a a
(7.100) [toodx = tim  {foodx (A <a)

A'o-o
—o0
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va tich phan clia ham s§ f(x) tir —o dén +w :

+o A
(7.101) j f(x)dx : = lim [ f(0dx
A's-o 7
—®© Ao+

vai gia thiét f(x) kha tich trén bat ki khoang hiu han [A', A] va vdi
nhing khdi niém trén, cé thé vigt

“+cC a +a0
(7.102) j f(x)dx = _[f(x)dx + I f(x)dx, Va
-~ ) a

Tich phan suy réng trong v& trdi (7.102) héi tu ki ca hai tich
phan v€ phai (7.102) hoi tu.

Qua céc dinh nghia trén ta thdy rang tich phan suy réng 1a giéi han
cia tich phan xac dinh (hiéu theo nghia thang thudng) khi cho can tich
phan dan téi vo ciing, do vay, ciing rat ty nhién, mudn tinh tich phan
suy rong ngudi ta dung cong thilc Newton — Leibnitz (coOng thitrc
(7.34)) dé tinh tich phan, sau d6 cho can tich phan dédn tdi v6 clng.
Chang han, dé tinh tich phan dang (7.98) ta tinh (cong thic (7.34) :

A
j f(x)dx = F(A) - F(a)

a

Né&u tich phan (7.98) hoi tu, di nhién ta ¢é : lim F(A) 1a hiu
A—+o0

han va ta viét
Ali)rllmF(A) : = F(w0)
va khi dé cé thé viét
+®

40
j f(x)dx = F(+c0) ~F(a) = F(x) |

a

Vi cic tich phan dang (7.100) va (7.102) ciing dugc tinh tuong tu.
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(4

o

dx +30 b/
(a) J ) = arctgx ‘0 = arctg(+o0) — arctg0 = D
0
dx 0 n
b —— = arct = —arct =—
) 5 = aragx| | - arctg(—o) =3
~a0
+c0 0 +x
dx dx dx T =n
(c) + =—+—-=n
'|‘1+x2 Il+x2 ‘[1+X2 2 2
—® -0 0
T dx
(d)Tinh 1:= j— (a>0)
X
a
Véia#1co
40 +o0 néona <1
dx 1 1—a +0
—_— = = l-a
dxa l-a a 1né’uoa>l
Td
Véia=1cod J—1=lnxl = +00
X a
d
Vay I hoi twy khi o > 1 va I phan ki khia < 1.
4+ +0
(e) I= _[e"‘”‘ sinbxdx (a>0),J:= je‘ﬂx cosbxdx (a > 0)
(4] a
I= _asinbx + beos bx - |+a> _ b
a? + b2 0 a%4+p?
bsinbx —acosbx _,, [+® a
J= e I -2
2 4+ b2 0 a2 4p?
+a0 +0
(f) Céac tich phan Isin xdx, Jcos xdx khéng héi tu vi sinx va
a a

cosx khong xidc dinh khi x — +o0,
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* Su hot tu cua tich phan suy rong cé6 can la vé cang.
Trieong hop f(x) 20.

Gia sk f(x) > O va kha tich trén [a, A], v8i a, A hitu han (a < A) ;
khi dé tich phan

A
(7.103) BA) = [f(0dx
a
1a mét ham don diéu tang déi véi bién A, do d6 theo dinh If 3.3
chuong 3 suy ra :

Diéu kién it ¢6 va di dé tich phan suy rong (7.98) hoi tu la tich
phan (7.103) ludn bj chan trén khi A tang :

A
(7.104) fexdax <L (L 1a ning s6).
.
Néu khong thoa (7.104) thi tich phan (7.103) c6 gia tri la
Tir diéu kién (7.104) va tir tinh don diéu cua tich phan suy ra :
* Dinh li 7.9 (tiéu chudn so sanh).
(1) Cho hai ham sé f{x) va g(x) khd tich trén moi khodng hitu han
[a, A] (a £A)va
(7.105) 0 <f(x)<g(x), x2a
Khi do

+ +0
Néu j g(x)dx héi tu thi _[ F(x)dx héi 1y,

a a

+0 +0
Néu j-f(x)dx phdn ki thi Ig(x)dx phan ki,
a a
(2) Gid sit fix) va g(x) la hai ham s6'khd tich trén moi khodng hiu
han Ja, A] (a <A). Khi dé :

Néu tén tai gidi han

1106y lim 1%

x—+mo g(X)

=k (0<k< +m)
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Lg®
2

+20 +®
thi cdac tich phan suy rong If(.r)dx va Jg(x)dx S€ cung tinh chat,
a a
nghta la cang hoi tu hodce cing phan ki.

" Chiing minh.
(1) Dé nghij coi 1a bai tap.

(2) That vay, theo dinh nghia gid han (7.106) suy ra, véi moi € >0
bé tuy vy, véi x kha 1on, 1udn cé

k—s<£(—xl<k+a
g(x)

hay (k — €) g(x) < f(x) < g(x) (k + €) (vi |x| > 0)

Ap dung (1) vao bat ding thitc kép trén suy ra (2). B
Hé quad 7.1.

Cho fix) va g(x) la hai ham s6 duong khd tich trén [a, +o)

Khi dé :
+a0 +ao
. >4
1yNeéu tim L2 = 0 vani j g(x)dx Jigi tu thi _[ FOOdx hoi .
x—o g(x
a a
f( ) +0 +00
2) Néu lim 2 = 4w va néu 4’ g(x)dx phan ki thi j F(x)dx
xX—>x g(,X) . e
phdn ki.

Chimg minh.

Dé chitng minh phdn 1) ta dé y rang theo gia thiét, Ve > 0 cho
trudc, c6 thé chon ¢ > a sao cho véi x > ¢ lubn ¢6 f(x) < eg(x), tir do,
theo tiéu chuin so sdnh ta suy ra két luan cta 1). Phin 2) cing duoc

chilng minh tuong tu, dé nghi ban doc coi 1 bai tap.
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¢ Thi du.

Xét su hoi ty cha cdc tich phan :

3
+3 +0 b
dx x2dx
)= | —————; bK:= ;
IJ-\/1+X\/31+X2 Jl+x2
+oC
cyL:= _[x‘e"s"dx; 0<reR,s>0
0
Véi 1, d€ ¢ ring vdi x > 1 1udn ¢6
I N
Jrxthae L0201
x?2 x3 x6

Dang thi du (d) muc trude va tiéu chuldn so sdnh, suy ra J hoi w.
Véi K, dé y ring
3

X2

) 1
lim i = | =+
X

Xx=>+xo| | + x2

Dung (d) ¢ thi du trudc va hé qua 2) suy ra tich phian K phan ki.

V& L, dé y rang
r.—$X r+2
lim [” }: lim 2— -0

x4 X2 x>+ g™

Dang thi du (d) va hé qua 1) suy ra L hoi tu.
Truong hop f(x) c6 ddu tuy y.

Trudng hop f(x) ¢6 dau tuy ¥, cé dinh 1 :

¢ Dinh 1i 7.10. (Khéng chimg minh).

+x0 40
Néu J| fx)\dx hoi tu thi [ fCodx hoi ru.

a a
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“+o0 +a0
Khi d6, ra néi rdng [ F(x)dx héi tu wyét doi, con néu j f(x)dx

a a
+0 +
héi tu nhung JIf(x)[dx phdn ki thi ta noi If(x)dx ban héi tu (hoi
a a

tu khong tuyét do).

Véi cdc tich phan dang (7.100) va (7.101) ciing c6 nhitng ménh dé
uong tu. :

7.9.2. Truong hop ham sé ldy tich phdn khéng bi chan

Bay gior xét triudmg hop ham s6 f(x) khiong bi chan trong khoang
déng hitu han [a, b] ; cu thé hon gia sit f(x) bi chan va kha tich trong
khoang déng bat Ki [a, b~ 1] v&i O < n < b - a nhung khong kha tich
trong bat ki khoang déng dang [b — 1, b}, f(b — 0) khong gidi nédi va b
dugc goi la mot diém bdr thuong.

Néu ton tai gidi han

b-n
(7.107) lim J’ £(x)dx

n—0

thi gioi han dé duge goi la tich phan suy réng ctia ham f(x) lay trén
b
(a, b] va ta ndi ring tich phan If(x)dx héi tu va viét
a
b b
(7.108) Jf(x)dx :

-n
= lim [ f(xdx
n—0
a a
Néu gidi han (7.107) khong tdn tai hoac bang o thi ta néi ring
b
tich phan jf(x)dx phan ki.

a
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Tuong tu, néu f(x) bi chin va kha tich trén moi khoang hiru han
[a + n'. b] nhung f(a + O) khéng bi chan va f(x) khong kha tich trong moi
khoang hiu han {a, a + '], diém a 1a diém bat thuomg, ta c6 dinh nghia

b b
(7.109) jf(x)dx .= lim j f(x)dx
a N0 a+n’

Néu f(x) khong by chantaic, a<c<b; nghiala f(c + 0) khong bi

chin ta dinh nghia tich phan suy rong j f(x)dx bai biéu thitc

b c b
(7.110) jf(x)dx = _[f(x)dx + jf(x)dx
; :

Tich phan suy rong & vé trai dang thuc (7.110) hoi tu khi va chi
khi ca hai tich phan suy rong & v€ phai hoéi tu.

o Thi du.
‘0
(2) j = lim j = lim [-arcsin(-] +n"))
—x2 n-0 n'-0
-1 —l+n
= % (diém —1 12 diém bAt thudng).
] 1-n
d: ) d . :
(b) X - lim X - hm arcsin{l ~ 1) = I
gV1=x%2 =0 Fyi-x? no0 2

(diém + 1 12 diém bat thudng).

() j —dx—; ; cac diém +1 13 diém bat thuong vi

I I I
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(d) Xét su hoi tu cda tich phan suy rong :

b d :
1=j—x (a<b, a> 0)
J(b - x)°

O day x = b 1a mot diém bat thudng.

Vaia#1,tacéd:

b—n d 1
lim [ ——— = Iim [ = ' (b~ a)l_a}
0 4 (b-x)® nsola -1 ot
_a\l-a
= (b a) + lim n
l-a a—1n-0
(b _ a)l—a 3
Do dé : I=J' |-« khi o <
l+a) khi a > 1
Véia=1,tacéd
b-n
. dx .
lim —— = lim[~(Inn — In(b — a))] = +

n—0 b-x n50
a

Do dé [=j—a hoi tu néu @ < 1, phan ki néu a0 = 1.

b

(e) Tuong ty tich phan I(d—xa (a<b,a>0)hoéitunéua<i,
X -~ a)

a

phan kinéu o > 1.

(f) Xét su hoi tu cna tich phan 1 : j f) dx, trong d6 f(x) la

aV1-x2

ham s§& lién tuc trén [0, 1]. Di rédng 1 12 mot tich phan suy rong loai
c6 diém bat thudng la x = 1 nhumg ta ¢6 thé dua I vé mot tich phan thudng
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bing cach déi bién. That vay, ¢6 dinh ¢ trong (0, 1) vA dat x = sin@ trén
[0,c] vaco

J‘ f(x) dx = J f(x)
oVl —x? C—’l_ oVl - x2

T[
arcsin ¢

= lim j f(sin 0)dO = [f(sme)de

c—l” 0
Vi ham hop cva f 1a ham sin 1a lién tyc, do d6 f(sinO) bi chan trén
[0, %} va tich phan cu6i ciing 1a mot tich phan thuong (khéng con la

tich phan suy rong nira).
» Tuy nhién, mot cach t6ng quat c6 thé dua mét tich phan suy
b

rong loai J‘f(x)dx vé6i a (hru han) 13 mot diém bat thudng vé mét tich
a

phan suy réng ¢6 can lay tich phan la vé han. That vay, thuc hién

phép ddi bién u(x) = " i " hay x(u) = a + % Khix = a', u - +o

va u(b) = L ; ngoai ra x'(u) = ——1~, do vay ta dugc
b-a u2
1 f[a+ 1]
b _ —
If(x)dx=bjuf a+l L du = +:.[o—u—du
u u? i u2
b-a

a +oo

Dat a'l =

5 i ” > 0 vacd dinh ¢ > a', khi u bién thién trén [2'), c]

thix=a+ % bi&n thién trén !:a + %,b} va theo gia thiét trén khoang
f [a + u]
nay f(x) bi chian va kha tich va nhu thé - bi chan va kha tich
u
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for)

+00
trén [a'y, c] va tich phan j S du 1a mot tich phan suy rong
u
I
b-a

cé can vo han, va tich phan géc ban dau hdi tu khi va chi khi tich
phan sau hoi tu.

1
(g) V3i p > 0 ; tich phan J
0

(_"r‘)X) dx la tich phan suy rong voi

X

diém bat thudng a = 0, thuc hién phép ddi bién u =% ta dugc

1

+a0
J‘(_ln X) dx = Iup“2 Inudu
xP

0 1

Ban doc cé thé dung céch ldy tich phan timg phdn va thdy ring
tich phan sau hoéi tu véi 0 <p < 1.

Véi nhin xét va thi du (g), ta ¢6 thé phat biéu ma khong chimg
minh cdc ménh dé vé su hoi tu cba tich phan suy rong loai ¢6 can hitu
han 12 diém bat thudng turong ty cdc ménh dé trong muc 7.9.1.

Dinh 1f 7.10 (tidu chudn so sinh).

(1) Cho fva g la hai ham s6 khong am, khd tich wén (a, b) véi x = a
1a diém bdt thuomg sao cho f(x) <g(x) vdi x €(a, c] ;a< c < b. Khi dé

b b
Néu fg(x)dx héi tu thi ff(x)dx hoi i ;

a a

b b
Néu f f(x)dx phdn ki thi f AN A

a a

(2) Gid sir f va g la hai ham s6 duong khd vich trén (a, b) cung cé
diém bdt thuong x = a. Khi dé
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58,
“6p
=

Néu ton tai gidi han

lim Mzk. (0 <k < +00)

x—a* g(x)

b b
thi tich phan suy rong f f(x)dx héi tu khi va chi khi f g(x)dx hoi tu.
a a

Hé quu 7.2.

Cho f va g la hai ham s6 dwong, khd tich trén (a, b} cing cé diém
bdt thudng x = a. Khi dé

b b
1) Néu }im f(*)zo va néu fg(x)dx hoi tu thi ff(x)d,r hoi tu.
a

x—a*t g(x) p
) b b
2) Néu lim flx = va néu fg(X)dx phan ki thi ff(x)dx
x—a* g(x)
a a
phan ki
* Thi du.
Xét su hor tu cua cac tich phan
T
! 2
(a)l:= LL byJ:= J(tgx)de;
1-x2
0 0
| +a0
(©K:= [x*1(d-x)P"dx : (@L:= {xPlexdx.
0 0

Véi tich phan I ta dé y ring , 0<x <1 dods,

! <
Yoz $-x
dung tiéu chuin so sanh, suy ra tich phan I héi tu. Khi x = 0 thi tich
phéan J ¢6 di€m bat thudng 12 x = 0 khi p < 0 va J ¢4 diém bat thudng

lax = 12t' khi p > 0, tuy nhién trong ca hai trudng hop ta luén ¢é

|
\ p —_— —
Iim [(tgx) : p] , 1

x—0 X
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< P
Va : him | (tgx)P .__]_—’ = lim (sInXx) . 1

n s x )P p
x—.)—z_ (%.['_ X i x—,S o (%_ X)
= lim | (sin x)f‘.———2————— =1.

S el

Do dé, dung thi du (d) va (¢) & muc trén va diung phan 2) cba dinh
1{ 7.10 suy ra J hoi tu khi |p] < 1 va J phan ki khi [p| 2 1.

Bay gid xét tich phan K ; v8i a < 1, diém x = 0 1a diém bat thuong,
véi b < | diém x = 1 la diém bat thudng. Phan tich K thanh hai tich
1
1 b} 1
phan, chang han I = j + J’ twong tu cdc thi du trude, tich phéan tha
o o 1
2 .
nhat chi hoi tu khi 1 — a < 1, nghia 1a khi a > 0 con tich phan thir hai
chi hoi tu khi b > 0. Vay K chi hoi tu khi a > 0, b > 0.

Cuéi cung, xét tich phan L ; vé1 p = | thi L chinh 13 truong hop
riéng cta tich phan trong thi du 6 muc 7.9.1, dovay L hoéitukhip>1;
v3i p< I thi x = 0 12 diém bat thudng cia L. Phan tich L thanh hai tich

| +0
phan : L = j + j trong dé tich phan thit nhat hoi tu khi p > 0 (vi so
0 1
vai 7 ) va tich phén thit hai hoi tu véi pbatkivivdir > 1 ta luoncéd:
-

) N 1 . xTp-!
lim | xP-le=* ;. — = fim =0;:
X = xt x>0 eX

+3
dung thi du (d) va hé qua trén suy ra I hoituvair> 1.
t

Vay, tich phan L hoi tu khi p > 0.
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¢ Clhii y cubi cung vé tich phdan suy réong.

Ciing nhu d8i véi tich phan xdc dinh thong thudng, véi tich phan
suy réng ciing cé thé thuc hién phép d6i bién tich phan va phép lay
tich phan timg phan. Chiing ta s& khong di sau vao chi tiét nhirng van
d¢ pay ma han ché trong mot s6 thi du c6t dé hiéu y tudng cha
phuong pkdp va biét thém mot s& tich phan suy rong khac ¢6 nhiéu
ing dung thi vi.

* Thi du.

(a) Tinh

]:t]' dx
i J(x —a)b - x)

Tich phan suy réng nay c6 hai diém bit thuong x =avax =b ;
thuc hién phép d6i bién
2 .2
X = acos @ + bsin"@
s€ chuyén 1 vé tich phan théng thudng
n

2 Id(p =1
0
+00
(b) Xét su hoi tu cha 1 = Ism x2dx
0

Thuyc hién phép d6i bién x = Jt, dx = dt, sé dua I vé dang

L
W
lmsint
5 6[—\7;—(“

dé y rang c6 thé viét

OI_—'B
I
O tA
w
[ oot
|=
—_
Nl:ii_—,g
z
=
-
[>%
-
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SO pim 2R /i = Onen tich phan | hoi tu (). chi

lim
t—>0 \/; t—0

cin xét tich phan thit hai va cé

Vi

OL——.Nlﬁ

(dung phép lay tich phan timg phén :
+@®
_T d(cost) _ cost 1 %

Ji Vilz 2

= 2 ti
2
~ COS{ 1 = COSI . ) i )
Vi Y nén 1—3— dt hoi ty (cac dinh 11 7.9 ; 7.10)
12 12 % 2
Do d6 1 hot tu.
+a0 d
(c) Tinh tich phan I = J X
1+x?

0

Thuyc hién phép d6i bién x = I ,dua l vé:
t

+® +o 9 +o0 2
dx t
I= = —dt = dx
6[l+x4 JI+[4 6"1+x4
Do dé, c6 thé viét
+a +oo 2 +@ 2
21= | dx4+j " dx= jl+x4dx
0 1+x 0l+x 01+x
| 1+—l— dx
1P+ x? B
I=2 I 4dX=E'J 1
0 1+X 0 x2+_
X2
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. . sy 1
Lai thuc hién phép doi bién z : = x - —, s€ duoc

X
I__+]‘O dz 1 arctg 214> T
222242 22 a2
+00 5
(d) Tinh tich phan I = Ie'x_dx (tich phan rat hay gap trong Ii
0

thuy&t xdc suit).

Dé § ring véi x > 1. ¢6 e X <e™%. do dé 1 hoi tu. Bay gid xét
ham s6 f(x) 1 = (1 + e ' ; dung khado sit ham s6& ¢é thé thdy rang g(t)
dat gid tri I6n nhatkhit=0:g,, =8(0)=1;dovayvoit #0,co:

(1+te '<1

Thay t bdi + x°, ta dugc hai bt ding thic

2

2
- —xz)ex <lval +x2)e_x

<1
Suy ra L-xl<e™ < 12
[+x
Tirdo :
Vio<x<lcs e™ >(1-x2)n
Véix>0co f:_""2 <;
(1+x2)"
Do dd:
| 5 ] 9 +a0 9 +x0 dx
I(l—x )“dx<Je 0% dx < Je M dx < J‘ﬁ
o . 0 0 6 (1+x7)
Mat khic
T 1 o
je " dx.=—1 (d6i bign u = Jnx)
; Jn
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b
\

2 I
Ja-x*"ax= jsin“” tdr=— 20
0 o 2n+ D!
(dot bién x = cost va cong thic (7.44)) va cubdi ciing
1§

+

2 It
J-idxz Ismzn 2 dt = —»———(in 3)” 5
5 +x )" 0 (2n-2)!!

(doi bién x = cotgt va cong thite (7.44)).
Tir cac bit dang thire tich phan va céc dang thifc trén suy ra
H "
- 2n!} \/—(211 3)! n
2n+ 1)” Qn-2)t" 2
Do dé binh phuong bat dang thic kép trén, dugc :

2 2
n { 2n!! 1 1 PN [(2n 3)”] [ ) 2n-1)
2n+1 [ 2n-1H!) 2n+1 2n—1{ (2n-2)!!

Bay git dung cong thirc Wallis (xem bai tap s8 10 chuong nay) :

T it P
—=lim .
2 n-—x (21‘1 - l)” 2n+1

ta suy ra hai v& trai va phai cia bat dang thic kép wrén dan tdi 7 khi

n—o o, dodd;

Jvay I = (vil>0).

_z“
TOM TAT CHUONG 7

* Dinh nghta tich phan xac dinh
Dinh nghia
Cho ham s8 f(x) xac dinh trong [a, b}, chia [a, b] thanh n doan nho
boi cdc diém chia :
Xp=a<X <Xy < .. <X~ <X <..<X,=b
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Dat Ax; = x; — Xj - |, A= max Ax;.
1<i<n

n
Lay & bat ki & [x;, x;}, lap f(&), khi d6 néu lim D> f(§))Ax; =1
k—>0-=l

(hitu han), thi I dugce goi la tich phan xac dinh ctia ham sé f(x) 13y
b
trong [a, bl. ki hieu 12 _[f(x)dx ;

a
n b
1%21 (& )AX; H[(x)x

Khi dé, néi ring ham f(x) kha tich trong [a, b].
bat: m; = inf f(x); M;=  sup f(x)

xe[x;_y. X1 xelxiy, x,]

n n
s=Y mAx; ;5= M;Ax; thi
=1 i=|

Diéu kién it c6 va di dé f(x) kha tich trong [a, b] 12 :
Ihm (S~5)=0
A—0
Tir diéu kién trén suy ra :
Neu f(x) 1ién tuc trong [a, b] thi f(x) kha tich trong [a, b].
Ngoaira: ’
Néu f(x) bi chan trong [a, b} vi ¢c6 mét s6 hiru han diém gidn doan
trong [a, b] ; hoac f(x) bi chian va don diéu trong {a, b] thi f(x) kha
tich trong [a, b]. Cac tinh chat cta tich phan xac dinh.

Tinh chat 1.

b b
IC.f(x)dx :cjf(x)dx. C 1a hiing 56, d3c biet
a a
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b b
jc.dx=cj1.dx =C(b-a), C 12 hing s6 ;

a a

b b b
[[f(x) +g(x)]dx = jf(xmx + Ig(x)dx
a a a

Tinh chdt 2.

Cho 3 khoang déng [a, b]. [a, c] va [c, b] ; néu f(x) kha tich trén
khoang c6 d¢ dai dat nhfft thi cing kha tich trén hai khoang con lai va :

jf(x)dx - j'f(x)dx + jf(x)dx

Tinh chat 3. (Trong tinh chat nay a < b)
b
1) Néu f(x) 2 0, x € [a. b] = _[f(x)dx >0 ;

a

2) Néu f(x) < g(x), x € [a, b] = jf(x)dx < jg(x)dx ;

a d
3) Néu f(x) kha tich trén [a, b] = |f(x)| kha tich trén [a, b) va
b b
If(x)dx < I|f(x)]dx ;
a d

b
4)Néum < f(x) <M, x € [a, b] thi : m(b—a) < jf(x)dx<M(b a)

a

Tinh chdt 4.

1) Pinh 1i trung binh thif nhat :

Gia str f(x) kha tich trén [a, b], (a < b) va giad sitm < f(x) <M, x € [a, b],
khi d6 ton tai p : m < p < M sao cho

b
jf(x)dx =p(b-a).
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Dic biét, néu f(x) lién tuc trén [a, b] thi tdn tai c € [a, b] sao cho

b
fexdx =feyb -a)
2) Dinh !f trung binh thif hai :
Gia st « f(x) va tich f(x) . g(x) kha tich trén [a, b]
sm<f(x)<M,x e[ab]
* g(x) khong d6i ddu trong [a, b].
Khi dé, ton tai p: m < p < M sao cho

b b
Jfogdx = u [gxdx
a a

Dac biét néu f(x) lién tuc trong [a, b] thi tbn tai ¢ sao cho:

b b
J-f(x)g(x}dx = f(c)[g(x)dx ;a<c<hb.
] a

» Cdch tinh tich phan xdc dinh
Dinh i :

1) N€u f(x) kha tich trén [a, b] thi O(x) lién tuc d6i vdi x € [a, b] ;
trong do

d(x) = [f(z)dt

a
2) Néu () lién wc tai t = x thi (x) cé dao ham tai t = x va P'(x) = f(x)

3) Néu f(x) lién tuc trong [a, b} va néu F(x) 1a mot nguyén ham
cna f(x), x € [a, b] thi

b
b
[Exdx = Fo) - Fa) = Fo,
a
Cong thie trén thuong goi 1a cong thic Newton—Leibnitz.
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« Phép doi bién trong tich phdn xde dinh
D61 bién x = @(0) :

Gia sir f(x) lien tuc trong [a, b, gid si phép d6i bién x = (1) thoi
man cédc diéu kién :

1) @(t) c6 dao ham lién tuc, t € [a, B] ;
Do) =a;eB)=b;

3) Khi t bién thién trong [a, B] thi ¥ bi&n thién nhung khong ra
ngoai khoang lién tuc cta ham sé f(x). Khi dé

b B
ftax = ftlemle'wyar
a a

D61 bién t = @(x).

Gia str f(x) 1ién tuc trong [a, b], va gia sir phép d6i bign t = @(x)
thoa man :

1) @(x) bién thién don diéu trén [a, b] va ¢(x) cé dao ham @'(x)
lién tuc, x € {(a, b) ;

2) f(x)dx trd thanh g(t)dt, trong d6 g(t) 1a mot ham hién tyc trong
[p(a), p(b)].

Khi d6 thi:
b @(b)
ffx)ax = j g(t)dt
a’ ofa)

» Phép ldy tich phdn timg phan

Gia str u(x), v(x) l1a hai ham s& lién tuc va ¢6 dao ham lien tuc
trong [a, b], khi dé co

b b b
judv :(uv)Ll - Ivdu
a a
21-THCC-Tap 2 321
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« Mot cong thicc thudng diung

T n — H T
3 3 (n— D)t —., vé n chan
n {(n)!! b3
Im xdx = Icos xdx =
(ﬂ—l)!! ,n 3
0 0 ,véinleé
(m)!

o Tinh gan diing tich phan xdc dinh
Cong thic hinh thang :

b
I= If(x)dx = h[y—°;i+ Vi +Y> +...+yn_1}= It
|

trong dé :

h:b—a_

yi=f(xp)ixj=a+ih;i=

=)

Sai 56 &1 = |l — I7| thoa bat dang thiec :
M5 >
dr<—=h“(b—a
T, (b—a)
véi M, = max |f*(x)|

xefa,b)

Céng thitc Simpson :

b
I= If(x)dxz

. .
~ -3—[(y0 +Y2)+ AV + Y1+ Y D F2AY Y+ o+ Y =
trong 46 ;
b-a ;y;=f(x) i x;=a+ih;i=02n
2n

sai 6 8g =|I-1I| thoa bat ding thic

h=

5, <?/I‘(‘)h (b—-a) vdi My = max lt‘ )(x)l
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* M6t 6 ung dung hinh hoc caa tich phés xdc dinh

Tinh dién tich hinh phdng

Dién tich S ciia hinh thang cong gidi
han bdi cdc dudng thing x =a, x=b,y =0
va cung cua dé thi ham s6 lién tuc y = £(x),
X € [a, b] duoc tinh theo céng thiic
(hinh 7.22)

b
5= [lfeoldx
]

Trudng hop hinh phing gidi han bai
cdc dudng thing x =a, x =b,y = f;(x);
y = f,(x). f1(x), f5(x) ta hai ham lién

tuc, x € [a, b] (hinh 7.23} thi dién tich
S duogc tinh theo eoéng thite

b
5= {16 -f00]dx

a

Tuong tu, néu phuong trinh dudng
cong cho dudi dang x = o(y), ¢(y) lién
tyc trong [c, d] (hinh 7.24) thi dién tich
S dugc tinh theo cong thirc

d
S= _[ lo(y)|dy

[

gl

o
o [en-
o
x

Hinh 7.23

o) X
Hinn 7.24

Truong hgp dudng cong cho dudi dang tham s6 :

{xw(t)

y =w(t)
thi dién tich S duge tinh theo cong thie

1)
s= [ lvowler

fy
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St

trong dé t;, t5 1an luot 1a nghiém cia cdc phuong trinh

a=@(ty); b=0(ty).

Cu6i cung, khi dudng cong cho

trong hé toa do cue r =r(), ¢ € o, Bl

dién tich S gidi han boi cdc tia ¢ = a,

¢ = B va cung dudng cong lién tuc

r = 1(¢), ¢ € (a, B], thi S dugce tinh
theo cong thitc (hinh 7.25)

B
S= %Jrz((p)d(p Hinh 7.25

Tinh dé dai duong cong phing

Do dai s cva cung do thi cia ham s3 y = f(x) lién tuc va ¢é dao
ham lién tuc x € [a. b] dugce tinh theo cong thic

s = f 1+£2(x)dx
N
a

Truang hgp dudng cong cho dué dang tham s6
x=x(),y=y() it e o, p)
B

thi dung céng thitc : s = J-\/x'z(t)+y'2(t) dt

a
Trudng hop dudng cong cho trong hé toa do cuc

r=r(¢); ¢ € [a, B]

p
s= [ Vi@ +r@)do

Tinh thé tich ctia vdt thé
Gia sur biét dién tich S(x) ciia thiét dién cia vat thé trén mat phang
vuong géc véi truc Ox thi thé tich V cha vat thé giéi han bai mot mat
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hg

cong vi hai mat phang x = a vd x = b, a < b (hinh 7.15), dugc tinh
theo cong thic

b
V= _“S(x ydx

a

Dac biét, khi vat thé 12 vat thé tron xoay tao bdi hinh thang cong
AabB giét han boi dudng y = f(x), x € [a, b] truc Ox ; cic dudng
thang X = a ; x = b khi hinh thang cong ndy quay quanh truc OX thi
thé tich V cia vat thé tron xoay duoc tinh theo cong thic

b
V= [f2(x)dx
a
Tuong tu, néu hinh thang cong quay quanh truc Oy co céng thiic
d
V= fol(y)dy
C

Dién tich xung quanh mat tron xoay

Goi S 1a dién tich xung quanh cha mat tron Xoay tao boi cung dé
thi ham s8 y = f(x), x € [a, b] khi cho cung 48 quay quanh truc Ox
thi S dugc tinh theo céng thirc

b —
s=2x [ |foof Y1+ £2(x)dx

N&u quay quanh truc Oy thi

d
s=2x [ oyl 1 + @2 () dy
C

¢ Hai so dé ung dung tich phdn

Trong k¥ thuat, kinh t€ khi can tinh moét dai hugng A(x) phu thuéc
dai lugng x khic, ngudi ta thudng ding tich phan xac dinh duéi dang
so d6 tich phan hoac sa doé vi phan.
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So d6 tich phan :
1) Chia [a, b] thanh n khoang nho :

X =a<X3<X3<..<X,=b,
2) Phén tich A(x) thanh téng cda n s& hang

A =iAi
i=1

A; 1a dai [uong A tuong ung khi x € [x; 4, x;].
3) Tim mot ham f(x) sao cho c6 thé biéu dién gain diing

A = fED( = x5 — ) 2 & € [x -5 i)

1}
4) The A(x) bdi ) f(&)AX;, Ax;=X; — X, _;
=1
b
5) Dng dinh nghia tich phan xac dinh, viét A = _[f(x)dx
' a
So dé vi phan :
1) Lay x € [a, b], lap x + dx.
2) Tinh gid tri A tai x va tai x +dx.
3) Tim phan chinh bac nhat dA cha AA : AA = f(X)AX + o(Ax)
4) LAy tich phanctladA trtadén b :

b
A= [fodx
a
e Tich phan suy rong
Truong hgjs cdn 1dy tich phdn la vé han
Gia st ham s6 f(x) xdc dinh v8i moi x > a va kha tich trong bat ki
khoang hiru han [a, A), khi dé néu

A
lim |f(x)dx =1 (hitu han)

Aot
a
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N Q>
&

thi I duoc goti la tich phan suy réng cia ham s6 f(x) trong khoang [a, +=)

+ec
va ki hiéu la jf(x)dx :
a
A +

I= m }f(x)dx = jf(x)dx
A=+ . A

+
Khi d6, ciing néi rang tich phan If(x)dx hor ru.

a R
Né&u khong t6n tai gidi han hitu han 1 thi ndi rang tich phan

_[f(x)dx phdn ki.

a

a a
Tuong If(x)dxtz lim [f(x)dx. A'<a

A'—>+o ¥

—x A

+c0 A

vi jf(x)dx: lim  [f(x)dx

A'lo—o -

—® A4 A

Ddu hiéu hoi tu - (tidu chudn so sanh)

Cho f(x), g(x) 1a hai ham s6 duong kha tich trén [a, + o), khi d6
néu ton tai ¢ > a sao cho f(x) < g(x); x € [c, +o) thi:

+0 +a¢
(1) Néu Jg(x)dx hoi tu thi If(x)dx hot tu
a a
+ +o0
Néu jf(x)dx phan ki thi j g(x)dx phan ki.
a a
. . (%) s
(2) N&u  lim —==k, 0 < k < +w thi cdc tich phan suy rong
x—+o0 g(X
+ao +0
If(x)dx va Jg(x)dx cung tinh chat.
a a

327
-


Tài Nguyễn Anh
tiêu chuẩn hội tụ


&

Hé qua.

+o0 +2
New tim +2) =0 vanéw jg(x)dx hoi tu thi _[f(x)dx hoi tu.

x—+o g(X) ) :
f( ) +00 +20

Néu lim — = 40 va né [g(x)dx phan Ki thi If(x)dx phan ki.
x> g(X) : ;

Truong hop ham so6'ldy tich phan khéng bi chan
Gia sir ham sd f(x) bi chan va kha tich trong khoang déng bat ki
[a, b = n]. vai 0 < n < b — a nhung khong kha tich trong bat ki
khoang déng dang [b — n, b], f(b — 0) khong bi chan, va b dugc goi la
mot diém bat thuong ciia ham s6 f(x). Khi dé, néu
b-n
lim I f(x)dx =1 (hitu han)
n—0 .
b
thi néi ring tich phan suy rong If(x)dx hoi tu va viét
a
b b-n
f(x)dx := lim j. f(x)dx
n—-0
a a
Néu khong ton tai gisi han [ thi ndi rang tich phan suy rong

b

jf(x)dx phan ki.

: |
Tuong tu, ¢6 thé dinh nghia tich phan suy réng khi nit trdi a coa

khoang (a, b] la diém bat thudng, hoac khi ham s6 f(x) ¢6 diém bat

thudng tai X =c vdi ¢ € (a, b).

* Ddu hiéu hoi tu (tiéu chuin so sanh).
(1) Cho f(x), g(x) la hai ham s6 khong am, kha tich trén (a, b] véi

x = a 12 diém b4t thudng va f(x) < g(x), x € (a,c),a<c<b.
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b b
jf(x)dx va j’g(x)dx cling tinh chat.

a

Kht d6

b b

Néu Jg(x)dx hoi ty thi If(x)dx héi tu.
a a
b b

Néu [f(x)dx phan ki thi [g(x)dx phan ki,

a 2

(2) Néu 11m —(x—)—k, 0 < k < +w thi cdc tich phan suy réng

x—a® B(X

E

* Hé qud.
’ b b
. f(x)
Néu i m =0 vanéu Jg(x)dx hoi tu thi If(x)dx héi tu.
x—a* g(X . .
£00) b b
Néu lim —=w vangu [g(x)dx phankithi [f(x)dx phan ki
x—oat 8(X) ‘
a a
BAI TAP
1. Dung dinh nghia tinh cdc tich phan :
2 b 1
x ! x
1. Jedx: 2. I—dx,0<a<b; 3. |a"dx (a>0)
2
t a 0
2. Ugc luong céc tich phan :
x
2 18
fc“" Xdx ; 2 I COSX_dx

0 ‘ 1()‘J1+X4



3. Tinh cdc dao ham

dx dy

X X

g

Yo 3 Y 2
1.—d—e‘dt; Z.ieldt; ij-
dx I l+t

4. Dung dinh nghia va cach tinh tich phan xdc dinh tim cac gié han :

1 1 1
+..+
na+i3 no + 23 no+(n-1)p

2. lim [,H +,}1+—+ +,ﬂ1+—]
n—wn

3. fim [ Q‘”'J
n—-o\ N n!

5. Tim cédc giéi han :

n—w

1. ]im{l ' } (@>0,B>0):

SIn X X
J tgt dt j(arctgl)2 de
1. lim 9 2. lim & orou—
x—>+0 18X : X +® x2 41
JMdt
0

6. Co thé dung cong thic Newton-Leibnitz d€ tinh céc tich phan
sau day duge khong ? Tai sao ?

n
] 2 ]
l. d—:; 2. Jx 1—x2dx; 3. J
X 0 0

2+tg x)cos X

7. Tinh céc tich phén :

[ 2 2 .
L. J-hnxldx ) Jf(x)dx néu f( =¥ Kkhi0<x<l
0 2—-xkhil<x<2

& | =

330



X

I 1 X
3 Vo-ax?dx 4 [P -2x+ 5% 2dx

0 0

5 ”f dx ] ‘I ax
_1/24x2+4x+5 0,/(“.,(2)3
n r
2 4

8

7. j—Tﬂ—T; 8. [te%6do ;
03cos B+4sin” 0 b .
n ul
2 . 2

9, Iln1+31nxdx; 10. Icos" x cos nxdx
o | +cosx o

8. Chimng minh rdng néu f(x) lién tuc trén [0, 1] thi:

n L

2 2 T T
L jf(sinx)dx= jf(cosxmx; 2. xf(sinx)dx=12t-Jf(sinx)dx
0 0 0 0

9. Thurc hién phép déi bién t = x + —1— tinh tich phan
X
1

1) x+—
l+x-—~le Xdx
X

I:=

N = N

10. Tir cong thic tinh J, : = {sin™ xdx (thi du (b) muc 6) va tir

OtV A

bat dang thirc hién nhién (?) :
24 T b
2 2 2
Isinzrl 1 gdx < [sin?" xdx < Jsinz" ~ 1 xdx
0 0 0
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chitng minh ring :

n 3 2n! 1

—= lim

2 a->oae|!@n-D!' 2n+1
(Cong thitc Wallis).

11. Chitng minh ring n&u f(x) 12 mot him s6 lién tuc trén R, tudn
hoan, ¢4 chu ki T thi véi moi a, luén cé

a+T T
j f(x)dx = jf(x)dx
a 0

12. Tinh tich phan

3 . 2
J-—f(zL dx trong dé f(x) = w
_|1+f(x) X (x =2)

13. Cho f(x), g(x) 12 hai him sG kha tich trén [a, b}. gia sir £(x),

¢%(x) va f(x)g(x) ciing kha tich trén [a, b]. Chimg minh bat ding thuc

(v6ia<b)
b 2 (b b
j f(x)g(x)dx} < [ Ifz(x)dx I 22 (x)dx
\4a J a )

(Bat dang thitc Cauchy - Schwartz).
14. Dung céng thiic hinh thang va céng thitc Simpson, tinh gan
ding céc tich phan sau va so sdnh két qua :
5
dx . N - N
1.1= J‘T“ (chia [2, 5] thanh 6 khoang bing nhau),
nx

i

)4
3

2.1= J-\,/cosx dx (chia [0.
4]

} thanh 10 khoing bang nhau).



15. Tim dién tich hinh phang gi&i han bai

I. Dudng cong y = x° va cdc dudmg thing x =0,y = 4 ;

2. Dubing parabén y = x> + 4 va dudng thing x ~y+4=0;

3. Parabon bac ba y = X° Vi cac duong thaingy = x, y = 2x ;

4. Duong tron x*+ y2 = 4x va parabdn y2 =2x:

5. Budng hinh tim * = a2coszq>.

16. Tim thé tich cia vat thé 1 phan chung clia hai hinh try x + y2 =’
véy2+22=a2(a>0).

17. "I‘lm‘thé tich vat thé giéi‘ han boi miat parabol6it z = 4 - y2 :
cdc mat phang toa d6 va mit phang x = a.

18. Tim thé tich vat thé tron xoay tao bdi hinh phang gidi han bdi
cic duong :

1. y2 + x — 4 = 0 khi quay quanh truc Oy ;

2.xy=4,y=0, x =1 va x =4 khi quay quanh Ox ;

y= x2,y = 4 khi quay quanh dudng thang x = 2.

19. Tim d6 dai caa dudng cong :

1. 9y2 =4(3 - xz) gom gilta cac giao diém clia né véi truc Oy ;

2.2y = x? -2 gom gilta céc giao di€m cla né vdi tryc Ox.

20. Tinh dién tich mat tron xoay tao bdi duong axtordit

X = acos3t, y= asinst (a>0).

khi quay quanh truc Oy.

21. Xét sur hoi w va tinh (trong trudng hgp hot tu) cic tich phan sau :

1. (jxe‘dx ; 2. Df[cosxdx ;
o ‘ 0
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+@® 2 5

3. Ide_z‘ 4, j—"—dx;
_m(X +l) 0 4—X2
1 2
d
5. J—dx— 6. J X 5
O,Ix(l - X) O(x -1
| 2 X
7. Ix]nzxdx; 8. J >
x2 1
0 -2
22. Xét su hoi tu clia cac tich phan sau :
" lnd + %) 1 g
1. I—n—dx, 2. I—z—dx,
1 X ;X
+o0 oo 2
3. J[l-cosg]dx, 4. Il+; dx,
1 X t X
: dx : dx
5- I :/— 1Y 6' 4
1
7 J- x4dx 3 'J- ﬁdx
03(1—)(2)5 Oesmx -1
DAP SO VA GO1 Y
l.l.e(e—l):2.1—1;3. a-l
a b Ina
r
n LA en
2. 1. ESICSIH Xdx < — ;
0

COSX

\/1 +x?

2.0 <10 i chiy <1072, x € [10, 18]
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| 1 i 1
Sp=—|—+ +—_
nLL a+B/n a+2B/n a+(n—1)ﬁ/n}

2. %(2ﬁ~1);

va xét ham kha tich f(x) =

a + Px
3. 3 vigtu = L@ Lt s 2en)
e n n! n
y, = gotine2 2n nn(uf} hé thic nmdy goi ¥
n T n I

Zf(EJ va dan dén
n

Inu,, _I_Z [14. ):—Zf[ )vdif(x);=ln(l+x)‘
M=
|
limu, = fln(l + x)dx .
0

th

4
6. 1. Khong, ham s& khong xdc dinh tat x = 0 ; 2. Khong, ham s0
khong xic dinh khi x > 1 ; 3. Dugc.

5.1.1:2.

712 l—l]';lé;l g&rCSin'%+[—s—;
e 6 4 3 2
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156 n 1 n n 2
4. 98 - — ;5. — ;6. = ;7. —= ;8. — == ;

e 16T 27 a3 T4 3
9.0 10. :H (xem bai tap 2. 11 chuong 6).

2

8. 1. Thyc hien di bién x = g ~t ;2. Thyc hién d6i bién x = — t.

1

s 2
2 _e? viail= J-+ I,t—x +— tngh1c:hb1énkh1xe B 1];
1

9.36
2

!
2
t dong bién khi x e [, 2].

2
t —_ —_
X € [lzl]:dx=—Ldt;

2 2 12—4
2
\/t -4 +1
xe[l2]:dx=VY—*"0q
212 — 4

10. Tir cong thifc tinh J, va tir bat ding thitc kép suy ra
1 — it T
2n!! <(211 nit _£<(2n AN

(2n + D! 20! 2 2n-pi
uy ra [ont T & [_2nn 2
‘ L(zn—mz 2Zn+l 2 [@n-D!] 2n
S mi o1 ox
suy ra < — =
(2n + 1D)2n | 2n - DB 2n 2
a+ T a+T

11. Viét J' j j j v Véi tich phan thi ba, thuc hién

phép bien d8ix =t + T r01 dung tinh tudn hoan cia f.
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o

3
12. arctg 2_ 2n
27

13. V4i cac hang s8 a, B bat ki, co6

b ) b b b
j'(af +Per’dx = o [2dx + 2ap [fgdx + B* [g?dx 20
a

4 a 4

vi (af + [3g)2 > 0;a<b: Bat ding thitc duoc suy tir tinh chit khong
am clia mot tam thite bac hai ddi véi a (hoic B) ¢6 hé s6 binh phuong

khong am.
14. 1. 2,59 ;2. 0.950
15.1.19;2.—1—‘ é4095 5.1
3 6 4

16. léa3

3
17. lt_S_a

3
18.1. 38 21 2. 12m; 3, 1287

15 3

19.1.%’-3-;2.«B+1n(\/2‘+x/§)

20. E na’
S

21.1.-1.2. Phanki. 3. * 2 4. 215;.5.n,6.1’n3nk1,7.%,&Ph:mm.

22. 1. Phan ki, 2. H6i tu, 3. Héi ty, 4. Phan ki, 5. Hoi tu, 6. Phan
ki, 7. Phan ki, 8. Hoi tu.
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Chuong 8

CHUOI

8.1. Pai cuong vé chuoi s6
8.1.1. Djnh nghia
Cho day s6 uy, uy, ..., ug, ...

Biéu thic

ul +U2+...+Un+...
[o )
dugc goi 12 c/udi s6'va duoc ki higu 1a Z u, . CicsSu, uy, ..., up, ...
n=}

dugce goi 12 céc 56 hang cha chudi s6, u,, vai n tong quat duge goi 1a s~
hang tong quat. Téng

n
Sy = 2uk=u|+u2+...+un
k=1

dugc goi 12 tong riéng thir n cha chudi s6. Néu S, din t3i mét gidi han
o]
hitu han S khi n —> oo, ta néi rang chudi s6 2 u, hoi tu va cé tong S.

‘n=1

Hieu R, = S - S, dugc goi 1a phan du thii n cha chudi s6. N&u chudi s6
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hé1 tu thi R, = 0 khi n — . Néu S, khong dan td1 mot :i6i han hiru
han khi n — o, ta néi rang chuéi s6 phdn ki.

a
Vi dy. Xét chubi s6 Z aq" “lvsia=0 Dola mot c4p sO nhan
n=1
q" -1

vo hancd cong boiq. Vaiq=1,S, = a T
q_

Néu |q| < 1 thi |qi"—>0khin—>oo.dod68n—>l—a—,khin—-mo,
-q

vay chudi s6 hoi tu va c6 téng S = IL.
-q
Néu |q| > 1 thi |q]" — o khi n = , do d6 S, = « khin — <, vay
chudi s phan ki.
Néuq=1,S; =na, §, > @ khin — o, chubi s& phan ki. Néu q =1,
chudisscodanga-a+a—a+..ViS, =0khinchin, S, =akhinlé,
S, khong din dén mot gidi han hifu han khi n — 0, chudi s6 phan k.

(s o]
Tém lai, chudi s8 > aq" ~! hoi tu néu [q] < 1, phan ki néu |qf 2 1.
n=1

8.1.2. Diéu kién dt c6 cua chudi sé hoi tu
o
Pinh li 8.1. Néu chuoi sé Z w, hoi tu thi s6 hang t6ng quat u

n=1

cda né dan 1oi O khi n — .

That vay, S, =S, - | + Uy, doddu, =S, - S, — |- Néu chudi s hoi
tu thi S, véi S, — | cling din t6i mot gisi han hiru han khi n — o, do

A6 u, =S, - S, - | ddn t6i O khi n — .
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Tài Nguyễn Anh
8.1 chuỗi số hội tụ thì Un dần tới 0
điều ngược lại không đúng

Tài Nguyễn Anh
q<1,q>1


Diéu kién u, — 0 khi n - o chi 12 diéu kién &t c6, chi khong 1a

o a
N . 0 3 = . . 2 ’ X . 1
diéu kién du dé chuoi Z u, hoi . Chang han, xét chudi s6 Z -

n=1 ﬂ=ln

duge goi la chudi diéu hoa. S6 hang tdng quét cia né u, = 1 dan téi
n
0 khi n > oc, nhung chudi s6 4y phan ki. That vay

S0 =S, = 1 + L +...+—I~>L+...+L=1=

1
n+l n+2 2n  2n 2n 2n 2

Néu chuoi s6 hoi t thi §;, va S, cliing dan t6i mét gidi han khin — oo,
. N 5 , 1
tec la lim (S5, - S,,) = 0, diéu nay mau thuan véi S5, - S, > —.
n—xo 2

Tur dinh 1 trén suy ra ring néu u,, khong dan t6i O khi n — <o thi chudi

a0
. N 2 A 3 +
sO 2 u, phan ki. Chang han chuéi 86 1+ — + ht P !

4 6 2n
n=|

) : n+1 .
phan ki vi s6 hang tong quat u, = % - 1 # 0 khin - .
, n

8.1.3. Tiéu chudn Cauchy

fo o
Dinh 1i 8.2. Diéu kién dt cé va dii dé chuéi s6 Y u, hoi tu la
n=l
vai moi 56 £ > ) cho trudc, tim duoc s6 nguyén duong n, sao cho khi
p
p>92n5taco |S,—8,|= z u,| <é&
n=gq+l

That vay, chudi s6 hoi tu khi va chi khi day céc tdng rieng S, hoi
tu. Theo tiéu chudn Cauchy ciia day sé hdi tu (muc 1.3.4), diéu nay
xdy ra khi vi chi khi v6i moi s6 € > 0 cho trudc, tim dugc s6 nguyén

durng n, sao cho khi p>q>n, tacé
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‘5

|

z u,| <e. B

n=q+1

IS _Sql =

p

o0
D6 vai chubdi diéu hoa, Z —1— ta thay rang diéu kién ctia dinh If
n=1"
Cauchy khong dugc thod man vi khong thé xdy ra bat dang thiic
2n .
i T. ais . R
1Sy, = S,! = Z < g, nén chudi diéu hoa phan ki.

k=n+1t

8.1.4. Vai tinh chat don gidn cua chudi sé6 hoi tu
¢ w0
a) Néu chudi sé Z 8, héi tu va cé 1éng S thi chudi s6 Z ou,,
n={ n=1
trong dé ala mét hdng so, cing héi tu va cé tong aS.
[ o] 20
b} Néu cdc chuoi sé Z Uy Z v, hoi tuva cé tong theo thii tu
n=1 n=1

[> 83
168, S' thi chuéi sé Z (u, +v,) ciing hoi tuva c616ngS + S’
n=1

) Tinh héi tu hay phén ki cia mot chudi so6”khong thay doi khi ta
bot di mét s6 hitu han s6 hang ddu tién,

! o
That vay, goi S, 1a t3ng riéng thit n cha chudi s6 Z u,, . Khi d6 tdng
n=1

0 a n
riéng thi n cta chudi Z au,, bang Z onp = Z uy = as,, téng
n=1 k=1 k=1
nay dan tdi aS khi n - <,

Tinh chat 2) da duge chimg minh. Ban doc tr chimg minh cac tinh
chitbyvac) R :
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8.2. Chuéi s6 duong (hay chudi s6 ¢ s6 hang duong)

© :
Gia sir Zun 1a mot chudi s6duong. Vi§, =8+ Uy, Uy 1>0,

n=1

tacé S, . > S, Vay {S,} 1a mot day s6 tang.

Do d6 néu diy s8 {S;} bi chan irén thi tén tai lim S, chuéi s6
) now®
hoi tu, con néu day s6 {S,} khong bi chan thi §; - o khin — o,
chuéi s& phan Kki.

8.2.1. Cdc dinh li so sdanh

Q0 [+ 4]
Dinh li 8.3. Cho hai chuéi sé" duong z u, va Z v, . Gid su
n=1 n=1
[ a]
Uy S vy, Vi = ng € N.Khi do néu chuoi sé Z Vo hot tu thi chuéi s6

n=1

Lo a} < o} w0
Z u, hoi tu ; néu chuéi sé 2 u, phan ki thi chudi sé Z Vg
n=] n=1

phdn ki.

n=1

That vay, do tinh chat c) clia chudi s6 di néu dmuc 8.1.4, ta cé thé xem nhur

n n
n=LDaS= Y 0y, S,= Y v Vig <v,/Vk>1nénS§, <S;,. Neu
k=1 k=1

ad
chudi s8 " v, hoi w v c6 téng S thi S, < §, do d6 S, < S. Vay chuéi
n=1
ao ot
Z u,, hoi tu vi cé t8ng rieng S, bi chan trén. Néu chubi s§ Z v, phanki

n=1 n=]|

x -
thi Hm S, =+w,dodé lim S'; =+w,chudi Y v, phanki. W
n—w n—wo n=1
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. oc
Chubi s6 Z hoi tu, vi ta c6

1
=Y 3 In.3m 3
aO ln
chubi s8 Z[gj hot tu.

n=1
— 1 1 1 |
Chubi s6 —— phan ki, vi — > —, Vn > 1 va chubi s6 —
ng'l% ¥n n ngl n
phan ki.

< 9] [e o}
Dinh 1i 8.4. Cho hai chuoi sé duong Z u, va Z v, . Néu 1on
n=1 n=1
tai giot han hitu han
(8.1) lim EQ=k>0,
n—o>» Vg
thi hai chudi sé dy dong thei héi tu hay phan ki.
That vay, do (8.1) bit diu tir mot 86 hang nao dé tra di
k u, 3k

2 v 2

n

B0 a
. - . R 3k . ~
Néu chuéi z Vo hoi e thi viu, < D) vp . chudi Z u, ciing

n=1 n=|

[= o} 0
, o <. . o k ;.
héi tu. Con néu chudi Z u, hoi tu tht vi v, > — v, chuét Z v
' 2
n=1 n=1

ciing hoi tu. W

@
Chubi Zln(l+l] phan ki vi ln(!+-l-}~—1— khin =& o« va
) n n/ n

[s <]
chubi z 1 phan ki.
n

n=|
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L]

(s 4
z. A L. . . = T ) R .
Chubi Z sin — hoi tu vi sin — ~— khi n —» o va chuoi
2n : ° 2n 2‘“
n=

8.2.2. Cdc quy 1dc khdo sdt tinh héi tu cia chuéi s6

[s 5]
Quy tidc D Alembert. Cho chui s6'duong " u, . Néu

n=1

u
(8.2) lim —*t —y

n—>» Uy

thi chuéi s6 hoi ty khi 1 < 1, phdan ki khil > 1.

N A u
That vay, gia sir/ < 1. Chone kha bé dé I+ €< 1. Vi lim ——L =1,

n-ox U

a

16n tai 86 nguyén duong ng dé cho véi n > ny

Up 4

<l+¢

Ug

Cing c6 thé xem nhu ny = 1. Khi d6

u L] P | u -1
u, = —*—. T ...—z-ul <(+¢) .oy
Up ) Ug_2 uy

Vil + e <1, chudi cé s6 hang tdng quat (7 + g)' b u; hor ty, do

[+ o)
d6 theo dinh li so sanh 1 chubi z u, hoiw. Néu /> L, trmodt sé

n=1

Up +)

hang nao dé tré di >1 do d6 u, , | > u,, s6 hang téng quit

Up

khong dan dén 0 khi n -» . Chudi s6 phan ki. B
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— (nH)”
Vi dy. Xét chudi s6 H —

n

ae R Tacd

.n=1 n
u, m+D"' MY (m+DH(+H n

. l"“ 1 . Up 4 1 a-— | .
Khin-oow [l+—] ——, dodé ~—(n+1) . Do d6

n e u, e
. Up 4 - . .
néu a > I, lim =+, chudi s6 phin ki. Néw a < 1,
n—->« U,

u s . . u 1 :
lim o+l =0, chudi s6 hoi tu. Néua =1, n+l > ~-<1khin> o,
u, e
chubi s6 hoi ty. Vay chudi s& hoi tu khi vachi khi a < 1.

noow U,

[s o)
Quy tdc Cauchy. Cho chudi sé duong Z u, . Néu
n=l1

(8.3) lim Yu, =1
n— o

thi chudi s6"hoi tu khil < 1, phan ki khi | > [.

Ban doc tu ching minh quy tic nay.

© AN
.. . e 20 . 1 3
Vi du. Xét chubdi sbé Z-——smz"a, 0 <ac< —. Ta cé
2 2
n=1n
2 2lun
2

2 . - )
Yu, =—5sin“a, nhung nP =¢ D ~ 1 khi n » . Viy

nﬂ

. . L 1 . n f L L.
lim Yu, = Zsmza. Néu smza < —, tiic 1a ¢ < —, chuoi hoi tu
n—oc
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oo 2 L o .21
Neusma>5tu0 laa> thuonphankn.Néusm uzg,tucla

0
a= I , chudi trd thanh Z L né hoi tu.
4 2
n=10

Quy 1dc so sdnh véi tich phan. Gid sit ham sé f(x) lién tuc, duong,

gidm trén khodng (1, +0) va ddn t6i O khi x > +. Kl db tich phdn
+oo ©
suy réng If(x}dx va chuoi sé Z u, , trong dé u, = f(n), cung hoi
l n=1

tu hodc cang phan ki.

That vay, chia khoang (1, +e0) bai nhimg diém chia c6 hoanh d6 nguyén.
Vi f(x) giam nén Vx € [k — 1, k] ta ¢6 f(k) < f(x) <f(k — 1), do d%

k k k
w= [ fodx< [ foodxs [ fo-Dax =uy -
k-1 k-1 k-1

y4 \
% f(x)
o} k-1 k ' T x
Hinh 8.1

Bit dang thitc kép dé diing véi moi k > 2. Cong cic bt dang thic
képung véi k=2,3, ....,n,tacéd

n
Up+uy+...+u, < Jf(x)dx Suptuy+aLtug o
]
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an n
Goi S, 1a téng riéng thit n cda chudi z u, . bal = If(x)dx ,laco
n=1 |
Sp—uy <1, <§, -y,
+10
Gi s tich phan j f(x)dx hoi tu, tiic 12 n tai gidi han hitu han
' 1

I= lim I,.KhiayI, <1 dodéS, <1+ u,. Viday cic tng riéng thi

il = ot

[> ] +aC
n bi chin trén nén chubi s6 Z u, hoi tp. Néu tich phan If (x)dx
n=1 |

phan ki, tic 13 néu I, — +0 khi n — o thi vi §; > I, + v, > I, nén chudi

a
6 z u, phanki. &

n=I

[> s}
Xét chubi Z La o 1a mot hiang s6. Chudi dé duge goi 1a chuébi
n=(N

aQ
Riemann. Ta so sanh né véi tich phan j% Ta biét rang tich phan
X
l
Ay hdi tu khi @ > |, phan ki khi o < 1 (muc 7.9), nén chudi Riemann
hél tu khi a > 1, phan ki khia < 1.

8.3. Chuoi ¢6 s6 hang voi dau bat ki
8.3.1. Hoi tu tuyér doi. Bdn héi tu

a
Xét chubi s& Z u, Vdicéc s hang u, cé ddu bat ki.
n=1

a0 o0
Dinh Ii 8.5. Néu chudi 2 |un| hoi tu thi chuéi Z uy, ctng hoi .

n=1 n=1
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hoi tu tuyet doi


[v o}
That vay, vi chubi Z |un| hoi tu nén theo tiéu chuin Cauchy
n=1

(dinh ty 8.2), v&1 moi s8 £ > O cho trude, tim duge n, € N" sao cho
khip>q=>n,tacé

P
Z |un|<e

n=q+1
[ P
Do dé Z Up| =< Z lu"|<sA
n=y+14 n=q+1

o
Vi vay, ciing theo dinh Ii 8.2, chuéi Z u, hoiw. B

n=1

0 a
. , .. cosn - cosn cosn ]
Vi du. Xét chubi Z > Lap chuoi l 3 | Vi | 3 | <—
n=1 N n=1 I n n-
e ] . .. = lcosnl
vi vi chudi )" — (chudi Riemann, a = 2) hoi ty, chudi ) —
n=|0 a=t I

hoi tu, do d6 chudi dang xét hoi tu.

v o)
Chii thich 1. Diéu kien Y |uy| hoi ty chi 1a diéu kien di dé

n=1

a
chuéi Z u, hoi tu, chi khong phai 1a didu kién it c6. Nhu sé thdy

n=1

an a0
& dusi day. c6 thé chudi Y u, hoi mmachudi  |uy| phanki.

n=1 n=1

[« o) aQ
Dinh nghia. Chubi s6 2 u, duoc goi la hoi e tuyét doi néu Z lunl

n=1 n=1

(e ¢] <)
hoi 00, 1a bdn hoi tun€u Y uy hoitynmg Y fuy| phanki
n=1 n=1
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Chi thich 2. Néu dung quy tic D'Alembert hay quy tic Cauchy

= 8]
ma biét dugc chudi Y lug| phan ki thi ¢6 thé khing dinh ring chuébi
’ n={

[ &)

> u, phan ki. That vay, khi &y lu,! khong din t6i 0 khi n — o, do

n=]
d6 u, ciing thé, vay chudi s8 phan ki.

8.3.2. Chuéi s6 dan ddu

Theo dinh nghia, dé Ia chudi s6 c6 dang £ (U) — U, + U3 — Uy + ...)
trong d6 uy, g, uy ... 12 nhitng s& duong. R5-rang ta chi cin xét chudi
s6 dan d4u véi s6 hang dau tien duong Uy — Uy + Uy —uy + ...

Dinh li 8. 6 (Leibniz). Néu ddy sé6 duong uy, us, ..., u,,, ... gidm va
ddn téi 0 khi n — a0 thi chudi s6' dan ddu uy —uy + uy ~uy .. hoi tu
va c6 téng bé thua u,.

Chidng minh. Néu n 1a s6 chan, n = 2m, ta c6

Szm = (u] - U2) + (U3 - U4) + ...+ (Uzm_l - Uzm)
Vi day s6 {u,} gidam nén S, tang khi m tang. Mat khac
Sym = Uy — (U —u3) = . = (U3 = Upp—1) = Uy

do d6 Sy, < uy. Vay diy s6 {S, } tang va bi chan trén, nén ton tai

gidi han lim S, =8§,v61 S<u,.
n—wo

Néu n lé, n=2m+ 1, ta co S2m+l = Szm + Uom+1- Vi Ui+t 0
khim — o nén

fim SZ]TH'I = lim Szm =8
n—>wC n—»%

Vay chudi s6 dan d4u hoi tu va 6 tong bé thua u,. l
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a0
Vi dy. Xét chudi dan dau z (-n-! l N6 thoa cde diéu kién cla
n=] a
21
dinh Ii Leibniz, nén né hoi ty, nhung Z -n" l Z— 1a chubi

n=| n=]

s6 didu hoa, no phan ki.

Viy chudi s6 dang xét ban hoi tu.

8.3.3. Vai tinh chdt cua chudi sé" héi tu tuyét déi

Ta biét ring téng clia mot s6 hiru han s6 hang c6 tinh giao hodn va tinh
k&t hop : n6 khong thay d6i khi ta déi thif tu ciia cdc s6 hang clia nd hay

khi ta nhom mot s s6 hang lai mot céch twy y trude khi cong. Nhung diéu
dé khong con ding nita d6i véi cac chudi s8 hang ¢ diu bat ki.

o0
. a1 . .. )
Vidu 1. Xét chudi s6 ) (~1)"' —. Ta di biét chuéi ds hoi t,
n
n=l
goi S 12 téng ca né :

I 11 1 1
S=l-——4+—--—+———+..
2 3 4 5 6
nll - : N z 2 S
Khi d6 chubi Z —(-1) ciing héi tu va cé lOngE:
n
n—l
S 1.1 1 1 1
2 2 4 6 8 10

RSN nar !l Yl oo 38
Do d6 chubi Z (-1 -+E(—l) — | cling hoi tu va cé tong > :
n n

n=1

Nhung chudi & vé phai lai suy ra duge tir chudi xuat phat bang
cach déi thir iy chia cdc s6 hang. Vay khi ta d8i thit tr cac s6 hang ctia
né, téng cha né da thay ddi.
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[a o]
, -1 . . )
Vidu 2. Xét chudi Z = , d6 12 m6t chudi dan dau ban hoi

tu. Vi€t né dudi dang

INEANATEERS SR
[‘*ﬁ ﬁ]*[fs*ﬁ Jz}[mm Jz'p]

. 1 I 1
Goi Vo ]a s8 hang tong quat [———«- + - J

Jap-3  Jap-1 2p

Tacokhip— o
[ 1 J
v ~ -— =
P
f f N3
!

Do d6 chuébi s6 z v, phan ki (chudi Riemann véi o = —)

p=I
Viy tinh hoi tu ctia chubi di thay déi khi ta déi thi oy cac $6 hang

. va nhém cdc s6 hang lai.
Tuy nhién tinh giao hoan va tinh két hop vin ding d46i véi cac
chudi s6 hoi u tuyet ddi. Ngum ta da ching minh duoc céc ¢tinh chat

sau day :

o]
Tinh char 1. Néu chubi s6 Z u, hoi i tuyét déi va cé 1éng S thi
n=l
chudi s6 suy nr né bang cdch thay déi thit ty cdc s6 hang va bang cdch
nhém iuy y mor 56 s6 hang lai ciing hoi 1 tuyér doi va c6 tonglas.
0
Con néu chuéi so Z v, bdn héi tu thi ta cé thé thay doi thit we
n=|
cua cdc s6 hang cia né dé chudi so' thu duoc héi tu va cé tong bing
mot s6 bat ki cho trudc hodc trd nén phan ki.
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[¢ o} 0
Dinh nghia. Gia st cho hai chudi s& hoi tu Z Uy, , Z vy - Nguot
' n=0 0=0

o o2}
ta goi tich cla ching 1a chuéi so Z w, , trong 36 w, = Z Uy Vg
n=0 k=C

o0 o
Tinh chat 2. Néu hai chuoi s6 Z u, va Z Vg hoi tu tuyét doi va
n=0 n=0
cé 16ng Sva S’ thi tich ctia chiing cang héi tu tuyét doi va cé tong ..
8.4. Day ham so
8.4.1. Cdc dinh nghia

Dinh nghia 1. Gia su {, {5, ..., f,, ... 12 mot diy cdc ham s6 xéc
dinh trén tap hap X < R. Diém x, € X duoc goi 1a diém héi tu cla
day ham s8 4y néu day s {f,(x,)} hoi tw. Tap hop nhimg diém hoi tu
cha day ham s6 {f;;) dugc goi la tdp hep héi tu cua nd.

Nhr vay, néu day ham s6 {f,} hoi tu t6i ham s6 f tren tap hop X,
thi tai mé1 diém x € X, v8i moi s6 £ > 0 cho trudc, luén tim duoge mot
s6 n, € Nsaocho

nxn, = [f,(x) - f(x)|<e

S8 n, phu thudc € va néi chung phu thudc x. Trong trudng hop sé
n, chi phy thugc € ma khong phu thudc x € X, ta néi ring day ham

s0 (f,} hoi tu déu trén X tdi ham s6 f.

Dinh nghia 2. Day ham s6 {f,} dugc goi 1a hoi tu déu trén X 16t

ham s& f néu v8i moi 56 € > 0, tim dugc mot s6 n, € N sao cho
n=n, = [f(x) - f(x)<e, vVx e X.
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Vé mat hinh hoc, diy {f,} hoi tu déu trén doan [a, b) t&i f néu dé

thi cva cdc ham s6 f,(x) v6i moi n > n, déu nam trong “dai" € bao
quanh dé thi clia ham s8& f(x) trén doan [a, b} (hinh 8.2).

yA

0 a Hinlt 8.2 b
Vi du. Xét diy ham s6 (f\}, f,: R > R, x x" Néu lxl < 1,

lim x® = 0. Néu ix! > 1, lim x" = o. Néu x = 1, thi x" =,

v

n—ro n-—»x
lim x™ = 1. Néu x = ~1, khong tén tai lim x". Vay tap hgp héi tu
n—ow n—wo

coa day ham s¢ {f,} la khoang (-1, 1]. Trén khoang 4y

lim {£. ] Onfu-l<x<l
,,1_!,20{“ “llnfux=1

Day ham s& {f,} hoi tu t6i O trén khoang [0, 1), nhumg khong hoi tu
d€u tren khoang 4y, vi v8i moi s6 n € N, ludn tim duge x € [0, 1) sav cho

Nhung day ham s6 (f,,} hoi tu déu t6i O trén moi doan [0, a] véia < 1.
That vay, cho trude s8 £ < 0, luon tim duoce s6 n, € N, sao cho a <.
Khi dé ta ¢6 Vx € [0, a], Vn2n,

X" - 0| = x{" < a™ <¢
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8.4.2. Tiéu chudn Cauchy vé su hoi tu déu

Pinh Ii 8.7. Day cdc ham sé xdc dinh trén tdp hop X {f,} hoi tu
déu trén X khi va chi khi véi moi 56 € > 0 cho trudce, luén tim duoc sé

n, € N, sao cho
*Ymz=n, n2n, = If,(x) - f(x)<e, Vx e X

Chiumg minh. Gia st day {f,}| hoi tu déu trén X tdi f. Khi dé ton tai

s6 n, € N sao cho
£
n>n, = [f(x) - f(x)| < 5 vx € X
Dodénéun>n, m==ng,tacé
£ £
I£,(x) - f(x)] < % )£, (0 — f(x)| < > vx e X

Viviytac6Vx € X, Vn=>n, Vm >n,
|f5(x) = FL, (0] < I (x) — £(x)] + If(x) — f(x)[ < €.
Pio lai, gia sir day ham s6 {f,} thod man diéu kién (*). Khi d6 vai

mdi x c6 dinh € X, day {f,(x)} la mot diy Cauchy, do dé né hoi tu.
Ta ki hién f(x) = lim f,(x). Ham s& f xdc dinh trén X.

N
Trong diéu kién (*), c¢& dinh x € X va n 2 n, chom — =, 1a dugc
if,(x) — f(x)| <&, Vx € X, Vn > n,,.
Vay day {f.} hoi tu déu tdi furén X. B
8.4.3. Cdc tinh chdt cua day ham sé héi tu déu
Pinh i 8.8. Gid su {f,} la mot day cac ham s6 lién tuc trén khoang 1.
Néu day {f,} hoi tu déu trén I 161 ham sé f thi f la mdt ham sé lién tuc

trén .
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Chitng minh. Ta sé ching minh rang vai moi s6 € > 0, ton tai mot
s63>0,saochovgixeLx+hel,

lh| < 8 = [f(x + h) - f(x)| < &.
Ta c6 »
(X + h) — ()] < [f(x + h) — £, (x + h)] + [f,(x + h) ~ £, + {f,(x) — £(x)).
Vi day ham s6 {f} hot tu déu ti f trén I nén vdi e > 0 cho trudc,
tén tat s6 n, € N sao cho n > n, kéo theo

If(x + h) — f (x + h)| < %

€
f(x) — fp(x)] < 3
Ham s6 f lién tuc trén I, nén tim duge s6 8 > 0 sao cho
€
i< 8= fg(x + ) = fy00] < 3

Do dé hi <8 = |f(x +h) —f(x)| <. A

Chu thich. Tu dinh 1i 1 suy ra rang néu diy ham s6 {{} lién tuc trén
I hoi tu t8i mot ham s6 gian doan trén d6 thi sy hoi tu d6 khong déu.

Tro lai vi du trong muc 8.4.1. Day ham s8 {f,} xdc dinh bai
f,: [0, 1] > R, x = x", hoi tu trén doan [0, 1] i ham 56

Onéux e [0, 1)
FO=11 neux = 1

Ham sd 4y gidn doan, nén sy hoi tu trén khong déu.

Dinh Ii 8.9. Gid sit cdc ham s6'f,, lién tuc trén [a, b}, ddy ham sé
{f,} hoi tu déu trén [a, b) t61 f. Khi dé vai x, € [a, b],

X X
[fa(0ar noi ru déu trenta, bl 6i [t

xl) xL\

b b
Dac biét lim ff,mdt = Jfoa.
a a4

n—o
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Qq

Chung minh. Ham s6 giGi han f(x) lién tuc trén [a, b] theo dinh 1i 1,
nén noé kha tich trén dé. Ta c6 Vx € [a, b]

X X X X
[fadi— [fodd = | fita - < | max |G- foldr.
. a<t<b

X X

O o O xo

Vi {f,} hoi tu déu trén [a, b] toi f nén vai moi s6 £ > 0, Jubn tim

duge n, € N, sao cho

£
n>n, = max [f,(t)—f(t)] <« —
° aStSbln( ()l b-a

X X
Dods  nzny= |[f)di- [fnd] <& ¥x fa bl W

X X

(\] 8

Dinh 1i 8.10. Gid sit cdc ham s6'f,, c6 dao ham lién tuc trén [a, b],
day ham s6' {f,} hoi w trén [a, b} 16i f, ddy ham 56 {f,} hoi tu déu
trén [a, b] toi g. Khi dé f c6 dao ham wén [a, b] va f(x) = g(x)

Chimg minh. Cic ham s6 f; lién tuc trén [a, b}, day {f,} hoi tu déu
trén {a, b] téi g, do d6 theo dinh 1i 8.9 1a c6 v6i x € [a, bl, x, € [a, b]

X X
lim( [f'ndt | = [awar.
e X:, Xao

X
Nhing  lim If p(Ddt

n—oo

lim [fn(x)—fn(xo)] = f(x) — f(x,)-
n—e

_Xu .

X
Viy  f(x) - f(x,) = Ig(t)dt

xO
Do dé f(x) kha vi trén [a, b] va f'(x) = g(x). B
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8.5. Chudi ham s¢
8.5.1. Héi tu va hoi tu déu
Xét chudi

(**) Zu“
n=}

ma cic s8 hang u, 1a nhimg ham s& x4c dinh trén tap hop X < R. Goi
S, 12 tdng riéng tha n cia né.

Dinh nghta |. Chudi ham sd (**) dugc goi 12 héi tu tai diém x, € X
néu day ham sd {S,} hoi tu tai diém xg, dugc goi 1a hoi tu trén tdp

hop X nén né hoi tu tai moi diém cha X. Giéi han S cua diy {Sy)
duoc goi 1a téng cua chudi ham so.

Vidyl. Chudi hams6 1 +x + o +x"+ .1 mot c4p s6 nhan
v6 han c6 cong bdi x, né hdi tu néu |x| < L.

. i
Viy chubi ham s8 4y héi tu véi moi x € (-1, 1) va ¢o tong S(x) = "
do 46

n
LEX 4L - l<x<],

[-x
sinnx
Vidu 2. Xét chudi ham s6 Z Ta ¢
2 27

=1 n-+Xx
[sinnx| i
2o s VreR
n° +x

[+ a3
udi1 E = (chuéi Riemann, a = 2) hoét tu, vay chubi ham s6 di
- n

cho hoi tu tuyét déi véi mot x € R.
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¢

0
1
Vi du 3. Chudi ham s& Z‘; hoi tu khi x > 1, phan ki khi x < 1.
n=1D
Vay tap hoi tu clia né 1a khoang (1, + o).
o n
Vi du 4. Xét chudi ham s6& 2—1- R6 rang nd hoi tu tai x = O.
n!
n=I
Néu x # 0, ta ap dung quy tic D'Alembert vao chudi cé cic s6 hang
® Xn
duong 2 T ta dugc
n=t °
Uy " 2

]
lim = lim ——— = x| lim =0
n—ooo Uy n—o (n + 1)!]X|n n—eon + |

Vay chudi ham s6 dang xét hoi tu tuyet déi Vx € R.

Dinh nghia 2. Chudi ham s& (**) duoc goi 12 hoi tu déu trén X néu
diy ham sg (S, } hoi tu déu tren X. N6i cach khéc, chudi ham sd (**)
hoi tu déu trén X va ¢6 t8ng 1a S néu véi moi s6 € > 0, 16n tai mot s6
n, € Nsao cho

n2>n, = |S,(x) -~ S(x)] <, Vx e X.

o (_l)n—l

Vi du. Xét chubi ham sé . D6 1a mot chudi dan diu -

n=1 X" +n
thoa min cac diéu kién cda dinh 1i Leibniz, nén né hoi tu véi moi x € R.
Phan du thii n cha né cling 1a mot chudi s6 dan ddu nén cé téng vé tri
tuyét d6i bé thua tri tuyét d6i cua s6 hang diu tién cia nd, tire 1a

| 1
IS(x) = Sy(x)| < <
’ xZ+n+1 n+l

L
<gtdclanéun> ——1 thi|S(x) — S(x)| < €.
n+l €



Y

, (1 !
Vay c6 thé chon n, = EL——I . phin nguyén cia ——1, rd rang
£ £
n,, khong phu thude x € R. Do d6 chudi ham s6 dang xét hoi m déu uén R.
8.5.2. Tiéu chudn hoi tu déu cia chudi ham s6

Tur tiéu chuin Cauchy vé su hoi tu déu clia day ham s6, ta suy ra :

s a)
Tiéu chuan Cauchy. Chuéi ham sé Z Up (X) hoi tu déu trén 1ap X khi
n=I
va chi khi véi moi 56" £> 0, tim dugc s6 nguyén n, sao cho khip > q> n,
ta cé

1Sp(x) = Sy(x)f <&, Vx € X.

< o]
Tiéu chudn Weierstrass. Cho chuéi ham sé’ Z U, (x). Néu ta co
n=}
ad
[ (x)| <a, vn € N, Vx € X va néu chuéi sé6 Z a,, hoi tu thi chudi
n=|
ham 56 da cho hoi tu tuyér doi va déu trén X.

Chtmg minh. Binh Ii so sinh dp dung vao hai chudi ¢d sé hang duong
® B0 oG
Z |un(x)| va z a, cho ta thay rang chuéi ham s&§ Z u, (X) hoi tu tuyét

n=1 n=l] n=]

an
d6i trén X. Vi chudi s6 Y- a, hoi ty, theo dinh 1i Cauchy, véi moi £ >0, fim
n=l
duoc n, saochokhip>q>n,tacé

P
Y ap <.

n=q+!

Do d6
|Sp(x) -~ Sq(x)] = luq+](x) + ..+ up(x)l < |uq+1(x)l + .+ |up(x)] <

Sagy tetap<e.
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Vay chudi ham s& da cho héi tu déu trén X theo tiéu chuin
Cauchy ctia chudi ham s& hoi tu déu. B

X cosnx _ R
Vi du 1. Chudi ham s6 z % hoi tu tuyér d6i va déu trén R
n=t 1 + X
vita co
|cosnx| 1
ﬁ < 7, Vn, Vx e R
n“ +x n

1
va chuédi s6 Z— hoi tu (chudi Riemann, a = 2).
n= ln

o
Vi du 2. Chubi ham s68 z

ta co
lx|" 1
_ adn - adn’
X 3
3 B1 — héi tu (chubdi Riemann, o = —)
va chuéi s6 Z 7 hér . >

Vn, Vxe[ I 1]

2
n
8.5.3. Tinh chadt cia cdc chudi ham sé héi tu déu

Tir céc tinh chat cia diy ham s& hoi tu déu, ta suy ra cac tinh chat
sau day ctia chudi ham s6 hoi tu déu.

Ta biét rang téng ciia mot s& hiru han cic ham s6 lién tuc 12 mot
ham s6 lién tuc, dao ham (tich phan) ciia tdng cha mot s6 hiu han
ham s6 bing tdng dao ham (tich phan) cha méi s6 hang. DSi véi cic
chudi ham s6, cdc tinh chat &y néi chung khong cdn ding nita, nhung
céc tinh chat 4y van ding d6i v6i cac chudi ham s6 hoi ty déu.

e a]
Pinh li 8.11. Cho chuéi ham soé Z U, . Néu cic s6 hang v, déu
n=l
lién tuc trén khodng 1, chuéi ham sé héi tu déw trén | thi téng cia né
cing lién tuc trén |.
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Tir dinh li nay ta thay ring : N&€u chudi ham 56 ¢6 cdc s6 hang lién
tuc ma héi tu tdi mot ham sé gidn doan trén X thi chudi ham s6 ay
hoi tu khong déu trén X.

an s o) @0

Vi du. Xétchudi ) x(1-x)" = xZ(l—x)“ . Chuéi ham »_ (1~ x)"
n=1I n=I n=1

hét ta khi |1 - x] < 1, tide 1a khi 0 < x < 2. Véi x = 0 chudi ham s di cho

J 1 s
hoi t va c6 tong H0)=0. V6i 0 <x < 2, XX) = xl—(l———) =1 (cdps6
~(1-x
nhan). Vay chuéi ham hoi tu trén khoang [0, 2) t6i mot ham gian doan
(0 khix=0

S(x):il KhiD<x<2
Vay chubi ham hoi t khéng déu trén khoang [0, 2).

[>0]
Dinh li 8.12. Cho chuéi ham sé Z U, - Néu cdc sé' hang u, déu lién
n=|
tuc trén [a, b] va néu chudi ham sé héi tu déu trén doan dé 161 S(x) thi

I]‘S(x)dx = [[Z un(x)}dx = ZJ g (X)X .

n=1,
Chimg minh. S(x) 12 t6ng ctia moét chudi ham s& hot tu déu trén {a, b]

cO cdc s6 hang lién tuc trén dé, do vay S(x) lién tyc trén [a, b], nén
S(x) kha tich trén [a, b]. Xét hiéu

b b b
[sax~ [sy00dx = [[S00-8,(0]ax.
a a

a

Vi chuéi ham s& hoi tn déu tren [a, b], nén Ve > 0, tim duge s6 n,
duong sao cho khin >n,

15,(%) = (0| < b—i;, Vx e [a, bl.



b b b £
Dodo | [S(xydx - [Sy(x)dx| < jb_

a a a

dx =¢.
a

n

b
Vay IS(x)dx = |mm IS (x)dx = lim Z Iuk(x)dx
a

n—)aa N =
s -
b b
= jul(x)dx +...+Jun(x)dx +...0
a a

Lo 3]
Dinh 1i 8.13. Cho chubi ham sé Z u, hoitutrén(a, b)16i S, cac
n=|
s6 hang vy lién tuc cing voi dao ham cua ching trén (a, b). Khi dé
an
néu chuéi ham so Z u'y hoi tu déu trén (a, b) thi 16ng S khd vi trén
n=1
(a, b)va ta cé

S(x) = {Zun(x)} =Y u'h(x)
n=| n=]

sinnx sinnx
Vi du. Xét chudi ham s& Z - Pat () = — i
n=1 rl n
1 1
u (x)] < — vx € R, Vn, ma chudi s6 z-— hé6i tu nén chuébi’
n n= lﬂ

ham s& hoi tu tuyét d6i va déu ren R. Goi S(x) 1a 18ng clia né. S(x)
1a mot ham s4 lién tuc vi 12 tdng cta mot chudi ham s§ hoi tu dév ma
cic s& hang déu lién tuc trén R. Theo dinh li 8.12

O | _(_1\D
JS(x)dx = J.E sinnx dx = Z Ismnxdx = Zl(—41)
on=| n=] 0
-T2 em-n?
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. cosnx o s cosnxX | X
Viu' (x) = 3 ma chudi ham s6 Z 5 hoéi tu déu trén R,
n n:] n
) i 2, cosnx
nén theo dinh 1 8.13 ta ¢6 S'(x) = Zu n(X) = z 3
n=| n= D

8.6. Chuoi luy thira
8.6.1. Chuéi luy thira. Ban kinh hoi tu
Ta goi chudi luy thira 1a chudi ham s6 c6 dang

- 2

Dagx" =a vax+agx 4. +apx +

n=0

Vian dé co ban déu tién khi khdo sdt mot chudi ham s¢ 12 xdc dinh
tap hoi tu cva nd.

a
Dinh Ii 8.14 (Abel). Néu chudi luy thira z a,x" hoitytai x = x, =0
n=0
thi né hoi ru tuyét déi tai moi x voi |x| < |x,|.
-2}
That vay, chudi s Z apxg hoi tu, nén s6 hang dng quit a x
n=0
din dén 0 khi n > o, do d6 a,x§ bi chan, tuc 1a |anxg‘ <M, Vn, véi
mot s8 duong M nao dé. Ta cé

o o, n
n n| X
$anet = Soauss( 2
n=0 n=0 Xo
£\
n
AnXp | —
Xo

n

oo [> s}
hai chudi c6 56 hang duong Z ‘anx“l. Z M

n=0 n=0

X
< M{—
Xo

Vi . Vn € N, dp dung dinh I{ so sanh vio

, ta suy ra chuéi

0

@
1uy thira Z anx" hoi tu tuyét doi tai moi x thoa min x| < [xp|. I
n=0
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[2¢)
Hé qua. Néu chuéi luy thira Z a X" phdn ki tai x = x; thi nc
n=0
phdn ki 1ai moi x thoa man |x| > |x|.
That vay, néu né hoi tu tai x = x5 v6i [xy| > |x,| thi theo dinh 1i
Abel né s€ hoi tu tuyét déi tai moi x ma |x| < |X,], dic biét né hoi tu

1ai X = X. diéu nay trdi vdi gia thiér. l

aOn
R& rang chudi lug thira Y a,x" luon hoi tu tai x = 0. Tir djnh 1i
n=0

Abel, suy ra ring t8n tai mét s6 R(0 < R < +) sao cho chudi luy
thira hoi tu tuyét doi trong khoang (-R, R) va phan ki trong cac
khoang (—o0, —R) va (R, +). Tai x = -R va x = R chudi lu§ thira c6
thé hoi tu, c6 thé phan ki. S6 R d6 dugc goi 1a bdn kinh héi tu,
khoang (—R, R) duge goi 1a khoang hoéi tu ciia chubi luy thira.

Mu6n tim tap héi tu chia chudi lu§ thira, ta tim bén kinh héi tu, tic
1a khodng hoi tu clia né, réi khao sat su hoi t cia né tai hai muiit.

8.6.2. Quy tdc tim ban kinh héi tu ciia chudi luy thita

a
Dinh li 8.15. Néu lim 2041 = p (hodc lim ﬂn/Ia,,| = p) thi ban
n-->a |an| n—wo
e o]
kinh héi tu R ciia chudi luy thira ) aox" duoc xdc dinh boi
n=0

1

— néul<p<+o
R=4P

0 néu p =+
+o nfup=0

a0
Chimng minh. Xét chudi s8 duong Zlanx“|. Ap dung quy tic

n=0
l n+l|
a X a
D’ Alembert, ta ¢é lim 2! = lim | ““l.lxl = p.Ixl
n—-»o 'a x"l n-»o la“|
n
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[v o] > o}
Néu 0 < p <+, chudi Z lanx"‘ hoi tu, tifc 12 chudi Z a,x" hoi
n=0 n=0

1
tuyét dot néu plx| < 1, do d6 |x] < —. Néu pfx| > 1, tic 1a x| > l chubi
p p

[e o

2.

n=0

anx“‘ phan ki vi s6 hang t6ng quat |aﬂx"| clia né khong dan 161 0 khi

=83
z. 1
n — o, do d6 chuoi Z a,x" phan k. Vay trong truong hop nay R = —.
)
n=0

a Xr|+l’
Néu p = +o, Vx # 0, lim -°*!

n—-w

=+, Vay chudi lug thira

anxni
phan ki tai moi x # 0, do d6 R =0.
Xn-+-l‘

Néu p = 0 thi lim lﬁﬂ——
n—o |anxn‘

dé8i tai mot x, do dé R = +w.

=0<1, chudi luy thira hoi tu toyét

Chimg minh tuong tu cho trudng hop lim “,{lan] =p. W
n—o

‘xz x> x"
Vidu 1. Xét chuéi luy thira x + —E—+—-+.‘.+——+...
n
a -
Ta ¢6 liml “*": lim ——=1, do d6 R = 1. Chudi d cho héi t
n-—>»x Iﬂnl p—»x N+

) o 1
trong khoang (-1, 1). Tatx = 1, tacé chubi s6 1 + -2~+-§+...+l+4.. dola
n

chudi s8 diéu hoa, né phan ki. Tai x = -1, ta 6 chudi s§ -1 + %—-;- +%
d6 1a chudi 56 dan dau thoa man cic diéu kién cia dinh If Leibniz, né -

héi tu. Do d6 tap hoi tu cla chubi luy thita di cho ]A -1 < x < 1.
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X2 X3 X"
Vi dy 2. Xét chubi luythual+x+2—+——+ A—+

3! n'
‘ 1
Ta cé l1ml +|—lrn—~n' = Iim l_=0
n—w |anl noo(M+1)! noon+1

Dodo R = +oo, chudi luy thira hoi tu trén toan R.

n
Vi du 3. Xét chubi luy thira Z( 1]
n+

n=|

Tacé fim a,| = lim ——=1. Vay R = 1, chudi 1 thira hoi t

n—® n—o N+

khi [x| < 1, phan ki khi |x| > 1.

n
Khi x = 1, ta c6 chudi s6 Z[ ] . S6 hang téng quat

n+1

v, :; - 1 # 0 khi n — oo, vay chudi s§ phan ki.

[
n

[e 2] n
Khi x = -1, ta ¢6 chudi s6 Z(—l)" (L) , $6 hang téng quat
Ny n+l
cua n6é khéng dan téi 0 khi n — oo, chudi s6 phan ki. Tém lai chudi
ham s6 da cho cé tap hoi ty 1a (-1, 1).

8.6.3. Tinh chdt cua chuéi luy thira

an
Tinh chdt 1. Chuéi luy thia Z agX" hoi tu déu trén moi doan [a, b)
n=0
nam trong khodng hoi tu cia né.
That vay, 18y mot s6 duong X, < R, trong d6 R 14 ban kinh hoi t ctia
chudi luy thira, sao cho doan [-x,, x,] chita doan [a, b). Vi x, € (-R, R)
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nén chudi s i lanx3| hoi tu. Véimai x € [2.b], o6 Japx?| <|anx?], vn.
n=0

a0
Theo dinh If Weierstrass, chudi lug thita ) a,x" hoi tu déu tren [a. b]. B
. n=0

Tir tinh chat 1 vira chimg minh va cic tinh ch4t cha chudi ham s8
hoi tu déu suy ra cac tinh chat sau day cba chudi luy thira.

[« 8}
Tinh chdt 2. Tong cia chudi luy thira z ao X" la mot ham s6'lién
-0

tuc trong khoang héi tu cia né.

Chu thich. N&u chuéti lug thira hoi tu tai cd mot trong hai mit cia
khoang héi ty thi téng cha nd lién tyc mot phia tai miit Ay.

Tinh chdt 3. Cé thé ldy tich phdn ting 56 hang chudi luy thira

- o}
Z anXx" trén moi doan [a, b] ndm trong khodng héi tu ciia né :

n=0
b [>»] an b
j D apx" jdx=" Ia,,x“dx
a \n=0 n=0,

Pic biét ta cd Vx € (-R, R)

b a a
I D agx” [dx=agx+-Lx? 4+ 2x™ i
s 2 n+l1
chuéi nay cling cé khoang hoi ty 1a (-R, R).

Tinh chat 4. Co thé ldy dao ham timg sé hang chuéi luy thita
o

Z a,x" tai moi diém nam trong khodng héi tu cia né :
n=0

n=0
chuéi nay ciing la chuéi luy thira ¢6 khodng hoi tu la (-R, R),

- :
[Za,,x"] =a +2a5x +3a3x2 + . +na,,x"—] +.,

367
[



Lai 4p dung tinh chat 4 vao chuédi luy thira nay, ta c6

[Z anx"} =225 +32a3x+..+n(n- l)anx"‘2 +..
n=0

Ap dung tiép tuc tinh ch4t 4, ta thdy ring c6 thé 1dy dao ham timg
s6 hang moi chudi luy thira v6 s6 1an trong khoang hoi tu coa nd.
8.6.4. Khai trién mét ham sé thanh chuéi luy thira

a
Dé -dang thay ring chuédi luy thira Z x" hoi tu tuyét déi trong
n=0
khoang (-1, 1) ; tbng cta nd la - d6 12 mot ham s6 so cdp. Van
-Xx

dé dat ra 12 véi diéu kién nao ham s6 f(x) cé thé khai trién thanh mot
chubi luy thira.

¢ Gia sir ham s6 f(x) c6 dao ham moi c4p trong mdt lan cin nao dé
cia diém x, va c6 thé biéu dién dugc dudi dang tdng cha mot chudi
luy thira trong lan cén 4y, tic la

(8.4) f(x) = a, +aj(x—x,)+a(x —x0)2 +..+ap(x —xo)" +n

trong d6 ag, a;, a5, ..., @, ... 12 uhimg hing s6. Theo tinh chit 4 cha
chudi luy thira, ta cé
f(x) =a;+2a,(x - x4 + 3a3(x - x0)2 +..+
n—]
+ na,(x — x,) + ...

8 S)J f'(x) =2ay+3.2a3(x - Xx) + ... +n(n - Da,(x - XD)n—z .

............................

Thé x = x,, vao cdc dang thic trén, ta c6

" (n)
ay = f(x,), 8 = {'(Xp), a3 = f—(@- < g =w’
2! n!
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Vay 1a c¢6

(8.6) f(x)=1f(x,)+ %(X-XOH f (;“)(x—x(,)z +.
(n)
+ f (x°)(xfxa)“+...
n!

Chudi 1uy thira d6 dugc goi 1a chudi Taylor cliia ham s6 f(x) & lan
can diém x,,. Néu x, = 0,1a ¢6
] 0 f“ (n) 0
(8.7) f(x)=f(0) + ux +—(0—)x2 +...+f—£—)x" +
1! 2! n!
Chuoi luy thira nay dugc goi la chuéi Mac Laurin ciia ham s6 f(x).
Toém lai, n€u ham s6 f(x) cé dao ham moi cdp va cé thé biéu dién
dugc dudi dang tdng clia mot chubi tuy thira trong mot lan can nao dé
cia diém x, thi chudi luy thira d6 phai 1a chudi Taylor cdia ham s6 dé
trong lan cén ay.
= Bay gi0 ta xét xem né€u ham s6 f(x) c6 dao ham moi cip trong mot
lan can n2o d6 ciia diém x,, thi véi diéu kién nao tdng cha chudi Taylor
cia né biang f(x). Néu chudi Taylor ciia ham s6 f(x) hot tu va cb 1éng
bang f(x), ta néi rang f(x) da dugc khai trién thanh chudi Taylor. Vay ta
cdn tim diéu kién dé c6 thé khai trién ham s6 f(x) thanh chuédi Taylor.
Theo cong thitc Taylor & chuong S, néu ham s6 f(x) c6 dao ham
dé&n cap (n + 1) & 1an can diém x, thi

f(x) = P (x) + R (%),

[ (ﬂ)
trong d6 P (x) = f(x,) + f(—xto)(x —Xg ¥ ---+u?°—)(x =X
! n!
f-(n+l)(g) n+l
a0 = oy %)

£ 12 mot diém nao d6 gifta x, va x. N&u f(x) ¢6 dao ham moi cip &

lan can diém x, thi c6 thé 14y n trong cong thire Taylor 16n bao nhiéu
ciing duoc.
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Dinh 1i 8.16. Gid sit trong mgt lin can nao dé ciia diém X, ham s6
cé dao ham moi cip. Néu lim R, (x)=0 trong dé
n—oa
f(l’l'i'l)(&)

Rp(x) == %

n+(
( - xO ) v
Ela mot diém nao d6 giita x, va x thi cé thé khai trién ham sé fix)
thanh chuéi Taylor trong lan cdn éy.

That vay, vi lim R,(x)=0 ; nén f(x) = lim P,(x), do dé

n—x n—0

r (n)
f(x)= f(xo)+f(x o) ' o)
n!

(x—x )+...+ — 2 (x- xo) +.

Trong thuc hanh, khi khai trién mét s6 ham s& sa cap ta thudng
ding két qua sau day.

Dinh li 8.17. Néu trong mét lan can nao dé ciia diém x, ham so’
f(x) €6 dao ham moi cdp, tri s6 tuyét déi cua moi dao ham doé déu bi
chdn bdi ciing mét sé' trong lan can dy, thi ¢6 thé khai trién f(x) thanh
chuoi Taylor trong do.

Thart vay, vdi mol X trong lan can ay ta ¢é
‘f(“)(x)| <M,VYneN

trong d6 M 1a mot hing s6 duong nao dé. Do dé

f‘"“’( ) 1M )
Rl -l ot M e
+1)! (n+1)!
on Xn
Nhumg vi chudi luy thira Z—' hoéi tu véi moi x (xem vi du 2, tnuc
n+l n:
Xn IX xo‘n+l
8.5.2 chuong nay), nén — — O khi n —» . Viy
n! (n+1)!
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khi n — o, do d6 lim R (x)=0. Theo dinh i 8.16, f(x) c6 thé khai

1o
trién duge thanh chudi Taylor trong mot lan can cha x,,.
8.6.5. Khai trién mor sé" ham 56 so cdp thanh chudi luy thica
* f(x) ="
Tai moi x € R. ham s6 ¢* ¢6 dao haim moi cap va cdc dao ham 4y
déu bing ¢, do d6 \
0y =f'(0) = ... = fO) = .. = I.
Vay chu_f)i Mac Laurin ciia ham s6 f(x) = e cé dang
1 +x+ —2+13—+.,.+—x—n—+...
PARNEKY n!
Gia sir A 1a mot s6 duong bat ki. Tacd Vn e N, Vx € (A, A)
lf(")(x)‘ —eXcef =M
Do dé theo dinh li 8.17 ham s6 f(x) = e" khai trién duoc thanh chudi
Mac Laurin trong 1an can (-A, A) cua diém x, = 0. Nhung vi A 1a s6 bat
ki, nén ham s6 e* ¢6 thé khai trién duoc thanh chudi Mac Laurin Vx € R :

2 n
(8.8) P . SR I
12! n!
» f(X) = sinx
Ta cé f(n)(x)= sin[x+n§),do do

lf‘“’(x)|s 1,vxe R,VneN
Vay ham 56 sinx cé thé khai trién duoc thanh chudi Mac Laurin
véi mei x. Vi f(0) = 0, i(0) = 1, £2'(0) = 0, £°(0) = —1, £*0) = 0,

FD0) =1, ... tacd
3 5 2n-]

(8.9) anx = X——-—+x—‘+m+(__l)“‘3 X +
3 s 2n-1)!

-0 < X<+
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¢ f(x) = cosx
Tuong tu nhu trén, ta duge

2 4 2n
(8.10) cosx=1- —+X _ e s
207 4 (2n)!

« f(x) = (1 +x)°, a 12 mot s6 thuc bat ki.
Ta co f(0) = 1,

£(0) = a(l+x)* [, =a,
F(0) = oo - D(L+ )" 2] g =0 - 1),
£™(0) = (@ - 1)@ =2)... (@ —n+1)

Do d6 chudi Mac Laurin ctia him s& (1 + x)Dl c6 dang

o a(a—l)x2+“+o.(a—l)...(a—n+l)x“+

I+ —x+ .
1! 2! n!
DPé tim khoang hoi ty ctia chudi luy thira dé, ta tinh
lim ‘anﬂl _ Ia(a~l)...(a—n) ‘ n! [:
oo Jag|  now| (D) afo - 1)..(a-n+1)|
= lim | — =1.
noo|n+l

Vay chudi luy thira nay hoi tu khi Ixl < 1. Nguai ta chimg minh duoge

rang trong khoang hoi w Ay, chudi Mac Lavrin clia ham s6 (1 + x)nl hoi
ty vé chinh ham s& ay. Vay

(8.11) dex)® =l1sax+ X202 o

a(a-1.(a-n+1} 4"
a!

+

+.., -l<x<1.
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¢ f(x) = In(] + x)

Tacé FP(x)=(1+ x)_l, ta ldy tich phan umg s& hang chuédi luy
thira ay wr O dén x, ta duoc

X
d
(-)f 1+Xx

=1n(l+x)|; ~In(l +x)=

X X X X
- jdx— dex+ Ixzdx+...+(—l)“ jx“dx+...
0 0 0 0

2 3 4

fl
BIDIn(l+X)= x——+——-—+ ... +(-] "_'L+.,., -t<x<l1
(8.12) In( ) >t 373 (-D -

¢ f(x) = arctgx

Vi (arctgx)’ = “1-x2axt—x0+x8 -+ (D" x20 +...,
» I+x
ta co
3.5 7 2n-1
- x> x a4 X
(8.13) ATCLEX = X — — +— —— 4.+ (D" —— 4 .
& 3 5 7 ( 2n-1

Vi chubi luy thira nay ciing héi tu tai x = 1, nén khai trién trén
ding tréen doan [-1, 1].

8.6.6. Cong thic Euler

Cong thic (8.8) khai trién ham s6 mi-x — e thanh chubi luy
thira cho phép ta m& rong dinh nghia ham $6 mi vao mat phing phitc.

Chuéi ham s6

2 22 2"
I+ —+—4. +——+..

1t 2 n!

hoi tu tai moi z € C, tdng clia né theo dinh nghia }a hAm s6 mii z > e,
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L. Zz X
Véiz=xe R.e"=¢e
Vdiz=1x.x € R, 1aco

x ix i°x* i’ inx"
e =1+ —+ + +..F =
1! 2! 3! n!
2 4 2n
S . SR S |\ JEA N
20 4 2!
3 5 x2n+l
+ il x ——+—— .+ (-]" +
31 ! 2n+ 1!
Vay
(8.14) e = cosx + isinx
Do dé
(8.15) e X = cosx — isinx
T do
X ix X -ix
(8.16) COSX = e *te , Sinx = €
2 2i

Cic cong thic (8.14), (8.15), (8.16) duoc goi 1a cong thite Euler.
8.6.7. Ung dung chudi luy thira dé tinh gan ding
o Tinh xdp xi gid tri cua ham s6 tai mét diém

Gia sir cdn tinh gid tri cia hdm s6 f(x) tai mét diém trong mot lan
can nao d6 cia x, va gia sir trong 1an can ay

£'(x,) £ (xy)
1! !

(8.17) f(x)=f(x,)+ (X—Xg)+...+ (x=%)" +...

N&u ta tinh xap xi f(x) b&i tdng cua (n + 1) s& hang ddu cla chudi
(8.17) thi sai s6 pham phai la

£ nam gilta x va x,. Cong thuc dé cho ta cich xdc dinh n dé phép tinh
xap x1 trén dat do chinh xac yéu cau.
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Vidu. Tinh 0 e vé1 do chinh xac 0,00001.

Ta cé e = f(1). vai f(x) = ¢*. Néu dung cong thic xap xi

. x x? x"
e mlt—t—t .
o2l n!

thi sai s6 pham phai la

e 3 .
R, (D= vo1 0 <E<1,dodo [R,(1)]< . Dbeé dat do
| n ! (n+1)! 5 l n )I (n+1)! .
chinh xdc 0,00001, chi can xiac dinh n sao cho P < 0,0000t .
n+ 1)

Thir truc tiép ta thay rang, chi can lay n = 8. Vay
i
ex1l+ —+-1—+...+i=2,7!8278
2! 8!
* Tinh xdp xi tich phan
Néu ham s6 fix) cd thé khai trién thanh chudi lu¥ thira trén mot
khoang nao dé thi J-f(x)dx ciing ¢ thé khai trién luy thira trén

khoang ay.

2
Vidu Xéthimso f(x) = e .TacéVxeR

2 2 4 4 2n
S R S SO SIS A
1oy n
Do dé
X 3 5 7
J‘c X dx: __x_ _x___x_
113 215 317
O
vata ¢o
1S
I ] ] 1 1
Ie“dx=~— T+ - —
2 11320 2152 3172




V& phai 12 mot chudi s6 dan d4u thoa cac diéu kién cua dinh Ii
Leibniz. Néu ta gir ba s6 hang dau dé tinh xap X1 thi sai s6 pham phai
bé thua tri tuyét d8i clia s6 hang thit i :

1 1

———<0.001
31727 5370
Vay
2 1 1
Ie‘* dx:———3 - =0,4644
2 32° 2152

véi d6 chinh xdc 0.001.

8.7. Chuéi Fourier

Trong co hoc, vat 1i, k1 thuat dién, ... ta thudng gap nhimg hiér
tugng tuan hoan. Ching dugc moé ta bdi nhimg ham s& tudn hoan
(xem muc 2.5 chuong 2). Nhirng ham sé tudn hoan don gian nhat la
nhilg ham s&

Agsin(not+@,). n=1,2, ..,

ching biéu dién nhimg dao dong diéu hoa véi bién do A, chu ki T = 2—“
ne

Néu cho mdot ham s8 g(t) tuan hoan vai chu ki T = _n‘ cé the
®
khai trién né dudi dang

@
g()= A, + ZAnsin(anq)n)

n=|
duge khong ? Dat ot = x, ta c6 gt) = g[ij := f(x). Khi d6 f(x) 1a
(61}
mot ham sé tudn hoan chu ki 27, khai trién trén cé dang

<)
a

Rl U Z(a"cosnx + b, sinnx),
n=1

trong d6 a, = 2A,, a,, = A sing,, b, = Bcosq,,.
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8.7.1. Chudi luong gidc

Ngudi ta goi chuoi liong gidc 1a chudi ham s6 c6 dang
fea)
(8.18) a, + Z(ancosnx+bnsinnx)
n=|
trong do a,, ..., a, b, .. 12 nhiing hing s&. S6 hang tdng quat
. . R . R L2t
un(x) = ajcosnx + bsinnx la mot ham s6 tudn hoén chu ki —, lién
n
tuc va khd vi moi cdp. N&éu chubi (8.18) hot ty thi tdng cla nd 1a mot
ham s6 tudn hoan chu ki 2n. Ta ¢6

u, (x){<la,|+{bsl, ¥Yn € N, ¥Vx € R.
Jun ()| <Jag |+ {ba]

Néu (a,}, {b,} 12 nhitng day s& sao cho

[2¢] 0
(8.19) Cic chudi s8 D lag|. Y |by| hoi ty thi theo dinh li
n=] n=1
Weierstrass chudi lugng giac (8.18) héi tu tuyét d6i va déu crén R.
Tuy nhién diéu kién (8.19) khong phéi 1a diéu kién at c6 dé
chudi (8.18) hoi tu. C6 thé chiing minh ring néu cdc day s6 (a,}, (b, )
giam don diéu va din t3i 0 khi n — o thi chudi (8.18) hoi tu 1ai
x
x # 2kn. That vay, véi x = 2kn thi ) bpsinnx =0. Xét x = 2kn. Dat

n=l|

n
S, = zbk sinkx. Ta cé
k={

2sin£S *En:2b sinisinkx—
22T

é[m{kgjx_m{k%]x}bk

n
b, cos%— b, cos(n+-;~]x + kg‘i(bk ~by_i )cos[k —%)x

///,/.iL



Nhung <b,. mab, > 0khin—> « con

b, cos(n + l)x
2

(bk - bk_| )COS[R—%]X

n

)

k=2

)

< Z'bk —bgg|=

k=2

n
= ~Y (by ~by_;)=b, —by = b, khin > o
k=2

vi {b,} gidm don diéu va din t3i O khi n > . Vay

. 1
D (b —by_ )cos[k ——jx
k=2 2
hoi tu c6 thé trir tai x = 2km.
8.7.2. Chuéi Fourier

e B6 dé. V3i moi p, k € Z ta cé cic he thirc

b4

(8.20) Isin kxdx =0
-7
T
(8.21) Icoskxdx=0 néuk =0
—Tt
n
(8.22) J-coskxsinpxdx =0
-
n Onfuk=p
(8.23) [coskxcospxdx ={ i
- nnéuk=p=0
n r .
(8.24) J-sinkxsinpxdx = 10 nf.:,u k=p
nnéuk=p=0

-
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Bing cdch dung cac cong thitc luong giac

coskxsinpx = %[sin(p +k)x +sin(p - k)x]

coskxcospx = -;—[cos(k +p)x + cos(p - k)x]

sinkxsinpx = -%[cos(k ~p)x —cos(k + p)x]
2 1

cos” kx :5(1 +cos2kx)

. 1
sinZkx =~2-(1 —cos2kx)
ban doc ¢6 thé chimg minh dé dang cic cong thite (8.20) — (8.24).
e Gia sit ham s6 f(x) tuan hoan chu ki 27, kha tich trén [-n, 7], c6
thé khai trién duoc trén doan [—x, 7] thanh chudi lugng giic dang
D
a :
(8.25) f(x) = ==+ ) (a,cosnx + b, sinnx)
2 ‘_é n n

Dé tinh a,, ta hay lay tich phan tir —x dén = cda chudi ham & vé
phai chia (8.25) va dé y d&n céc hé thirc (8.20), (8.21) ta cé

n T a
jf(x)dx:: j—zﬁdx =7a,
- -n
Do d6
1 4
(826) 5= — f fo0dx
-

Nhan hai v& clta (8.25) vai coskx, k € N, réi 1ay tich phan hai vé&
chia ding thic nhan dugc tr —n dén & va d& ¢ dén cic cong thiic
(8.22), (8.23) ta c6 dugc

)4 "
Jf(x)coskxdx =ay Icosz kxdx = ma,

-n -1
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Do dé

T
(8.27) ay :—1- jf(x)coskxdx ,k=1,2, ..
n—ﬂ
D€ tinh by, ta nhan hai v& cha (8.25) véi sinkx, rdi 14y tich phan

hai v& clia dang thitc nhin dugc tir -x dén 7, dé y dén cac cong thic
(8.22), (8.24), ta duoc

n T
jf(x)sin kxdx =b J‘sin2 kxdx = nby
-1 -7

Do dé

(4
(8.28) by = Jfeosinkxdx, k=1,2, ..
T

Céc hé s6 a,, ay, by, a5, by, ..., ap, by, ... dugc xdc dinh theo cic
cong thirc (8.26), (8.27), (8.28) dugc goi la cic hé sé Fourier cla
ham s6 f(x). Chudi hrgng gidc (8.25) trong d6 cédc hé 58 dugc xic
dinh baoi (8.26), (8.27), (8.28) dugc goi la chubi Fourier cla f(x).

Néu f(x) la mét ham s6 chdn thi f(x)coskx 1a chdn, cdn f(x)sinkx
1a lé, do do

Tr -
(8.29) ay =z J-f(x)coskxdx. by=0,Vk e N
n
0

Ciing vay, né€u f(x) ta mot ham so 1€ thi f(x)coskx 1a 1é, con
f(x)sinkx 1a chdn, do dé

T
(8.30) 2, =0.by = = [feosinkxdx , vk e N
T
0

Vién dé con lai bay gid 1a xét xem vaéi diéu kién nao chudi Fourier
clia ham s6 f(x) hoi tu va ¢6 tdng bing f(x), titrc 13 voi diéu kién nao
ham s6 f(x) cé thé khai trién thanh chudi Fourier.
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8.7.3. Diédu kién dii dé' ham 36 khai trién dicge thanh chusi Fourier

Dinh nghia. Ham s6 { : {a, b] > R duge goi 1a lién wic timg khiic néu
¢6 thé chia [a, b} bdi mot s6 hiiu han diém a = x, <x; <X3<..<X,=b
sao cho trén méi khoang (x;_y. x;) ham s6 f lién tuc, c6 gidi han phai
hitu han tai x,_; va gidi han trdi hitu han tai x;. Néu f bién thién don
diéu trén mébi khoang (X, X;). ta n6i rdng f don diéu timg khic. Nhu
vay néu f lién tuc timg khiic hay néu f don diéu tirng khiic va bi chan

thi né lién tuc tai moi diém coa [a, b], trir mot s& hiru han diém gidn
doan loai 1.

Bo dé 1. Néu f: [a, b] — R 1a mét ham s6'lién tuc ting khic thi

b b
lim ff(x)cosaxdx 0, lim _[f(x):maxdx—o

a—C ll—ﬂﬁ

Clung minh. Chi cin chimg minh b6 dé nay trong trudng hop f lién
tuc trén [a, b]. Khi d6 f bi chan trén [a, b], tdc 1a tén tai s6 M > 0 sao
cho [€{x)} < M, ¥x € [a, b]. Ngoai ra, f lién tuc déu trén [a, b}, tifc la

véi moi s6 € > 0 cho trudce t6n tai s6 8 > 0, sao cho V(x', x™) € (a, b]
Ix'-x"<8 = |f(x')—f(x")!<e

Chia doan [a, b] boi cic diém a = x; < Xy < ... < X, = b, sao cho
|x; =xi-|<&.i=1, ... n. Knr ds

(o) = If(x)coqaxdx Z If(x)coso.xdx—

l]x‘l

X
= i I [f(x)—f(x; )]coso.xdx+2f(x ) Jcoaaxdx

X0 1=l Xi-y
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Do do

n X X,
|I(a)\£2 J |f(x)—f(xi)]dx +2n:|f(xi)'|‘ J' cosadx| <
i=) x;_, i=

Xi_1

n X,
< 2 i — X~ ])+ZM J cosaxdx
i=l X,y
Vivdia>0,tacd
“((
I cosaxdx)=

L . 2
—(sinax; —sinax;_y | <—

a

Xi-y

Do dé
(o) <

2Mn

—a)néu a>
€

Vay I(a) — O khi @ = 0. He thite sau duge ching minh tuong tu. ll

Hé quda. Néu f - R = R la mdt ham s6 tudn hoan chu ki 27, lién
tuc tang khic trén moi doan bj chan [a, b], a,, b, la cdc hé s6
Fourier ciia né, thi

lima, =1limb, =0
n—x n—x

Bo dé 2. Néu f: R = R la mot ham s6" tudn hoan chu ki 27, lién

tuc timg khiic trén méi doan bi chdn, S, 1a téng riéng thit n ciia chuéi
Fouriter cua né, thi

L " sin[n +%]n
(8.31) Sa(x)=>5- | O +u)-——2—du
-1 Sln-z‘

Ching minh. Ta c6

n
=—° a; coskx +bg sinkx)
2 Z= k k

-8



Ap dung cdc cong thic (8.26), (8.27), (8.28) ta dugc

T n T m
S, (X) = 2_11[ j £(t)dt +%k2_][coskx | £(t)coskdr +sinkx [ f(x )sinktdt}
el "

-n -

n n
- 2'_1[]' f(t)[l+22005k(x—t)]d[
-n

k=1

n sin{n +%)a
Nhung l+22coska= a
k=1 sin—
: 1
. 1" sm[n +5](x—t)
Do d6 Sn() === [ f® at
2n . X—t
—n Sin—

D3i t — x = u trong tich phan & v€& phii, ta duoc .

o sin[n-&-—']—}u
Sa(0=2= | fx+uy——Edy

2n —— s'mE

T—X 2
. i
sin(n +—)u
Ham sé ups f(x + u)~——ul— 14 tudn hoan chu ki 2n, vi vay

sini

1" sin[n+5]u
Sn(x):z;j f(x +u)———u——du. |
4

sin—
2
Hé qud. tac6Vn e N
1 n sin(n +%)u
(8.32) > _[ ——‘—Iu———du:l
-1 Sin—
2
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That vay. 4p dung cong thuc (8.31) vao ham s6 x > f(x) = 1. Cic he
s6 Fourier cilané laa, =2,2,=b =0Vn e N .Dodé S, (x)= 1. @

Dinh 1i 8.18. Néu f : R = R la ham s6 wudn hoan chu ki 2, khd vi
thi chuéi Fourier cia né héi tu va cé tong bdang f(x), Vx € R.

Chieng nunh. T cdc cong thire (8.3)), (8.32), 1a dugc

[T sin(n+%)u
S0 = £00) = = J [Fex+ wy=fw)]——E—du =
-1 SIHE

Tt
1
= E I ¢(u)sin(n +%)udu,
-

trong do go(u)=————f(x+u)_f(u)

sin—

Ham s6 u - @(u) lién tuc Vu # 0, ¢6 diém gian doan bo dugc tai
u=0,vi
. —f
lim o(u) = lim SEEWO=IW 5 _opy
u

u—-0 u—o0
Do d6 né thoa man cic diéu kién clia bs dé 1. Vi vay

n—o n—x0

T
lim [Sn(x)—f(x)]=21—1I lim Icp(u)sin(n+%)udu=0. [ |
-1

K€t luan cua dinh 1i 8.18 con diing véi nhiing diéu kién rong rai
hon. Chiing ta thira nhan dinh )i sau day.

Dinh 1i 8.19. Gid sit f : R > R la mét ham s6 tuan hoan chu ki 27,
thod mdn mol trong hai diéu kién sau trén doan [- n, nf :

—hodc f lién tuc tung khiic va cé dao ham f lién tuc ting khiic

—~hodc f don diéu titng khiic va bi chdn

Khi dé chuéi Fourier cia f héi tu tai moi diém. Tong S(x) ciia né
bang f(x) tai nhimg diém lién tuc cua f. Tai diém gidn doan c cia f, ta cé
f(c +0)+f(c—-0)

S(c) =
(c) >
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Céc diéu kién néu trong dinh 1i nay la diéu kién Dirichlet.

Vidy 1. Khai trién thanh chudi Fourier him s6 f(x) tudn hoan chu
ki 2n, bang x trén khodng ( — &, — %).

Ham s6& f(x) thod min cic diéu kién clia dinh 1f 8.19 nén cé thé
khai trién duoc thanh chudi Fourier. Vi f(x) 18, ta ¢

a,=0,n=0,1,2...

b1 6
n cosnx
+J dx

: 2 x
b, =~ xsinnxdx = —| ——cosnx
n o I

| n
0

=" n=1,2,30

/1//“/
S NS

Hinh 8.3

Vay Vx=(2n+ 1) =
f(x) = 2(sinx — %sin2x + %sin3x k(=D sinnx +
Chu ¢ ring tai x = m, t6ng cia chubi bang
%[f(fr +0) + f(n - 0)] =
1ai x = — 7 cling vay

Vidu 2. Khai trién thanh chudi Fourier ham sé f(x) tudn hoan chu
ki 2n, xac dinh nhu sau :

0nén -t < x<0
f(x)= .
xnfu O0< x<n
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D6 thi cia ham s6 duoc cho § hinh 8.4

Z

Y42

—3n -2 -n Ol n 2n in 4n X
Hinh 8.4
Ta co6
n 0 T 2
1 1 I & n
2o == [ fx)dx==| [odx+ [adx |=="-=2
n S T 2 2
- -7 0
T . T
1 1| xsinnx |* 1¢.
a, =— J xcosnxdx = — - —Ismnxdx =
L T n lo n
-n
1 n 1 2 néu n lé
cosnx -
- T n io -2 (D" -D=¢ an’
mn 0 néu n chdn
V)
1 . 1| Xcosnx|® 1
by, =— J' xsinnxdx = —| - +— | cosnxdx |=
T T n 1o n
x 0
| G R
— néunlé
1 n n
=——xcosnx| =
n 0 1 , -
—— néu n chan
n

VayVx 2 2k + )tk e Z

. 2(cosx cos3x cosSx
f(x)=——— >+ 3 + > +.o. |+
4 n | 3 5

sinx sin2X  sin3x
+ + —-...
| 2 3
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&

Tai nhimg diém x = (2k + 1)7, k € Z, t8ng cha chudi bing trang
n+0 =

2

Vi du 3. Khai trién thanh chudi Fourier ham s6 f(x) tudn hoan chu
ki 2%, bi€t rang f(x) = x khi 0 < x < 2.

birh cong cla gidi han phai va gidi han trdi, tic 12 bing

WZn
O
Hinh 8.5
Trudc hét, ta nhan xét ring n€u ham s8 f(x) tudn hoan chu ki 2x
thi ta cé
a+2n T .
j f(x)dx = J f(x)dx, Va € R
& -1

Do dé khi tinh hé s6 Fourier ctia mot ham s6 tudn hoin chu ki 2x,
ta ¢6 thé thay khoang 13y tich phan [— #, ] bang khoang [a. a + 2],
trong dé a 1a moét s¢ bat ki.
Péi véi ham s8 da cho trong vi du nay, don gian nhat ia ta chon
khoang 14y tich phan [0, 2x]. Ta cé
1 2n
a, =— I xdx =2n
n
0
2n
1 cosnx

1
a, =— | xcosnxdx =—
T T n

2n
=0

0

2n 2

2n N
1 . 1 Xxcosnx
b, =— J xsinnxdx = —{ —
pjs o b1 n

0 n

S



Do d6, Vx # 2km, k € Z

£0x) =-n_2[smx N sin2X + sin 3x +]
1 2 3

Tai cdc diém x = 2k, k € Z, t6ng cia chuéi ham bing n.
Vi du 4. Khai trién thanh chudi Fourier ham s& f(x) chin, tuan
hoan, chu ki 27, bing Tt — x v8i 0 < x < 7.

Yy
n
b O‘ P 3r X
Hinh 8.6
Vif(x)channén b, =0,n=1,2,... tacé
n 2
2 2 ) Sl
a,=—|(m-x)dx=—|tx—— || =
° nj( ) n[ 2]0
0
n ) T
? . . )
a, =Zj(n—x)cosnxdx= — (1t—)|{)Smnx +JSlmxdx =
no T 0 o n

0 néuchin

= --icosnxln =L2(1 -(-D") =4 4
0

mn

Dodé Vx € R

T 4 cos3x cos(2k + 1)x
f(x):a-l-— CoOsX+———+..+—————+..
1

32 2k+1)?
Chi yringtacé Vx e R, Vk e N

|lcos(2k + 1)x| 1
2k+1)2 T 2k+1)?
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ma chudi 56 2———— hot tu, nén chudi Fourier clia ham s8 f(x)

= k1)
hoi ty déu trén R.

Chu thich. N&u ham s§ f(x) tudn hoan chu ki 2/, thoa cac gia thiét

cha dinh 1i 8.19 wrén doan [ -/, /], thi bang phép déi bién x'=—

1 L.
ta cé f(x) = f[—x‘] : = F(x"), F(x") 1a mot ham s6 tuan hoan chu ki
yid

27, thoa cic gia thi€t cia dinh Ii 8.19 trén doan [ =, =], nén khai

trién dugc thanh chudi Fourier

[ 0o
f(x)= f[-;x‘] =37°+ 2 (apcosnx’ +bsinnx )

n=1
3, nnx . nmX
hay f(x)=7°+ g[an oosT+ b, sm—l—]
b1 4 {
‘ Yl !
trong dé _;J [ ] dx —7J-!f(x)dx

| d

1
n TI.'

-l

:l:"_nﬂ

I
1 [ D | . nmx _
b, = J‘ f[—n-x ]smnx dx = YJ‘If(x)sm—I—dX, n=1.2,.

!
f[—l-x'] cosnx'dx' = ljf(x)cosﬂdx. n=1.2,..
n ! {

Vi dy. Khai wién ham s6 f(x) tun hoan chu ki 2, (x) = x> véi -1 <x < 1.

th

Hinh 8.7
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Vi f(x) 1a ham chdn, nén b, =0, n =1, 2,...

‘ 2
a, = 2Jx2dx = 3
0

4

n’n?

1
a, = ZI x2cosnnxdx = (=1)"
0

Dodd Vx e R

1 4
f(x)= 5 - —z[cosnx

cos 27X + cos3nx ]
1

2? 32
Céng thic nay diing trén R.
8.7.4. Khai trién mot ham s6 bdt ki thanh chuéi Fourier

Gia sir f(x) 1a mc}'t ham s& thoa cédc gia thiét cia dinh 1i 8.19 trén
doan [a, b). Muén khai trién f(x) thanh chudi Fourier, ta xdy dung mot
ham s& twan hoan g(x) ¢6 chu ki 16n hon hay bang (b - a) sao cho

g(x) = f(x), Vx € [a, b]

Néu ham s6 g(x) c6 thé khai trién duge thanh chudi Fourier thi
tong ciia chudi dé bing f(x) tai moi diém cla [a, b], trir tai nhimg
diém gidn doan cua f(x). RS rang cé nhiéu cach xiy dung ham s&
g(x) nhy vay. Véi méi ham sé g(x), cé mét chubi Fourier tuong img,
do d6 c6 nhiéu chubi Fourier biéu dién ham s6 f(x). N&u ham s& g(x)
chin, thi chubi Fourier clta né chi gom nhitng ham s8 cosin con néu
g(x) 18 thi chuéi Fourier cta né chi gdm nhimg ham s6 sin.

Vi du. Khai trién ham sé& f(x) = % véi 0 < x < 2 thanh chuéi Fourier
theo cdc ham s3 cosin va thanh chuéi Fourier theo cic ham s6 sin.
Muén khai trién f(x) thanh chudi Fourier theo cdc ham s& cosin, ta
xay dung ham s6 g(x) chin, tuin hoan véi chu ki bang 4, bang f(x) = %
v6i 0 < x < 2. Vi g(x) chdn (hinh 8.8), ta c6
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1
]
T T —>
4 -2 0 2 4 X
Hinh 8.8
b,=0,n=1,2,.
2 X
=J—dx=l
2
2
X  nmx x . nmx|2 1 ¢ . nnx
a, = | —c0s——dx =——sin—| ——|sin—dx =
nn 2 nn 2
0
0 néu n chian
=nzﬂ2 (cosnr—1)= _ 4 néu n 1é n=1,2,.
2.2
nn
1 4 3 5
Vay f(x)=——-— cosTt +—l—- ~R—X+L osix+...
2 g2 2 3 2 52
Heé s6 clia s6 hang 16ng quat cia chudi ham &y [a ~———— nén
k+1

chudi ham hoi tu déu rén R.

Muén khai trién f(x) thinh chubi Fourier theo ho cdc ham sin, ta

xay dung ham s& g,(x) 1€, tudn hoan véi chu ki 1a 4, bang f(x)=—

v3i 0 < x < 2. Vig(x) & (hinh 8.9) ta c6

1
T4 "-.2.4-"'éj|r 2.4 6. X
Hinh 8.9
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= - cosnn = (-1)"*} -—2- n=1,2,...
nm nn
Vay fo=2 sin3~lsin2ﬂ+isin3ﬂ—...]
702 27 2 T3 2

8.7.5. Pdng thitc Parseval
Gia sit f : R ~» R 12 ham s8 tudn hoan chu ki 2nr, thoa cic gia
thi€t ctia dinh li Jordan — Dirichlet. Khi d6 ta ¢é

a
f(x)= Zo , E(ancosnx + b,sinnx),
n=]
trir tai nhimg diém gidn doan loai 1 ¢iia f(x). Binh phuong hai v€,’réi
14y tich phan tir — n d&€n = ding thitc thu duge. Ngudi ta chitng minh
dugce ring vdi cac gia thi&t néu trén, ta ¢é thé nhan chudi Fourier ctia
f(x) v6i chinh né, c6 thé 14y tich phan timg s6 hang chudi ham s6 &
v& phai. D€ y dén cdc cong thic (8.22), (8.23), (8.24) ta dugc

m 2 [oe)
[ £2(xdx =‘"’7°.2n+ 1Y (a2 +b2)
-1 n=1]
hay
(8.33) ! ]fz(x)dx 3, ] i(a2 +b2)
' 2m - 4 247" °

Ding thitc d6 duoc goi 1a Ddng thirc Parseval.
8.7.6. Dang phiic ciia chudi Fourier
Gia st f: R > R 12 ham s& tudn hoan chu ki 2x, thoi cic diéu
kién cua dinh I Jordan — Dirichlet. Khi d6 ta ¢é
[}
f(x) = %, Z(ancosnx + b, sinnx),
n=1
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trir tai nhimg di€m gisn doan loai 1 cia f(x). Dat
u,(X) = acosnx + b sinnx
Ap dung céc cong thirc

inx —inx nx —inx . .
+e e’ —e a, —1b_ a, +ib, _;
u“(x)=an +bn - = n N emx+ n n e tnx
2 2i 2 2
a
Dat a,=—=2
2
a, —1b
a, =—*2 8 n&un>|
2
a_. +ib_ ,
n=— ~ néun<-1.
2
+e0 _
Taduge f(x)= D ope™
n=—aQ

D¢ 1a dang phic ciia chudi Fourier. Chd § rang a_, =, trong dé
o, va s6 phic lién hop clia o, .
Néu n nguyén duong, do cac cong thic (8.27), (8.28), ta duge

. s m
_ag —iby __1_ . .
Qg = 5 T on J f(x)cosnxdx —1 J- f(x)sinxdx
~n ~n

(s
=2~17; J f(x)e ™ dx

-
Cong thitc gy ciing diing khin =0, vi a, =a7°

Néu n nguyén am, ta cé
l T T
Oq =0_, =§ J f(x)cos(—nx)dx +ij f(x)sin(.—nx)dx

Sl ¢ -n

T
l i
=— J f(x)e” ™ dx
T n

- 393

e



Vaytacé Vne Z

b1
l _
a, =5 I f(x)e ™ dx

-1

TOM TAT CHUONG 8
Chuoi sé héi tu
Q0
Chubi s6 Zun duoc goi 1a héi tu néu Ong riéng thi n
n=1

n
Sy = z up din té1i mot gidi han hitu han khi n — oo, 12 phan ki néu
k=1
nd khoéng héi tu.

w .
Néu > uy hoi tu thi u, — 0 khi n — =. D6 Ia diéu ki¢n cin cla
n=1

su hoi tu, nhung diéu kién &y khong du.

@
Chubi s6 2 aq“" vé6i a = 0 hoi tu néu lql <1, phan ki néu ]qlz I.

n=]
Chuéi sé cé s6 hang duong
— Cdc dinh Ui so sanh

a
Gia sir0 < u, <v, Vn2n,. Khi dé néuchudi D v, hoi ty thi chudi
n=1

o oD [= )
> uy, hoitu;néuchudi Y. ug phin ki thichudi Y v, phan ki.

n=1 n=1 n=1
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.-y hd . I'l z
Gidstru, 20,v, 20 Vn, lim 2=k, trongd60<k <+ .
n—o V,

@ - <
Khi dé hai chuébi s Z u, ., Zvn cung hai tu hay ciing phan Ki.
n=1 n=l

— Cdc quy tac khdo sat sy héi tu

u, +1

o
= 1, thi chudi s6 ) u, hoi

n=|

Quy tdc D’Alembert. Néu lim

n—x Uy

tukhi / < 1, phan ki kht /> 1.

Q0
Quy tic Cauchy. Néu lim ‘\’/E =1, thi chuébi 2un hoitukhil< 1,
n—w
=1

phan ki khi /> 1.
Quy rdc so sdnh vai tich phan. Gia sir ham s6 f(x) lién tuc lay gia
tri duong, giam trén khoang [1, + o) va din t8i 0 khi x> + . Khi

+m ®
dé rich phan suy rong I f(x)dx va chudi s¢ z Uy . trong dé u, = f(n)
| n=]
cing hoi tu hay cling phéan ki.

Chuoi s vdi cic s6 hang c6 ddu bat ki
o o] an
— Hoi tu tuyét d6i. Néu chudi s6 Y |u, | hoi ty thi chudi s > v,
n=L n=1
a
cling hoi ty. Ta noi ring chudi s6 Zun hoi tu tuyét déi.
n=1
a a0
Néu chubi 56 2 u, hoi tu nhung chudi s8 Z|un‘ phan ki, ta néi
n=]| n=|
a0
ring chudi s6 Z u, bdn héi tu.

n=1
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@0
Né&u chubi s6 z u, hoi tu tuyét d&i vi ¢6 1éng S thi chubi s6 ma
n=|
ta dugc bang cich thay déi thit tu cic s6 hang clia né hoac bang cich
nhém tuy y mot s6 s6 hang ciia né ciing hoi tu tuyét d6i va cé tong S.

ad
Néu chudi s6 ) u, bin hoi ty, ta cé thé thay déi thit nr cc s6
n=1
hang clia né dé chudi s6 thu duoc hoi tu va cé tdng bing mot 8 bat
ki cho trude hoac phin ki.

~ Chudi 56 dan ddu. Néu day so6 duong uy, u,, ..., U,.... gidm din
va din t6i 0 khi n —> oo thi chudi s6 dan dau
Uy —up +tu3 —uy +...
hoi tu va c6 tdng bé thua u.
Day ham sé héi tu
— Ddy ham s6 [f,(x)} dugc goi 1a hoi tu tdi ham s6 f(x) trén tap
hop X < R néu Ve > 0, 3n, (g, x), sao cho
n2n, = |f,(x)-f(x)|<e.
Néu n, khong phu thudc x € X, ta néi ring day ham s6 {f,(x)}
161 tu déu trén X td1 f(x).
— Cdc tinh chadt cua day ham sé héi tu déu.
Néu trén khoang I, cdc ham s6 f(x) lién tuc va hoi tu déu 16i f(x) thi
1) f(x) lién tuc trén I
b b
2) lim Jf,(x)dx = [f(x)dx, V[a, b} < T
=y a

Néu cic ham 8 f (x) kha vi trén 1, ddy {f,(x)} hoi tu trén I t3i

f(x), diy {f,(x)} hoi tu déu trén I tai g(x) thi g(x) kha vi trén I va
g(x)=f(x), Vx e L
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Chuéi ham s héi tu

a .
—~ Chudi ham 6 Y u,(x) duoc goi la hoi tu trén tap hgp X < R

n=1

n
néu diy ham s6 {S,(x)], trong dé S, (x) = Z u (x), hoitu trén X, la
k=1
hoi tu déu trén X nén day ham s§ {S,(x)) hoi tu déu tren X.

[= &)
— Néu Vn € N, vx € X, lu,(x)! < a, vi néu chudi s§ Zan hoi
n=1
= d]
tu thi chudi ham s6 Z 1, (X) hoi tu déu trén X.
=1 . L .
— Cdc tinh chdr cda chudi ham sé héi tu déu.

Néu tren khoang 1, cdc ham s6 u,(x) lién tuc, chudi ham sé

[= o}
D ua(x) hoi tu déu tren 1 thi

=1 . . P s e g
‘ 1) Tong clia chuoi ham s6 dé lién tuc

b o « b
2 [Fup0dx = Y fup(dx, Viabl
an=l n=l,

PO
Né&u cdc ham s8 u,(x) kKha vi trén 1, chubi Zuﬂ(x) hoi tu trén I,
. n=|

[o Y
chubi ) u'y(x) hoi ty déu tren 1, thi
n=1

® ' @
Zun(x) = ZU'n(x). vx el
n=| n=1
Chuéi luy thira
o &)
—La chudi ham s6 c6 dang ) a,x" .
n=0
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o
S6 R 2 0 1a ban kinh héi tu cta chudi luy thira Z a,x" néu chudi
n=0
dy hoi tu tuyét d6i vaéi Ix! < R va phan ki véi Ixl > R. Tai x = £ R,
chubi 1uy thira cé thé hdi tu hoac phan ki.

Néu lim | el =p, hoac lim Yla, | =p thi R=—
p

n-o |a“] 0

— Cdc tinh chat

a
Chudi luy thira Zanx" hoi tu déu trén moi doan [a, b] nidm
n=0
trong tap hop héi ty cla né.

@
Téng cia chudi lu§ thira Z a,x" 132 mot ham s& lién tuc trong tap
n=0
hop hoi tu cua né.

C6 thé 1dy tich phan timg sé hang moét chubi luy thira trén moi
doan nam trong tap hdp héi.tu cha né :

f[ St o= 3 o

a =034

C6 thé 14y dao ham timg s6 hang mot chudi luy thira tai moi diém
nim trong tap hop héi tu clia né :

- :
[z a“x“] =ay + 28X + ...+ nax" !+ .
n=0

— Khai trién mot ham sé thanh chudi luy thira
Ta néi rang him s6 f(x) khai trién duoc thanh chudi luy thira trong mét

[- o)
khoang I né€u tim duoc mot chudi luy thira z a,x" hoi tu trén I sao cho
n=0

f(x) = Zanx“‘ vx e L
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“8y

— Khai trién thanh chuéi luy thita mét s6' ham sé théng dung

2 n
=1+ 2+ s R=w)
i 2! n!
3 5 x2n+1
sinx=X- —+—— ...+ (-1)" ———+ .. (R =)
35 2n+1)!
2 x4 2n
cosx=1- —4+—— .+ (-1)° +..(R=w)
2! 4t (2n)!
A+x)* =1+oax+ —OL(OL'_l)x2 4.+ a(a—l)...(’a—nH)xn +
! n!
(R=1)
“l-x+ X2 -+ (D" + . (R=1)
1+x
2 3 n+l
1n(l+x)=x—1~+x——4..+(—l)“x +..(R=1
2 3 n+l
3 5 2n-1
X X
arctgX = X ——+—— .+ (=)' ——— 4 . (R = 1)
& 35 O o

Cong thite Euler

el)(

cosx + isinx, Vx € R
elX +e—lX ] eIX —€_1X
€COSX = ————, sinx = -
2 2i

Chuoi Fourier
— Chudi lugng gidc 1a chudi ham s& c6 dang
an
a—2°— + Z (a,cosx + b, sinx)
n=]

Né&u né hoi ty, téng clia né 1a mot ham s6 tudn hoan chu ki 2x.
@ =]
Néu cdc chubi s6 Z|a“|, Z‘bﬂl hoi tu thi chuédi luong gidc hoi tu

n=1 n=]
déu trén R, t1dng clia né 12 mdt ham s6 lién tuc rén R.
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- Néuf: R —» R 1a mét ham sd tudn hoan chu ki 2x, kha tich trén
[-m, nt], thi cdc sd a,, b, cho bdi cdc cong thic sau dege goi 1a hé s6
Fourier cua né :

L
a =+ [f(x)cosnxax, n=0,1,2, ...
T

-n

Tt
b, =l If(x)sinnxdx. n=1,2,..
T

—I

a0
s a - ) s
Chudi ham s6 -2+ Z(ancosnx + bysinnx), trong d6 a,, b, la
n=]
cac he s6 Fourier cia f duge goi 12 chudi Fourier cta f.

— Khai trién mét ham sé thanh chudi Fourier

Né&u f: R — R 12 m6t ham s6 tudn hoan chu ki 27, thoa mot trong
hai diéu kién sau trén doan [—n, 7] :

— hoac f 1ién tuc ting khic va f* lién tuc tirng khic,

— hoic f don diéu timg khic va bi chan,

thi chudi Fourier cha né hoi t tai moi diém, t8ng S(x) cna chubi
bang f(x) tai nhimg diém lién iuc cia f, bang %[f(x + 0) + f(x — 0)]
tai nhitng diém gidn doan cia f.

— Pdng thitc Parseval

Né&u f thoa cdc diéu kién trén thi

1 T2 a2 13 2. .2
— -2
oo [t odx == +52.(aq + )
-n n=1
— Dang phiic cha chubi Fourier

+0 14
f(x) = z ae™, a, =2I_1: Jf(x)c_"‘xdx‘
-

n=-00
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BAI TAP

1. Khéo sét su h6i tu chia cdc chubi s& ¢6 s6 hang tdng quét sau ddy :

2
1
l)ﬂn=22—n+—' 2) u,_ yn’+n-n

Al
n-+n+l!

2 n
3) ﬁn=arctgn2 1 : 4) Un=—2—+—n—
n°+1 3" +3n+3
5) u, :(n2+l)++2)‘ 6) u,.l=l—cosL
n“(n° +3) \/;

7) u, = ln[l + tg-l—zl i 8) u, :lsin_l_

n n \2n
9) u _Jn(n+2) 2+cosn

n =5 : 10) u, =
n“ +3lnn n

2. Cing cau hoi nhu bai 1.
1 ) 2

(a>0)

Du, =—= 2) uy, =1In tg~—, n 2
" Vn " n’-n gn2
k" am
3) up =— (k>0); 4y u, = — (2>0,b>0)
n n+b
1 .1 Inn
S) v, =ln-—= - lnsin— ; 6) u, =——
R N "
1 1
; \/_ n+—
X dx
NHu, = |- dx ; 8)|_|n=j2 ~
2
9) u, =cos Ez—n—_ ; 10) u, =na"/-’; (a>0)
2 p* +an+b

11) u,,=%/n3+an~\/n2 +3.
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3. Cic chudi s3 ¢6 s6 hang tdng quat sau day c6 hoi tu khong ?
Tinh tdng ctia ching khi ching hot tu.
1 1

Huvy,=——""""——; 2) u, =
" @2n-1D)2n+1) ) B n?+n
3) u, __2n+1 . 4) un.:(—l)"H 2n+l
nZ(n + 1) : n(n +1)
1 n
5) u, =arctg—— ; 6) u, = ———
° n?4n+l " n4+n2+l
. 1
1 s (n+1)
7 unzln[l-—],n22: 8) u, =— "t
2 1 |
n €OS—.COS——
{ n+l
9 u, =1In 2cosi—1 , ae[—z‘zl
pAL 33
10) u, =1In+aln(n + 1) + bin(n+2)
4. Cing cau hoi nhr bai 1.
1 n?
Hu, = —— 2) u, = —
) o @n - 1).220! Y
2
%)y, = n : 4 u, = 2.4.6...(2n)
2" +n n"
N 2 "
5) n, = ; ,a>0: 6) u, = 2n2 !
n-+1 3In“ +2
ninn n
7) u, :[Z_n_l : 8) u, =[arctgl]
2w~ | n
9) u —(n!)z' JO) u —t"a+b
n (2“)! * n g n2

0<as£,b>0
2
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5r

15) u, =sin(myn?+1) ;

2
17) up = (-H" —— ;
(Inn)"
n
19) u, =_(._l)—, :
IH'(_1)r1+l

2D u=n+ (=" -n:

_4"(n1)?

12) u, am)!
(-D"
14) up = ninn

16) u, = sin[l + n]n

n
—_1\n
n
20) u, __(_1)

- \/;; + (_l)ﬂ+l

n—|
22) u =ln[1+ (=D ,a>0
n L na

S. 1) Khao sét su hoi tu cia hai ddy ham s6 {f, ). (g,)} xdc dinh bai

fo : Ry, >R x
X+n

a) trén doan [0, 1]

b) trén khoang [1, +«).

.28 R, >R xp

nx
1+ nx

2) Cho ddy ham s6 {f,} xdc dinh boi

fo 1 [0,2] > R, x = f(x) =

xn

1+x"

a) Khao sdt sy hoi tu cha diy {f,}. Su héi tu dy ¢6 déu khong ?

b) Ching minh ring lim

n—m

|

2
Ifn(x)dx =1
0



3) Chumg minh rang diy ham sé {f;} xdc dinh boi

n
I
f, : Ry >R x> f(x)= [[I‘EJ néu x € [0, n}
0

néux >n
hoi tu téi mot ham s6 f. Su hoi tu 4y ¢ déu khong ?

1 [2x+1
-1 x+2

[ba] n
6. 1) a) Chimg minh ring chubdi ham s§ Z ] hoi tu

n=|

déu trén doan [-1, 1].

o 2
b) Chiing minh ring chudi ham s6 > Vnxe™  hoi ty déu ren R* .

n=1

[ 0]
c) Khao sit su hoi t cita chudi ham s6 ) (-1)"n~*

n=1
2) Ching minh ring chudi ham s vé&i s6 hang téng quét
2
4, () = (-1)" 2= hoi tu déu tren moi doan [a, b], nhung khong
n

hoi tu tuyet déi.

[» o]
7. Chimg minh ring chudi ham sé& ch"“x héi t déu trén

n=|
khoang [a, +0) v4i a > 0, nhung khéng ho6i m déu trén khoadng [0, +o).
Tinh t6ng cha chudi ham s6 4y véi x > 0.
8. Cho cac harii s6

n+1 .
X > (%) ={; Inxnfu0O<xx<l

néfux=0

[0 a]
1) Chimg minh ring chudi ham <6 Z(—l)nun(x) hoi tu déu trén
n=0

doan [0, 1].
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o
2) Ching minh ring chudi ham s§ Zun(x) hoi tu khéng déu

n=0
trén doan [0,1].
an
9. Chitng minh rang ham s8 f(x) = Z Xac dinh, lién tyc
| o n(n +x)

vakhavitren R, .

10. Cho chudi ham s6 Y —

n={ 1+ xn
Khao sdt sur hoi tu ctia né. C6 thé néi gi vé su lién tuc va kha vi
cia né.
11. Tim mién hoi tu clia cic chudi luy thira c6 s8 hang téng quat sau :
x-4"

N

ft
3) un(X){;Jr1 ] x-x)"; 4) u,(x) = (nx)"

n
1) un(x)=(—1)"+l% ; 2) ug(x) =

n+l
n
5) ug(x) = x"nn : 6) uy(x) = (5"‘)
n:
n n
7) up(x) =2 a>0; 8) up(x) = (-D" X~
na n!

9) u,(x)=a,x", trong d6 0 < a, <§, a, =sina, {, Vn > L.

12. Tim mién hoi tu va tinh téng clia cdc chudi luy thira cé s&
hang téng quét sau :

1) ug(x) = Bn+Hx>", n >1

2) u,(x) =" +3"x", n>0

2 _ n
3) un(x)=n_+3_n_l_f_\ n>0
n+3 n!
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4) up(x) =chnax", a>0,n>0

n-1
5y u ()= D" n> 1
n

13. Khai trién ham s6 f(x) = 1 thanh chudi Taylor & lan c4an diém
X
Xo = 3.

14. Khai trién thanh chudi luy thira & 1an can di€ém x, =0 cic
ham s6 sau :

1) f(x) = ¢hx : 2) f(x) = x%eX

3) f(x) = sin®x : 4) f(x) = 2_1_
X< =3x+2
X

5) f(x) = In(x® = 5x + 8) ; 6) f(x) = _[cos(tz)dt
0

lln—l--’-—x néu x =0 -
NDix)=9x 1-x . 8) f(x) = e*cosx
2 néux=0 '

15. Chitng minh riang ham so
1

f(x) = éle X néux =0

0 nfux=0
khong thé khai trién duge thanh chudi Taylor & 1an can diém x, =0.

16. Tim ban kinh hoi tu cia chudi luy thira c6 s6 hang tdng quat 1a
2

] n
Uy, (x) :{1 + (-1)"—} x"
n

> ] [ 2]
17. Cho hat chudi luy thira Zanx". anx“ , 6 ban kinh hoi tu
n=l n=|

theo thu ty 1a R, R".
1) Chimg minh ring néu c6 mot s6 nguyén duong n, sao cho
[2p] <|bp]s ¥R 2 0, thiR >R
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2) Chiing minh ring néu |a | ~ [by| khin — o thi R =R".

3) Tinh bdn kinh hoi ty cha cdc chudi luy thira ¢c6 s6 hang tdng
quat sau :

Chn n [ n
b Sl b) u,(x)= arccos[l - —]x

sh2n " n2

o) u,(x) =EFn+ ~Unx™, d) u,(x) =cos(n nl+a+1)x",

18. Tinh cac s6 sau vai do chinh x4c 0,0001 :

1) Ve ; 2) 1. 3) In(1,04).

2
19. 1) Tim Ic_ dx véi do chinh x4c 0,001.
0

a) n,(x)=

2) Tinh Ish(xz)dx vai do6 chinh xdc 0,0001.
0

20. Tinh cos18° vai do chinh xac 0,0001.

21. Khai trién thanh chudi fourier ham s& f(x) 12, tudn hoan véi
chuki2n, bang t - x vdi0< x < .

22. Khai trién thanh chudi Fourier ham s§ f(x) chan, tuan hoan véi chu

ki 2, bang | — == vai 0 < x < 7. Suy ra gia tri cia t6ng ctia chudi sé
n

S

o= (2n+ 12
23. Khai trién thanh chuéi Fourier him s6 f(x) tudn hoan ¢6 chu ki 2«
2
bang 1 - — V8l -m <X < 1. Suy ra gia tri cia cac chuéi s
T

aol.ao(_l)nAc;oL
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24. Xhai trién thanh chudi Fourier ham s6 f(x) tudn hoan cé chu ki 27,
bing sin% VOl - < X < T

25. Khai trién thanh chvdi Fourier ham s6 f(x) tudn hoan ¢é chu ki
2w, bang cosax véi —-t < x < m, trongd6 0 <a< L.

Suy ra ding thitc

cotgna = L+2—El 3 5 1
ma mf<Ha%_p

26. Khai trién thanh chudi Fourier him s& f(x) tudn hoan ¢6 chu ki
21, bing €* véi-1<x<1.

27. Khai trién thanh chudi Fourier ham s6 f(x) x4c dinh trén doan
[0, n], cho bdi :

2

xnéuOSXslt-
f(x) = 2
Ene’ulc-<x£1r
2 2

sin’ nx
n!

28. Chohams§  f(x)= 3.

n=1

1) Chigng minh ring ham s& f(x) lién tuc va kha vi lién tuc trén R.
2) Khai trién ham s6 {(x) thinh chudi Fourier. Suy ra biéu thifc cla f(x).

PARSO VA GO1 Y

1. 1) Phan ki ; 2) phan ki ; 3) phan ki ; 4) hoi tu ; 5) hoi ty ;
6) phan ki ; 7) hoi tu ; 8) hoi tu ; 9) phan ki ; 10) hoi tu nfu a > 1,
phankinfua < 1.

2. D) héitu;2)hoim; 3)hoitukhik <1, phankikhik >1; 4) hoi
tu kht vachikhi(a<bvab>1)hodic(a<lvab=>1);5)phanki,;
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6) hoi tu ; 7) hoi tu ; 8) hot tu ; 9) haoi tu khi va chi khi a =0 ; 10) hoi
tukhi0<a<l,phﬁnkikhia21;ll)h@itgkhiﬁwhikhia:%.

3.1)u,,=l[;- L] s=L,
22n-1 2n+1 2

1 1
D, =————,S=1.
) n n+1

1 1
3) Un :—2— 2
n (n+1)

4) Chubi dan défu, v, =~ + 21— §=1;
n

1
5) u, —arctgl~arctg—— S=
n+l

z.

4’

6) S, -1 1- ! s:l
2 (m+1)?% —(n+1)+1

(n=1)(n+1)

n
n

7 up =1In WS =-In2;

1 1
8) u, =tg—-tg——, S=1gl ;
) Un gn g11+] 8
9 Sn:1n2c052a+l 2cos2a+1

,S=1n :
2cos—oi+l 3
2!1

10) hot tu khi vachikhia=-2,b=1,S=-In2.

4. 1) héi tu ; 2) hoi tu ; 3) hoi tu ; 4) hoi tu ; 5) hoi tu néu a < 1,
phan ki n€u a > 1 ; 6) hoi tu ; 7) hoi tu ; 8) hoi tu; 9) hoi tu : 10) hoi

tunéua<z phanklné’ua>z ;1) héimné€ua> 1, phinkinfua<l;
12) phan ki ; 13) hoi tu ; 14) bén hoi ty ; 15) ban hoi tn ; 16) bén hoi m ;
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17) hot tu tuyét déi ; 18) phan ki ; 19) hdi tu ; 20) phan ki ; 21) hoi tu ;
22)h<‘_>itl_1khivéchikhia>%.

5. 3) hoi tu trén (0, +o0), hoi tu déu trén [a, +o0), Va > 0.

ex

X _1)2

(e
10. Téng ctia chudi ham s6 lién tuc va kha vi vé han 14n vai |x| > 1.
11. 1) -1<x<1:;2)3<x<5;
3)2-2 <x<2+2 ;4 R=0;
S)-l<x<l;6)-w<x<+o;7)-1<x<lnfua<l,-1<x<]
nfua>1;8 R=w;

N-1<x<lI.
4x3 —x9 { 1 1

12. ) -1 <x< |, —— ; 2) Ixl< — + ;
(1-x3)? 3'"1-2x 1-3x

3

3) x =0, xe* —Llie"(x2 —2x+2)-2];
X

4) e <x<e™?, _ 1o xcha

1+x? —2xcha

»

Sy-1<x <1, U0
X
2 3 n
13, L X 3+[x—3 _(x=3 +o (=D =3
3 3 3 3 3
2 4 2n
M) le sl s 2y =
20 41 (2n)!
3 4 n+2
2)x2+x_+x_+ + X +.. R=w

o207 !
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5 9 dn+1

)X - X () 4 Rzo
215 419 (2n)!(4n + 1)
[ 2 4 2n
noli+ s X k<
3 5 2n+1

17.3)a)R=e;b)R=1;c)R=1;d)R=1
18. 1) 1,6487;2) 1,0192 ; 3) 0092

19. 1) 0,747 ; 2) 0,3579

20. 0.9519

(sinx sin2x sinnx f(x) néu x # 2kxn
21 2 —+ + o+ +..|=
0 néu x = 2kn

n

2. _82_ co:x . cosz3x s __‘+59L2“_+12)_x+ ..|=f(x), Yx e R
n| 1 3 (2n+1D)
S
n—0 (?_n+l)2 8
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cosnx

n?

"

M

4
T2

]
ol
wN

=f(x), Vx e R

=3
1N

2

- n — 1
E_: ="1~’ PRt

n=1n

c:r\[’4
8™

=3

1l

Lo

=
Nl'_‘

sinnx =

A . X
— 2
2. Z( pye! ;1 smznéu X #(2k+1)n
4n” —1

n+l

0 néux=02k~+1n

25. cosax = , Vx e R

sinmna N 2asinma i (-1)" cosnx
na n al —n?

nnx
l Z( 1)“ nsin—- Jf(x) néu x = (2k + 1)/
-
2, n2u2 | chl néu x = (2k + 1)/

27. Néu théc trién chén réi thc 1rién tuin hoan, ta duge

28.f(x)= ) _bpsinnx, b, =2 uns3keN;nfun=3kkeN,
ol 4n!
3 !

by = — = ——
740Ky 4k
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MUC Lyc

Chuong 1

s6 THYC
1.1. Tap hop
1.2. Tap céc s6 thuc
1.3. Day s6 thuc
Tém tar chuong |
Bai tap

Chuong 2

HAM sO MOT BIEN 86 THYC

2.1. Dinh nghia ham s6 mot bién s6 thyc
2.2. D8 thi cua ham 88 mét bién s6 thuc

2.3. Ham s6 chan, ham s6 1€, ham s6 tudn hodn,
ham s& don diéu

2.4. Ham s6 hop

2.5. Ham s6 nguoc va dé thi him s8 nguoc
2.6 Cic ham s6 so c4p co ban

2.7. Céc ham s8 so c4p

2.8. Da thitc néi suy

- Tém tit chuong 2.

Bai t4p

Chuong 3
GIGI HAN VA SU LIEN TUC CUA HAM S6 MOT BIEN S6
3.1. Dinh nghia
3.2. Cic tinh ch4t cda gi6i han
3.3. Gi6i han mét phia
3.4, V6 cing bé va v6 ciing lén
3.5. Su lién tuc cia ham s6 mot bi€n s6
3.6. Diém gidn doan cla him sé
3.7. Cic tfnh chét cha ham s& lién tuc

18
33
36

43
44

46
47
47
49
58
60
62
65

71
74
)
86
89
94
96
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Tém tit chuong 3 108

Bai tap 113

Chirong 4

DAO HAM VA VI PHAN CUA HAM SO MOT BIEN 56

4.1. Pao ham 119
4.2. Vi phén 124
4.3 Dao ham mot phia, dao ham vo cling 128
4.4. Dao ham va vi phan c4p cao 129
Tém tat chuong 4 133
Bai tap 136

Chieong 5

CAC BINH LI VE GIA TRI TRUNG BINH

5.1. Cac dinh Ii vé gi4 tri trung binh 142
5.2. Ung dung cac dinh Ii vé gi tri trung binh 156
Tém tat chuong 5 191
Bai tap 197

Chuong 6

NGUYEN HAM VA TICH PHAN BAT DINH

6.1. Tich phan bat dinh. Céc thi du don gian 203
6.2. Phép déi bién 210
6.3. Phuong phdp tinh tich phian rimg phéin 214
6.4. Tich phan cic phéan thac hiru ti 221
6.5. Tich phan cdc biéu thie lugng gidce 228

6.6. Tich phan cédc biéu thic dang
J-R(X.Jaz “x2)dx va IR(X,sz + o2 )dx 231

TSm tat chuong 6 234
Bai tap 239
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Chicong 7
TICH PHAN XAC BINH

7.1. Dinh nghia tich phan xac dinh
7.2. biéu kién kha tich
7.3.Cac tinh chét ciha 1ich phan xdc dinh
7.4. Cdch tinh tich phan xdc dinh
7.5. Phép d61 bién trong tich phan x4ic dinh
7.6. Phép 14y rich phan timg phin
7.7. Tinh gan diing tich phan xdc dinh
7.8. M6t s6 ung dung hinh hoc cba tich phan xic dinh
7.9. Tich phan suy rong
Tom rit chuong 7
Bai 1ap

Chuong 8
cHudi
8.1. Dai cuvong vé chudi s6
8.2. Chudi s6 duong
8.3. Chudi ¢o s6 hang véi ddu bat ki
8.4. Diy ham s&
8.5. Chubi ham s&
8.6. Chudi luy thiza
8.7. Chuéi Fourier
Tém tat chuong 8
Bai 1ap

246
252
258
263
270
274
276
283
301
317
329

338
342
347
382
357
363
376
394
401
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CONG TY CO PHAN SACH DAl HOC — DAY NGHE

ij] HEVOBCO
18]\ Diachi:25Han Thuyén, Ha Noi

SACH THAM KHAO DAI HOC BO MON TOAN
cua Nha xuat ban Giao duc

1. Giai tich ham
2. Bai tap giai tich ham

3. Topo dai cuong - Do do va tich phan

4. Giai tich (hai tap)

5. Toan hoc cao cap (ba tap)

6. Bai tap toan cao cap (ba tap)

7. Dai sé dai cuong

8. S6 dai 56

9. Hinh hoc vi phan

10. Giai tich s6

11. Phuong trinh dao ham riéng

12. Co so phuong trinh vi phan
va li thuyét on dinh

13. M dau li thuyét xac suat va ing dung

14. Bai tap xac suit
15. Li thuyét xac suat
16. Xac suat thong ké

17. Phuong phap tinh va cac thuat toan

18. Tur dién toan hoc thong dung

Nguyén Xuan Liém

Nguyén Xuin Liém

Nguyén Xuan Liém

Nguyén Xuan Liém

Nguyén Dinh Tri (Cha bién)
Nguyén Dinh Tri (Chu bien)
Nguyén Huu Viét Hung
Hoang Xuan Sinh

Doin Quynh

Nguyén Minh Chuong (Chu bién)
Nguyén Minh Chuong

Nguyén Thé Hoan - Pham Phu
bang Hong Thang

bang Hung Thang

Nguyén Duy Tién - Vi Viét Yén
Nguyén Van Ho

Phan Van Hap - Lé Dinh Thinh
Ng6 Thuce Lanh (Chu bién)

Ban doc ¢ 1hé mua tai cde dai li va cde Cuia himg sdch ciia NXBGD :
81 Tran Hung Pao hodc 57 Giang Vo - Ha Nor ;
15 Nguyén Chi Thanh - TP DPa Nang ;
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